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Preface

If a mathematician were asked to name the great epoch-making
works in his science, he might well hesitate in his decision concerning
the product of the nineteenth century; he might even hesitate with
respect to the eighteenth century ; but as to the product of the sixteenth
and seventeenth -centuries, and particularly as to the works of the
Greeks in classical times, he would probably have very definite views.
He would certainly include the works of Euclid, Archimedes, and
Apollonius among the products of the Greek civilization, while among
those which contributed to the great renaissance of mathematics in the
seventeenth century he would as certainly include La Géométrie of
Descartes and the Principia of Newton.

But it is one of the curious facts in the study of historical material
that although we have long had the works of Euclid, Archimedes,
Apollonius, and Newton in English, the epoch-making treatise of Des-
cartes has never been printed in our language, or, if so, only in some
obscure and long-since-forgotten edition. Written originally in French,
it was soon after translated into Latin by Van Schooten, and this was
long held to be sufficient for any scholars who might care to follow
the work of Descartes in the first printed treatise that ever appeared
on analytic geometry. At present it is doubtful if mary mathemati-
cians read the work in Latin; indeed, it is doubtful if many except the
French scholars consult it very often in the original language in which
it appeared. But certainly a work of this kind ought to be easily access-
ible to American and British students of the history of mathematics,
and in a language with which they are entirely familiar.

On this account, The Open Court Publishing, Company has agreed
with the translators that the work should appear in English, and with
such notes as may add to the ease with which it will be read. To this
organization the translators are indebted for the publication of the
book, a labor of love on its part as well as on theirs.

As to the translation itself, an attempt has been made to give the
meaning of the original in simple English rather than to add to the dif-
ficulty of the reader by making it a verbatim reproduction, It is
believed that the student will welcome this policy, being content to go
to the original in case a stricter translation is needed. One of the
translators having used chiefly the Latin edition of Van Schooten, and
the other the original French edition, it is believed that the meaning
which Descartes had in mind has been adequately preserved.



Table of Contents'

BOOK 1

ProBLEMS THE CONSTRUCTION OF WHICH REQUIRES ONLY STRAIGHT
Lines AND CIRCLES

How the calculations of arithmetic are related to the operations of geometry.. 297
How multiplication, division, and the extraction of square root are performed

geometrically ... i e e i e e 293
How we use arithmetic symbols in geometry...................c.covvinn.. 299
How we use equations in solving problems....................ccccovivnn... 300
Plane problems and their solution.................oiiiiiiiianeiiennan., 302
Example from Pappus..........coiviiiii i 304
Solution of the problem of Pappus........coviiieeiriiiiriiieaneenenannn. 307
How we should choose the terms in arriving at the equation in this case...... 310

How we find that this problem is plane when not more than five lines are given 313

1Tt should be recalled that the first edition of this work appeared as a kind of
appendix to the Discours de la Methode, and hence began on page 297. For con-
venience of reference, the original paging has been retained in the facsimile. A
new folio number, appropriate to the present edition, will also be found at the foot
of each page. For convenience of reference to the original, this table of contents
follows the paging of the 1637 edition.

vi



TABLE

Des matieres de [a
GEOMETR RIE

Linre Premsier.

DES PROBLESMES QU'ON PEVT
conftruire fans y employer que des cercles &

des lignes droites.
OMMEN T lecalcul d Arithmetique [¢ rapporte aux ope-
rations de Geometrie. 297
Comment f¢ font g cometriquement la Multiplimtion yia
Diuifion, & l'extraction de lavacine quarreé, 298
Comment on peut vfer de chiffres en Geomerrie, 299
Comment il faut venir aux Equations qui [eruent a vefoudre les pro-
blefmes. 300
Quels fint les proble(mes plans; Et comment ils [e refoluent. 302
Exemple tiré de Pappw. 304
Refponfe a la queftion de Pappus. 307
Coment on doit pofer les termes pour vemsr al' Equation en cet exéple.310
Kkk Com

vii



BOOK II

ON THE NATURE oF CURVED LINES

What curved lines are admitted in geometry..........ovviivnreninvaeerenans 315
The method of distinguishing all curved lines of certain classes, and of know-

ing the ratios connecting their points on certain straight lines.......... 319
There follows the explanation of the problem of Pappus mentionéd in the pre-

CediNg DOOK v vttt tteet it et eie ettt 323
Solution of this problem for the case of only three or four lines............. 324
Demonstration of this solution...........cooiiiiiiiiiiiiiiiiiiienns 332
Plane and solid loci and the method of finding them.................ooeiut. 334
The first and simplest of all the curves needed in solving the ancient problem

for the case of five lines. ....ooviiutiiieiin i 335
Geometric curves that can be described by finding a number of their points... 340
Those which can be described with a string.............cooviiiiiiiiiiin.s 340

To find the properties of curves it is necessary to know the relation of their
points to points on certain straight lines, and the method of drawing

other lines which cut them in all these points at right angles........... 341
General method for finding straight lines which cut given curves and make

right angles with them..........coiiiiii ittt 342
Example of this operation in the case of an ellipse and of a parabola of the

SECOMA ClASS vttt etteteee et e e et eie eieieneaaee e ean e iee s 343
Another example in the case of an oval of the second class.................. 344
Example of the construction of this problem in the case of the conchoid...... 351
Explanation of four new classes of ovals which enter into optics............. 352
The properties of these ovals relating to reflection and refraction............ 357
Demonstration of these properties.........oouvvuii i iiin i i, 360

viii



TABLE
Comment on trcuue que ce problefme cft plan lorfqu'sl w'eft point propofé

en plus de 5 lignes. 313
Difeours Second.
DE LA NATURE DESLIGNES
COURBES.

elles font les lignes courbes qu' on pemt recesoir en Geomerrie, z15
La facon de diftinguer tontes ces lignes courbes en certains genres:
Lt de conmoufire le rappert g ont tous lens poins a cewx des lignes
droites. 319
Suite de L explication de la queftion dé Pappus mife an linre precedent,
323
Solution de cete gneflion quand elle weft propofed quen 3 on 4 lignzs,
324.
Demonftratson de cete folution, 332
Duels font les lienx plans & jolides & la fagon deles tronuer tous. 334
Quclle eft la premsseve & la plus fimple de toutes les lignes conrbes qui
Jernent a laqueftion des anciens guand clle eft propojce en cing lignes.
335.
Quelles font les lignes courbes qwon defcrst en tromuant plufienrs de lesrs

poins qus pensent eftre vecenés en Geometrse. 340
LQuelles [ont anf[y celles qu on defcrit anec vne chorde,qui pennent y eftre
veceues, 340

Que posr sromucr toutes les proprietez. des lignes conrbes , il [uffit de [ca-
uoir le rappore quoht tous lenrs poins a cewx des lignes droites ; & la

facon de sirer a autres lignes quiles coupent en tons ces poins a angles
droiss.

341

Fagon generale powr trouner des lignes droites qui conppent les courbes
donnccs,on lewrs contingentes a angles, droits. 342
Exemple de cete operation en e Ellspfe : Et en vne parabole d fecond
genre, 343
eAutreexemple en vne ouale du fecond genve. 344
Exemple de la conflruttion de ce problefme en la conchoide. 358

Explication de 4 nonucanx genves ' Ouales qui fernent a4l Optigue.352

Les proprieteq de ces Onales tonchant les reflexsons & les refralions.,
357

Demonftration de ces proprietez, 360

(em-



TABLE OF CONTENTS

How it is possible to make a lens as convex or concave as we wish, in one of
its surfaces, which shall cause to converge in a given point all the rays
which proceed from another given point..............ccovvvvviin.... 363

How it is possible to make a lens which operates like the preceding and such
that the convexity of one of its surfaces shall have a given ratio to the
convexity or concavity of the other.............. ... 366

How it is possible to apply what has been said here concerning curved lines
described on a plane surface to those which are described in a space of
three dimensions, or on a curved surface....... (SR Ceeveeea... 368

BOOK III

ON THE CONSTRUCTION OF SOLID OR SUPERSOLID PROBLEMS

On those curves which can be used in the construction of every problem..... 369
Example relating to the finding of several mean proportionals............... 370
On the nature of equations. ...........oviiiiiii ittt i, 37N
How many roots each equation can have....................... R vee.. 372
What are false roots...... e et .. 372
How it is possible to lower the degree of an equation when one of the roots

LT 3 T U P
How to determine if any given quantity is a root..................cooue.n.
How many true roots an equation may have................cooiiiiiii,
How the false roots may become true, and the true roots false................
How to increase or decrease the roots of an equation...........
That by increasing the true roots we decrease the false ones, and vice versa.. 375
How to remove the second term of an equation.......... et 376
How to make the false roots true without making the true ones false......... 377
How to fill all the places of an equation...... RPN e, 378
How to multiply or divide the roots of an equation......... F R /4]
How to eliminate the fractions in an equation.............................. 379
How to make the known quantity of any term of an equation equal to any

IVEN qQUantity .......onenninei e 380



Dt LA GEOMETRI1E,

Comment on pest faire un verre autant consexe on concang en l'une de
fes fuperficies, qu on vondra, quiraffemble a vn point downé tous les
rayons qas vienent d*vn antre point donné. 363
omment on en peut ﬁu’re n qus face le me[me , ¢ que la conmexite de
{'une de fés /h{urﬁcm ait la proportion donnec anec la conuexite on
congauite de Lastre, 366
Comment on pent rapporter tout ce qui a efté dit des lignes comrbes de-
ferives fur vne [uperficie plate,a celles qus [e defcriuent dans v ¢fpace

q#i a 3 dimenfions, onbien [ur vne fuperficie conrbe. 368
Liure Troifte[me

DE LA CONSTRUCTION DES
problefmes folides, ou plufque folides.

D E guelles lignes conrbes on pent [e eruir en la confbruétion de chaf-

gue problef me. 369
Exemple tonchant U'inuention de plufieurs moyenes proportionclies. 37e
De langture des Equations. 371
Combien il peut y anoir de racines en chafque Equation, 372
Duelles font les fanffes racines. 372
Comment on pewt diminuér le nombre des dimenfions dvne Eqnation,

lor[qw on connoift quelgu’vne de fes racines. 372
Comment on pent examner [i quelgne quantité donneé eft la valenr
A" vne vacine. 373

Combien il peut y anoir de vrayes racines en chafque Equation. 373
Comment on fait que les fan(fes racines dewicnent vrayes o & les vrayes

fanffes. 373
Comment on peut angmenter on diminuér les racines d'vneEquation.374
Qu’en augmentant amfi les vrayes vacines on diminué les fanfJes o on an

contrasre, 375
Comment on pent ofter le fecond terme dvne Equation, 376
(omsment on fast que les fanffes racines desiencnt vrayes fins que le

vrayes desienent faufes, 377

(omment on fait que tontes les places d'vne Equation foient remplies 378
(omment on pent multiplier o di;liﬁr les racines &' vne Equatson, 379

(omment on ofte les nombres yompus d*vne Equation, 379
(omment on rend la quanttité connuc de I'vn des termes d'vne Equation
e[gale a telle antre qu'on vent. 380

Kkk 2z Lue



TABLE OF CONTENTS

That both the true and the false roots may be real or imaginary............. 380
The reduction of cubic equations when the problem is plane................. 380
The method of dividing an equation by a binomial which contains a root..... 381
Problems which are solid whén the equation is cubic.........coveeenuunn... 383
The reduction of equations of the fourth degree when the problem is plane.
Solid problems . ......coiiiiitiiiiit i i i i i 383
Example showing the use of these reductions..............c.ccovvevinnn... 387
General rule for feducing equations above the fourth degree................. 389
General method for constructing all solid problems which reduce to an equa-
tion of the third or the fourth degree.................ccvvvvvnvnnnn, . 389
The finding of two mean proportionals.............coiviiiiieninnennnnenns 395
The trisection of an angle...c...oiiiiii ittt ittt 396
That all solid problems can be reduced to these two constructions............. 397
The method of expressing all the roots of cubic equations and hence of all
equations extending to the fourth degree...................cvvinnnn 400

Why solid problems cannot be constructed without conic sections, nor those
problems which are more complex without other lines that are also more

COMPIEX tvvtt vt ettt tninueeasnntasesonutaeenoeneeonesneeasononnns 401
General method for constructing all problems which require equations of de-

gree not higher than the sixth. ......... ... ... . i i it 402
The finding of four mean proportionals..........c.cvieiiinniieenerieenene . 411

xii



Tasre. De LA GEOMETRIE

Bue lesvacines tant vrayes que fan(fes pennent eftre veelles ou imaginai-
res, 380
Lareduclion des Equations cubigues lov[que le problefme eft plan. 380
La facon de diwifer vne Equation par vn binome qui contient [a racine.
381,
Quels problefmes [ont fslides lor[que I’Equation eft cubique. 383
Lareduction des Equations qui ont quatre dimenfions lor[gne le proble[-
me et plan.  Et quels (ont cenx: qus (Gnt [olides. 383
Exemple de Pvfage de ces vedultions. 387
Regle generale pour reduire toutes les Equations qus paffent le qnarré de
quarre. 289
Facon generale pour conflruive tous les problefmes filsdes veduits a*vne
Equation de trois on quasve dimenfions. 289
L'inuention de denx moyenes propor tionclles. 395
Ladiuifion de langle en trois, 396
D tous les problefmes (lides [e penuent reduive a ces denx confiru-
&tions, 397.
La facon d'exprimer la valenr de toutes les racines des Equations cubi-
gues: Et en [wite de toutes celles qizi ne moutent que iufques an quar-
vé de quarre. 400
Pourguoy les proble(mes filides ne pennent eftre confruits ans les fe-
&Hions coniques, my ceux qui font plus compofés [ans quelgues antres
Lignes plus compfeés. 40t
Facon generale pour conflruive tous les proble[mes reduits a vne Equa-
tion qui w'a point plus de fix dimenfions.

402
L'inuention de quatre moyenes proportionelles.

411

F I N

xiii






BOOK FIRST



The Geometry of René Descartes
BOOK I

ProBLEMS THE CoNSTRUCTION OF WHICH REQUIRES ONLY STRAIGHT

LiINEs AND CIRCLES

NY problem in geometry can easily be reduced to such terms that
a knowledge of the lengths of certain straight lines is sufficient

for its construction.” Just as arithmetic consists of only four or five
operations, namely, addition, subtraction, multiplication, division and the
extraction of roots, which may be considered a kind of division, so in
geometry, to find required lines it is merely necessary to add or subtract
other lines; or else, taking one line which I shall call unity in order to
relate it as closely as possible to numbers,”™ and which can in general be
chosen arbitrarily, and having given two other lines, to find a fourth
line which shall be to one of the given lines as the other is to unity °
(which is the same as multiplication) ; or, again, to find a fourth line
which is to one of the given lines as unity is to the other (which is
equivalent to division) ; or, finally, to find one, two, or several mean
proportionals between unity and some other line (which is the same

U Large collections of problems of this nature are contained in the following
works : Vincenzo Riccati and Girolamo Saladino, Institutiones Analyticae, Bologna,
1765; Maria Gaetana Agnesi, Istituzioni Analitiche, Milan, 1748; Claude Rabuel,
Commentaires sur la Géométrie de M. Descartes, Lyons, 1730 (hereafter referred
to as Rabuel) ; and other books of the same period or earlier. i

™ Van Schooten, in his Latin edition of 1683, has this note: “Per unitatem
intellige lineam quandam determinatam, qua ad quamvis reliquarum linearum talem
relationem habeat, qualem unitas ad certum aliquem numerum.” Geometria a
Renato Des Cartes, una cum notis Florimondi de Beaune, opera aique studio
Francisci ¢ Schooten, Amsterdam, 1683, p. 165 (hereafter referred to as Van
Schooten). . .

In general, the translation runs page for page with the facing original. On

account of figures and footnotes, however, this plan is occasionally varied, but not
in such a way as to cause the reader any serious inconvenience.
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LA

CEOMETRIE.

LIVRE PREMIER.

Des problefmes qu'on pent confEruire fans
_y employer que des cercles ¢g° des
tgnes drostes.

% Ous les Problefmes de Geometrie fe
% peuuent facilement reduire atels termes,
quil n’eft befoin par aprés que de connoi-
# EoB firelalongeur de quelques lignes droites,
SRS P pour les conftruire.

Et comme toute I’ Arithmetique n’eft compofée, que comme:
de quatre ou cinq operations, qui font I'Addition, lalg el
Souftraction, la Multiplication, la Diuifion, & Extra- thmeri
Gion des racines, qu’on peut prendre pour vae efpece 1’ f

” X i rapporte
de Divifion : Ainfi n'at’on autre chofe a faire en Geo- auxope-

metrie touchant les lignes quon cherche,, pour les pre- ‘é:,‘:;scd’:
arer a eftre connués, que leur en adioufter d"autres , ou tue.
enofter, Oubien en ayant vie, que 1€ nommeray ['viité:
pour la rapporter d’antant micux aux nombres , & qui
peutordinairement eftre prfe a difcretion, puis enayant
encore deux autres, en trouuer voe quatriefme, qui foit
al'vnede ces deux,comme lautre eft al'vnité, ce quieft
le mefme que laMultiplication ; oubien en trouuer vne
quatriefme, quifoital'vne de cesdeux, comme P'vnite

Pp eft

3



298 I A GEOMETRIE.,

eft al'autre, ce qui eft le mefme que la Diuifion; ou enfin
trouuer vne,ou deux ,ou plufieurs moyennes proportion-
nelles entre 'vnité, & quelque autre ligne; ce quieftle
me{me que tirer la racine quarrée, on cubique,&c. Etie
ne craindray pas d'introduire ces termes d’Arithmeti-
que en la Geometrie , affin de me rendre plus intel-
ligibile.
LaMuli-

oit par exempl
plication. N P pie

E A Blvnité, & qu’il fail-
le multiplier BD par

c B C, ienay qu'aioindre

les poins A & C, puisti-
rer DE paralleleaCA,
& BEeft le produit de

cete Multiplication,
1a Divie Qubienys’il faut divifer BE par BD, ayant ioint les

D A

fion. - poins E & D, ie tire AC parallele a DE, & B Ceftle
¢ Exera. Produit de cete dinifion.
&ion dela Ou s'il faut tirer la racine
quarrée. ! quarrée de GH, ie luy ad-
loufte en ligne droite F G,
qui eft 'vnite, & divifant FH
e H en deux parties efgales au
point K, du centre K ie tire
le cercle FIH, puis eflenant du point G vne ligne droite
iufques a I,2 angles droits fur FH, c’eft GI laracine
cherchée. lenedisrienicydelaracine cubique, nydes
autres, 2 caule que i'en parleray plus commodement cy
aprés.
Comm¢t

on.penc  Mais fouuent onn’a pas befoin de tracer ainfi ces li-
gne



FIRST BOOK

as extracting the square root, cube root, etc., of the given line.” And
I shall not hesitate to introduce these arithmetical terms into geometry,
for the sake of greater clearness.

For example, let AB be taken as unity, and let it be required
to multiply BD by BC. I have only to join the points A and C, and
draw DE parallel to CA ; then BE is the product of BD and BC.

If it be required to divide BE by BD, I join E and D, and draw AC
parallel to DE ; then BC is the result of the division.

If the square root of GH is desire¢, I add, along the same
straight line, FG equal to unity; then, bisecting FH at K, I describe
the circle FIH about K as a center, and draw from G a perpendicular
and extend it to I, and GI is the required root. I do not speak here of
cube root, or other roots, since I shall speak more-conveniently of them
later.

Often it is not necessary thus to draw the lines on paper, but it is
sufficient to designate each by a single letter. Thus, to add the lines
BD and GH, I call one @ and the other b, and write a + b. Then a —b
will indicate that b is subtracted from a; ab that a is multiplied by b;

a

3 that g is divided by b; aa or a® that o is multiplied by itself ; a® that
this result is multiplied’ by a, and so on, indefinitely."? Again, if I wish
to extract the square root of a24-b% I write Va*+b?; if I wish to

extract the cube root of a®—b*+}ab?, 1 write ¥ —b*+ab?, and sim-
ilarly for other roots.”” Here it must be observed that by ¢ b° and
similar expressions, I ordinarily mean only simple lines, which, how-
ever, I name squares, cubes, etc., so that I may make use of the terms
employed in algebra."

P! While in arithmetic the only exact roots obtainable are those of perfect
powers, in geometry a length can be foqnd which will represent exaqtly the square
root of a given line, even though this line be not commensurable with unity. Of
other roots, Descartes speaks later. .

) Descartes uses a3, a4, a5, a® and so on, to represent the respective powers
of a, but he uses both aga and a2 without distinction. For example, he often has

22
aabb, but he also uses i‘b2

! Descartes writes: 4/C.a® — 4+ abb. See original, page 299, line 9.

U1 At the time this was written, a2 was commonly considered to mean the sur-
face of a square whose side is a, and b3 to mean the volume of a cube whose side
is b, while b4, b, ... were unintelligible as geometric forms. Descartes here says

that a2 does not have this meaning, but means the line obtained by constructing a
third proportional to 1 and @, and so on.

5



GEOMETRY

It should also be noted that all parts of a single line should always
be expressed by the same number of dimensions, provided unity is not
determined by the conditions of the problem. Thus, @* contains as
many dimensions as ab? or b*, these being the component parts of the

line which I have called Wa®—b*Jab®. It is not, however, the same
thing when unity is determined, because unity can always be under-
stood, even where there are too many or too few dimensions ; thus, if
it be required to extract the cube root of a*h? — b, we must consider the
quantity a?b? divided once by unity, and the quantity b multiplied twice
by unity."

Finally, so that we may be sure to remember the names of these lines,
a separate list should always be made as often as names are assigned
or changed. For example, we may write, AB=1, that is AB is equal
to 1; GH=a, BD =15, and so on.

If, then, we wish to solve any problem, we first suppose the solution
already effected,” and give names to all the lines that seem needful for
its construction,—to those that are unknown as well as to those that
are known." Then, making no distinction between known and unknown
lines, we must unravel the difficulty in any way that shows most natur-

U1 Descartes seems to say that each term must be of the third degree, and that
therefore we must conceive of both a2b% and b as reduced to the proper dimension.

¥ Van Schooten adds “seu unitati,” p. 3. Descartes writes, AB201. He
seems to have been the first to use this symbol. Among the few writers who fol-
lowed him, was Hudde (1633-1704). Tt is very commonly supposed that 20 is a
ligature representing the first two letters (or diphthong) of “zquare.” See, for
example, M. Aubry’s note in W. W. R. Ball’s Recréations Mathématiques et Prob-
lémes des Temps Anciens et Modernes, French edition, Paris, 1909, Part 111, p. 164.

U1 This plan, as is well known, goes back to Plato. It appears in the work of
Pappus as follows: “In analysis we suppose that which is required to be already
obtained, and consider its connections and antecedents, going back until we reach
either something already known (given in the hypothesis), or else some fundamen-
tal principle (axiom or postulate) of mathematics.” Pappi Alexandrini Collectiones
quac supersunt ¢ libris manu scriptis edidit Latina interpellatione et commentariis
wnstruxit Fredericus Hultsch, Berlin, 1876-1878 ; vol. II, p. 635 (hereafter referred
to as Pappus). See also Commandinus, Pappi Alexandrini Mathematicae Collec-
tiones, Bologna, 1588, with later editions.

Pappus of Alexandria was a Greek mathematician who lived about 300 A.D.
His most important work is a mathematical treatise in eight books, of which the
first and part of the second are lost. This was made known to modern scholars
by Commandinus. The work exerted a happy influence on the revival of geometry
in the seventeenth century. Pappus was not himself a mathematician of the first
rank, but he preserved for the world many extracts or analyses of lost works, and
by his commentaries added to their interest.

191 Rabuel calls attention to the use of @, b, ¢, ... for known, and #, v, z, ...
for unknown quantities (p. 20).
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gnes furle papier, & il fuffift de lesdefigner par quelques ., 4,
lettres, chafcune par voe feule. Comme pour adioufter gnfﬁcsen
laligneB DaGH, ie nomme I'vne a & lautre b,& efcris wie

a—+ b; Eta-- b,pour fouftraire b d’ a; Et 2 b,pour les mul-
tiplier 'vne par l'autre; Et 7, pour divifer e parb s Et a4,

2 3
ou a, pour multipliera par foy mefme ; Eta, pour le
multiplier encore vne fois par 2 , &ainfi a l'infini ; Et

' 2 2 2
V 4+ b, pour tirer la racine quarrée d’' 4 =+ & ; Et

V' C.a--b+ab b, pourtirer la racine cubique d’a --b
-+ abb, & ainfidesautres.

Otil eft a remarquer que par 4 “ou b ou femblables,
ie ne congoy ordinairement que des lignes toutes fim-
ples, encore que pour me feruir des noms vfités enl'Al-
gebre, ie les nomme des quarrés ou des cubes, &c.

lleftaufly a remarquer que toutes les partiesd'vne
mefmeligne,fe doiuent ordinairement exprimer par aus
tant de dimenfions I'vne que l'autre, lorfque 'vnit¢'n’eft

3
point déterminée enla queftion, comme icy 4 en con-

tientautantqu’a45 ou b ‘dont fe compofe la ligne que

i’ay nommée V'C. 4-- b + abb: mais que ce n'eft
pas de mefme lorfque P'vnité eft déterminée, a caufo
qu'elle peut eftre foufentendue par toutouilya trop ou
trop peude dimenfions : comme s'il faut tirer la racine
~cubique de aabb--4 , il faue penfer que la quantité
aab b eft diuifée vne fois par I'vnité, & que l'autre quan-

tit€ 5 eft multiplide deux fois par la mefme.
Ppa Au
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Au refte affin de ne pas manquer a fe fouuenir des
nomsde ces lignes, il en faut toufiours faire vn regiftre
fepar¢ , 2 mefure quon les pofe ouqu'on leschange,
efcriuant parexemple.

AB 1, ceftadire,ABefgalar.

GH>a

BD 2 &, szc.

Cemmér Ainfivoulant refoudre quelque problefme, on doit d’a-
’I,fifr“:‘:;c' bord le confiderer comme defia fait, & donner des noms
Equatids a toutes les lignes, qui{femblent neceflaires pour le con-
qui & Bruire, aufly bien a celles qui font inconnués , qu'aux

uent a re-
foudre les autres. Puis fans confiderer aucune difference entre ces

ﬁf:,, - lignes connués, & inconnu€s, on doit parcounr Ja diffi-
culté, felon I'ordre qui monftre le plus naturellement
de tous enqu’elle forte elles dependent mutuellement.
les vnes des aatres, iufques a ce qu’on ait trouu¢ moyen
‘d’exprimer vne mefme quantit¢en deux fagons: ce qui
fenomme vne Equation; carlestermes de I'vae de ces
deux fagons font efgaux aceux de l'autre. Eton doit
trouuer autant de telles Equations,qu’ona fuppof¢ de li-
gnes, qui eftoientinconnués. Oubiens’ilnes’en trouue
pas tant, & que nonobftant on n‘ometteriende ce qui eft
defiréen la queftion,celatefmoigne qu'elle n’eft pasen-
tierement determinée. Et lors on peut prendre a difcre-
tion des lignes connués , pour toutes lesinconnués auf-
qu’elles ne correfpond aucune Equation. Aprés celas’il
enrefte encore pluficurs , il fe faut feruir par ordre de
chafcune des Equations qui reftent aufly , foitenla con-
fiderant toute feunle,foitenla comparant auec lés autres,
pour espliquer chafcune de ceslignes inconnués; & faire
ainfi
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ally the relations between these lines, until we find it possible to express
a single quantity in two ways.”™ This will constitute an equation, since
the terms of one of these two expressions aie together equal to the
terms of the other.

We must find as many such equations as there are supposed to be
unknown lines ;** but if, after considering everything involved, so many
cannot be found, it is evident that the question is not entirely deter-
mined. In such a case we may choose arbitrarily lines of known length
for each unknown line to which there corresponds no equation.™

If there are several equations, we must use each in order, cither con-
sidering it alone or comparing it with the others, so as to obtain a value
for each of the unknown lines; and so we must combine them until
there remains a single unknown line™ which is equal to some known
line, or whose square, cube, fourth power, fifth power, sixth power,
etc., is equal to the sum or difference of two or more quantities,” one
of which is known, while the others consist of mean proportionals
‘between unity and this square, or cube, or fourth power, etc., multiplied
by other known lines. I may express this as follows:

F*=az*—c*z4-d*, etc.

That is, 2z, which I take for the unknown quantity, is equal to b; or,
the square of z is equal to the square of b diminished by a multiplied
by z; or, the cube of z is equal to a multiplied by the square of 2, plus
the square of b multiplied by 2, diminished by the cube of ¢; and sim-
ilarly for the others.

1 That is, we must solve the resulting simultaneous equations.

121 Van Schooten (p. 149) gives two problems to illustrate this statement. Of
these, the first is as follows: Given a line segment AB containing any point C,
required to produce AB to D so that the rectangle AD.DB shall be equal to the
square on CD. He lets AC=a, CB=10, and BD=x. Then AQ =a+b+ =,
and CD = b 4 x, whence ax + bx + 42 = b2+2bx + 22 and x:ab 5"

031 Rabuel adds this note: “We may say that every indeterminate problem is an
infinity of determinate problems, or that every problem is determined either by
itself or by him who constructs it” (p. 21).

4 That is, a line represented by #, 22, 43, 2%, ....

081 T the older French, “le quarré, ou le cube, ou le quarré de quarré, ou le sur-
solide, ou le quarré de cube &c.,” as seen on page 11 (original page 302).

9
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Thus, all the unknown quantities can be expressed in terms of a sin-
gle quantity,"" whenever the problem can be constructed by means of
circles and straight lines, or by conic sections, or even by some other
curve of degree not greater than the third or fourth.”™

But I shall not stop to explain this in more detail, because I should
deprive you of the pleasure of mastering it yourself, as well as of the
advantage of training your mind by working over it, which is in my
opinion the principal benefit to be derived from this science. Because,
I find nothing here so difficult that it cannot be worked out by any one
at all familiar with ordinary geometry and with algebra, who will con-
sider carefully all that is set forth in this treatise.™

1%l See line 20 on the opposite page.

B Literally, “Only one or two degrees greater.”

¢ In the Introduction to the 1637 edition of La Géométrie, Descartes made
the following remark: “In my previous writings I have tried to make my mean-
ing clear to everybody; but I doubt if this treatise will be read by anyone not
familiar with the books on geometry, and so I have thought it superfluous to repeat
demonstrations contained in them.” See Oeuwres de Descartes, edited by Charles
Adam and Paul Tannery, Paris, 1897-1910, vol. VI, p. 368. In a letter written
to Mersenne in 1637 Descartes says: “I do not enjoy speaking in praise of myself,
but since few people can understand my geometry, and since you wish me to
give you my opinion of it, I think it well to say that it is all I could hope for,
and that in La Dioptrique and Les Météores, 1 have.only tried to persuade people
that my method is better than the ordinary one. I have proved this in my geom-
etry, for in the beginning I have solved a question which, according to Pappus,
could not be solved by any of the ancient geometers.

“Moreover, what I have given in the second book on the nature and properties
of curved lines, and the method of examining them, is, it seems to me, as far
beyond the treatment in the ordinary geometry, as the rhetoric of Cicero is beyond
the a, b, ¢ of children. . . .

“As to the suggestion that what I have written could easily have been gotten
from Vieta, the very fact that my treatise is hard to understand is due to my
attempt to put nothing in it that I believed to be known either by him or by any
one else. . . . I begin the rules of my algebra with what Vieta wrote at the
very end of his book, De emendatione acquationum. . . . Thus, I begin where
he left off.” Oeuvres de Descartes, publiées par Victor Cousin, Paris, 1824, Vol.
VI, p. 294 (hereafter referred to as Cousin).

In another letter to Mersenne, written April 20, 1646, Descartes writes as
follows: “I have omitted a number of things that might have made it (the geom-
etry) clearer, but I did this intentionally, and would not have it otherwise. The
only suggestions that have been made concerning changes in it are in regard to
rendering it clearer to readers, but most of these are so malicious that I am com-
pletely disgusted with them.” Cousin, Vol. IX, p. 553.

In a letter to the Princess Elizaheth, Descartes says: “In the solution of a
geometrical problem I take care, as far as possible, to use as lines of reference
parallel lines or lines at right angles; and I use no theorems except those which
assert that the sides of similar triangles are proportional, and that mn a right
triangle the square of the hypotenuse is equal to the sum of the squares of the
sides. I do not hesitate to introduce several unknown quantities, so as to reduce the
question to such terms that it shall depend only on these two theorems.” Cousin,
Vol. IX, p. 143.

10
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ainfi enles demeflant, qu'il n'en demeure qu'vne feule,
efgalea quelque autre, qui foit connué, oubien dont le
quarré, oule cube, oule quarréde quarré, oule furfoli-
de, oule quarréde cube, &c. foitefgal a ce, qui fe pro-
duift par I'addition, ou fouftraction de deux ou plufieurs
autres quantités , dont I'vne foit connué , & les autres
foient compofées de quelques moyennes proportions
nelles entre I'vnité, & ce quarré, ou cube , ou quarré de
quarré, &c. multipli¢es par d’autres connués. Ce que i'e-
fcris en cete forte.

3 2 b.ou

{ao--a z-+bb on
:{,:70 a3+ bz ¢ on

g"oo a zj -,c,{-i- d. .

Ceftadire, 2, que ie prens pour la quantit¢ inconnug,
cft efgaléab, oule quarr¢ de 3 eft efgal au quarré de &
moins s multipli¢ par 2. ou le cube de zeft efgala 4
multipli¢par le quarre de  plus le quarr€ de & multiplié
par ymoins le cube de ¢. &ainfi desautres.

Eton peut toufiours reduire ainfi toutes les quantités
inconnués A voe feule, lorfque le Problefme fe peat con-
ftruire par des cercles & des lignes droites, ou auffy par
des fections coniques,ou mefme par quelque autreligne
qui ne foit que d'vo ou deux degrés plus compofée. Mais
ie ne m’arefte point a expliquer cecy plus en detail, a
caufe que ie vous ofterois le plaifir de I'apprendre de
vous mefme, & L'vtilité de cultiuer voftre efprit en vous
y exerceant, qui eft a mon auis la principale,qu’on puiffe

Pp 3 tirer

11



302 LA GEOMETRIE

trerde cete fcience. Aufly queien yremarque rien de
fi difficile, que ceux qui feront vn peuverfcs en la Geo-
metric commune, & en I'Algebre, & qui prendront gar-
deatout ce quieft en ce traité, ne puiffent trouver.
C’eft pourquoy ie me contenteray icy de vous auer-
tir, que pourvii quen demeflant ces Equations on ne
manque point afeferuir de toutesles diuifions, qui fe-
ront poffibles, on aura infalliblement les plus fimples
termes,aufquels la queftion puiffe eftre reduite.

g}:}zs Et que fi elle peut eftre refolue par la Geometrie ordi-

proble- naire, c’eft a dire, en ne fe feruant que de lignes droites

mesPR0S g circulaires tracées fur vne fuperficie plate, lorfque la
derniere Equationaura efté entierement démeflée,iln’y
refteratout auplus qu'vn quarréinconnu, efgal a ce qui
fe produift de I'Addition, ou fouftraction de faracine
multiplice par quelque quantitd connue , & de quelque
autre quantite aufly connue

Com-  Etlors cere racine, ouligne inconnue fe trouue ayfe-
ment 1is

ferefol- ment. Carfiiayparexemple
uent.

. xPaz+bb

& iefais le triangle reGan-
% gle N LM, dont le co-

ft€L Meft efgal a bra-
cine quarrée de Ja quan-
tité connue 44, & l'au-
hadt R M treLNeft § 4, lamoi-
ti€ de l'autre quantit¢

connue, qui eftoit multiplice par z que ie fuppofe eftre la
ligne inconnue, puis prolongeant M N labaze de ce tri-
angle,
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I shall therefore content myself with the statement that if the stu-
dent, in solving these equations, does not fail to make use of division
wherever possible, he will surely reach the simplest terms to which
the problem can be reduced.

And if it can be solved by ordinary geometry, that is, by the use of
straight lines and circles traced on a plane surface," when the last
equation shall have been entirely solved there will remain at most only
the square of .an unknown quantity, equal to the product of its root
by some known quantity, increased or diminished by some other quan-
tity also known.™ Then this root or unknown line can easily be found.
For example, if I have 22=az + b>'™ I construct a right triangle NLM
with one side LM, equal to b, the square root of the known quan-
tity &% and the other side, LN, equal to }a, that is, to half the
other known quantity which was multiplied by 2, which I supposed to
be the unknown line. Then prolonging MN, the hypotenuse™ of this
triangle, to O, so that NO is equal to NL, the whole line OM is the

2]

required line z. This is expressed in the following way:
z= »; a4 | o+ &

But if I have y?=—ay 4 b®, where y is the quantity whose value
is desired, I construct the same right triangle NLM, and on the hypote-

91 For a discussion of the possibility of constructions by the compasses and
straight edge, see Jacob Steiner, Die geometrischen Constructionen ausgefiihrt
mittelst der geraden Linic und efnes festen Kreises, Berlin, 1833. For briefer
treatments, consult Enriques, Fragen der Elementar-Geometrie, Lel_pzlg, 1907 ;
Klein, Problems in Elementary Geometry, trans. by Beman and Smath, Boston,
1897; Weber und Wellstein, Encyklopidic der Elementaren Geometrie, Leipzig,
1907. The work by Mascheroni, La geometria del compasso, Pavia, 1797, is inter-
esting and well known.

] That is, an expression of the form 22 —az* b. “Esgal a ce qui se produit
de I'’Addition, ou soustraction de sa racine multiplée par quelque quantité connue,
& de quelque autre quantité aussy connue,” as it appears in line 14, opposite page.

21l Descartes proposes to show how a quadratic may be solved geometrically.

17 Descartes says “prolongeant MN la baze de ce triangle,” because the hypote-

nuse was commonly taken as the base in earlier times.
i) From the figure OM.PM =LM?. If OM =2, PM=2z—a, and since

LM = b, we have z (2 —a) = b2 or 22 = az+ b2 Again, MN = \/iaz + b2, whence

OM=2z=ON+MN= %a + \/ ;—az + b2, Descartes ignores the second root, which

is negative,
13
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nuse MN lay off NP equal to NL, and the remainder PM is y, the
desired root. Thus I have

1
}; _— Ea +\/ia2+ &z.
In the same way, if I had
&= — ax® 4 7,

PM would be 2% and I should have

and so for other cases.

Finally, if T have 22 = as—0?, I make NL equal to § ¢ and LM equal
to b as before; then, instead of joining the points M and N, 1
draw MQR parallel to LN, and with N as a center describe a circle
through L cutting MQR in the points QQ and R; then z, the line sought,
is either MQ or MR, for in this case it can be expressed in two ways,

241
2 a I 1 a? 62
2 \/ 4 !

namely :
1
z __——éa— \/%az_lf.

1 Since MR.MQ = LM?, then if R—2 we have MQ=a— 2, and so
2(a—3)=>b% or 2°>—=as— b2
If, instead of this, MQ = z, then MR = a — 2, and again, 22 = az — b%. Further-
more, letting O be the mid-point of QR,

MQ=0M—-OQ=}a—\Eaz__,,2,

and

and
1
MR=MO+OR= ;a—l-»\/i a%—be.
Descartes here gives both roots, since both are positive. If MR is tangent to the
circle, that is, if b= % a, the roots will be equal; while if b>-;-a, the line MR

will not meet the circle and both roots will be imaginary. Also, since RM.QM:LM“',
2,8,=b% and RM+QM =2z +2z,=a.

14



LivReE PRE MIER. 303
angle, iufquesa O, en forte qu'N O foit efgalc aNL,
latoute OMeft {lahgne cherchée. Et elle s'exprime
encete forte

2 2 3 za-t Vm

Q_eﬁmyyyao -- ay -+ bb, & quy foit la quantité
qu'il faut trouuer , ie fais le mefine triangle rectangle
NL M, &defabaze MNi'ofte NPefgalea NL, &le
refte P M eft y la racine cherchée. De fagon que iay

_yzo- 34+ vV faa-+bb Ettoutde mefmeﬁla-

uois x 20 -- ax -i- 6 P M {eroit x. & 1aurois

x0 Votadv Laa-bb: &ainfi des autres.
Enfinfii‘ay

\ R 0 ag--bb:
ie fais NL efgale 2§ 4, & LM
efgale 2 5 cme deudr, puis,au lieu
N deioindreles poinsM N, ie tire
M QR paralleleaL N. & ducen-
tre Npar L ayant defcrit vn cer-
cle qui la couppe aux poins Q &
R, la ligne cherchée 3 eft M Q.
oubie MR, carencecaselle s’ex-
prime en deux fagons,afgauciry 0 ya =~ 7 jaa--b4,
&z o03a--7" aa--bb

Etfile cercle, qux ayant fon centre au point N, pafle
parle poth ne couppe ny ne touche la lxgne droite
MQR, iln’yaaucune racine enl'Equation, de fagon
qu'on peut affurer que la conftru@ion du problefme
propof¢eft impoffible. A

u

L

15
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Au refte ces mefmes racines fe peuuent trouuer par
vne infinité d’autres moyens , & i‘ay feulement veulu
mettre ceux cy, comme fort fimples, affin de faire voir
qu’on peut conftruire tousles Problefmes de [a Geome-
trie ordinaite, fansfaire autre chofe que le peu qui eft
comprisdans les quatre figures quei'ayexpliquées. Ce
queienecroy pas quelesanciens ayent remarqué. car
autrement ilsn’euflent pas prisla peine d’en efcrire tant
de grosliures, ou le feul ordre de leurs propofitions nous
fait connoiftre qu'ils n'ont point cu lavraye methode
pour les trouuer toutes, mais qu'ilsont feulement ramaf-
fecelles quiilsont rencontrees.

ﬁfgﬂt‘l};‘c Et onle peut voir aufly fort clairement de ce que Pap-

Pappus. PUSamis aucommencement de fonfeptiefme liure, ou
apres seftre areft¢ quelque tems a denombrer tout ce
quiauoit efté efcrit en Geometrie par ceux qui l'auoient
precedé, il parle enfin d vne queftion , qu'ilditque ny
Euclide, ny Apollonius, ny aucun aotre n‘anoient fceu
entierement refoudre. & voycy fes mots,

P{:ﬂ:};‘h RQuem autem dicit ( Apollonius) in tertio libro locum ad

verfion la. 8765, & quatuor lineas ab Euclide perfeltum noneffe , neque

::ch’f;rﬁz ipfe perficere poterat ,nequealiquis alius: fed neque pau-

afin que lulum quid addereiss, que Euclides [cripfit,per ea tantum

chafiun  gonica ,  que ufque ad Ewclidss tempora premonftrata

plus ayfe- funt, &e.

et Et vo peu aprés il explique ainfi qu'elle eft cete que-
ftion.

Atlocus adtres, & quatuor lineas , in quo ( Apollonius)
magnifice [eiattat, & oftentat,nulla habita gratiaei , qui
prius feripferar , eft hujufmodi.  Sipofitione datas tribus

rels

16



FIRST BOOK

And if the circle described about N and passing through L neither
cuts nor touches the line MQR, the equation has no root, so that we
may say that the construction of the problem is impossible.

These same roots can be found by many other methods,” I have
given these very simple ones to show that it is possible to construct
all the problems of ordinary geometry by doing no more than the little
covered in the four figures that T have explained.™ This is one thing
which I believe the ancient mathematicians did not observe, for other-
wise they would not have put so much labor into writing so many books
in which the very sequence of the propositions shows that they did not
have a sure method of finding all,"™ but rather gathered together those
propositions on which they had happened by accident.

This is also evident from what Pappus has done in the beginning of
his seventh book,™ where, after devoting considerable space to an
enumeration of the books on geometry written by his predecessors,™
he finally refers to a question which he says that neither Euclid nor
Apollonius nor any one else had been able to solve completely;™ and
these are his words:

“Quem autem dicit (Apollonius) in tertio libro locum ad tres, &
quatuor lineas ab Euclide perfectum mon esse, neque ipse perficere
poterat, neque aliquis alius; sed neque paululum quid addere iis, que

] For interesting contraction, see Rabuel, p. 23, et seq.

=1 Tt will be seen that Descartes considers only three types of the quadratic
equation in z, namely, s2+az—0?=0, s> —az—b2=0, and 22 —az+b2=0.
It thus appears that he has not been able to free himself from the old traditions
to the extent of generalizing the meaning of the coefficients, — as negative and
fractional as well as positive. He does not consider the type 22+az+b2=0,
because it has no positive roots.

=1 “Ow’ils n’ont point eu la vraye methode pour les trouuer toutes.”

1 See Note [9].

2] See Pappus, Vol. II, p. 637. Pappus here gives a _list of books that treat
of analysis, in the fol]owmg words: “Illorum librorum, quibus de loco, *avaivéueros
sive resoluto agitur, ordo hic est. Euclidis datorum liber unus, Apollonn de pro-
portionis sectione libri duo, de spatii sectione duo, de sectione determinata duo, de
tactionibus duo, Euclidis porismatum libri tres, Apollonn inclinationum libri duo,
emsdem locorum planorum duo, conicorum octo, Aristaei locorum solidorum libri
duo.” See also the Commandinus edition of Pappus, 1660 edition, pp. 240-252.

) For the history of this problem, see Zeuthen: Die Lehre won den Kegel-
schnitten im Alterthum, Copenhagen, 1886. Also, Adam and Tannery, Oeuvres de
Descartes, vol. 6, p. 723.

17
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Euclides scripsit, per ea tantum conica, que usque ad Euclidis tempora
premonstrata sunt, &c.” ™

A little farther on, he states the question as follows:

“At locus ad tres, & quatuor lineas, in quo (Apollonius) magnifice
se jactat, & ostentat, nulla habita gratia ei, qui prius scripserat, est
hujusmodi.®™ Si positione datis tribus rectis lineis ab uno & eodem
puncto, ad tres lineas in datis angulis recte linee ducantur, & data sit
proportio rectanguli contenti duabus ductis ad quadratum reliqgue:
punctum contingit positione datum solidum locum, hoc est unam ex
tribus comicis sectionibus. Et si ad quatuor rectas lineas positione datas
in datis angulis linee ducantur; & rectanguli duabus ductis contenti ad
contentum duabus reliquis proportio data sit; similiter punctum datum
coni sectionem positione continget. Si quidem igitur ad duas tantum
locus planus ostensus est. Quod si ad plures quam quatuor, punctum
continget locos non adhuc cognitos, sed lineas tantum dictas; quales
autem sint, vel quam habeant proprietatem, non constat: earum unam,
neque primam, & quae manifestissima videtur, composuerunt osten-
dentes utilem esse. Propositiones autem ipsarum he sunt.

“Si ab aliquo puncto ad positione datas rectas lineas quingque ducantur
recte linee in datis angulis, & data sit proportio solidi parallelepipedi
rectanguli, quod tribus ductis lineis continetur ad solidum parallelepipe-
dum rectangulum, quod continetur reliquis duabus, & data quapiam
linea, punctum positione datam lineam continget. Si autem ad sex, &
data sit proportio solidi tribus lincis contenti ad solidum, quod tribus
reliquis continctur; rursus punctum continget positione datam lineam.
Quod si ad plures quam sex, non adhuc habent diccre, an data sit pro-
portio cujuspiam contenti quatuor lineis ad id quod reliquis continetur,

39 Pappus, Vol. II, pp. 677, et seq., Commandinus edition of 1660, p. 251.
Literally, “Moreover, he (Apollonius) says that the problem of the locus related
to three or four lines was not entirely solved by Euclid, and that neither he him-
self, nor any one else has been able to solve it completely, nor were they able to
add anything at all to those things which Euclid had written, by means of the
conic sections only which had been demonstrated before Euclid.” Descartes arrived
at the solution of this problem four years before the publication of his geometry,
after spending five or six weeks on it. See his letters, Cousin, Vol. VI, p. 294,
and Vol. VI, p. 224.

B2 Given as follows in the edition of Pappus by Hultsch, previously quoted:
“Sed hic ad tres et quatuor lineas locus quo magnopere gloriatur simul addens ei
qui conscripserit gratiam habendam esse, sic se habet.”

18



LiviRE PREMIER. 308
zeétss linets abuno & eodem punile, ad tres lineas in datss an-
gulis re8le linee ducantur, & data fit proportio reftanguli
contenti duabus dullis ad quadratum relique: punStum con-
tingit pofitione datum folidum locum , hoc eft unam ex tribus
contcis [eétionibus. Et Ji ad quatuor reftas lineas pofitione
datasin datis angulis linew ducantur ; & restanguls duabus
duélis conzenti ad contentum duabus reliquis proportio data
Jit: fimiliter punétum datum cont (e&ionem pofitione contin-
get. Siquidemigiturad duas tantumlocus planus offenfiss
eft. Quodfiadplures quam quatuor, punium continget lo-
cos non adhuc cognitos, fed lineas tuntum diflas ; quales au-
tem fint, vel quam habeant proprietatem, non conftat: earum
unam, neque primam, & que manifefti(fima videtur, compo-
Juerunt oftendentes utilemefle. propofitiones autemipfarum
be [unt.

81 ab aliquo punflo adpofitione datas rellas lineas quin-
que ducantur reéle linee in datis angulis , & data fit propor-
tio folidi parallelepipedi reltangnli, quod tribus dullis lineis
continetur ad folidum parallelepipedum reltangulum , quod
continetur reliquis duabus, @ data quapiam linea, punftum
pofitione datam lineam continget. Siantem adfex, & data
Jit proportio folidi tribus lineis contenti ad [olidam , quod
tribus reliquis continetur; rurfus punébum continget pofitione
datam lineam. Quod fiadplures quam [ex, non adhuc habent
dicere,an data fit proportio cuiufpii contenti quatuor lineis
ad id quod reliquiscontinetur, quoniam non eft aliquid con-
tentum pluribus quam tribus dimenflonibus.

Ouie vous prie de remarquer en paffant,, que lefcru-
pule, que faifoient les anciens d'vfer.des termes del’A-
rithmetique enla Geometrie, qui ne pouuoit proceder,

O q que
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que de ce qu’ils ne voyoient pas affés clairement leur
rapport, caufoit beaucoup d'obfcurité, & d’embaras, en
lafagon dontils s'expliquoient. car Pappus pourfuit en
ceteforte.

Acquiefcunt autem his , qui paulo antetalia interpretati
funt. nequeunum aliquo pailo comprehenfibile fignificantes
quodbis continetur. Licebit auté per coniuntlas proportiones
bec, 3 dicere, & demonftrare univerfein dillis proportioni-
bus, atque his in hunc modum. Si ab aliquo punélo adpofi-
tione datasreflas lineas ducantur refle linew in datis angu-
lis, & data fit proportio coniunéla ex ea, quam habet una du-
&arumadunam, @S altera adalteram,e alia adaliam,e3 re-
liqua ad datam lineam, [ fint [eptem; fiveroofte , & reliqua
ad reliquam: punilum continget pofitione datds lineas. Et
fimiliter quotcumque fint impares vel pares multitudine,
cum hec, ut dixi,loco ad quatuor lineas refpandeant, nullum
Ygitur pofuerant ita ut lincanota fit, Se.

La queftiondonc qui avoit eft€ commenceée a refou-
dre par Euclide, & pourfuivie par Apollonius, fans avoir
eltdacheuée par perfonne , eftoit telle. Ayant trois on
quatre ou plus grand nombre de lignes droites donnces
par pofition; premierement on demande vnpoint, .du-
quelon puiffe tirerautant d'autres lignes droites, voe fur
chafcune des données, qui fagent auec elles des angles
donnés, & que le reGangle contenu en deux de celles,
qui feront ainfi tirées d’vn mefme point, ait 1a propor-
tion donnée anecle quarré de la troifiefme, s'iln’yena
que trois; oubienauec lereCtangle des deux autres, s'ily
enaquatre;oubien,s’ily en a cinq,que le parallelepipede
compoféde trois ait la proportion donnee auec le paral.

lelepipede
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quoniam mon est aliquid contentum pluribus quam tribus dimensioni-
bus.” ™

Here I beg you to observe in passing that the considerations that
forced ancient writers to use arithmetical terms in geometry, thus mak-
ing it impossible for them to proceed beyond a point where they could
see clearly the relation between the two subjects, caused much obscur-
ity and embarrassment, in their attempts at explanation.

Pappus proceeds as follows:

“Acquiescunt autem his, qui paulo ante talia interpretati sunt; neque
unum aliquo pacto comprehensibile significantes quod his continetur.
Licebit autem per conjunctas proportiones hac, & dicere & demonstrare
universe in dictis proportionibus, atque his in hunc modum. Si ab
aliguo puncto ad positione datas rectas lineas ducantur recte linee in
datis angulis, & data sit proportio conjuncta ex ea, quam habet una
ductarum ad unam, & altera ad alteram, & alia ad aliam, & reliqua ad
datam lineam, si sint septem; si vero octo, & rcliqua ad reliquam:
punctum continget positione datas lineas. Et similiter quotcumque sint

1 This may be somewhat freely translated as follows: “The problem of the
locus related to three or four lines, about which he (Apollonius) boasts so proudly,
giving no credit to the writer who has preceded him, is of this nature: If three
straight lines are given in position, and if straight lines be drawn from one and
the same point, making given angles with the three given lines; and if there be
given the ratio of the rectangle contained by two of the lines so drawn to the
square of the other, the point lies on a solid locus given in position, namely, one
of the three conic sections.

“Again, if lines be drawn making given angles with four straight lines given
in position, and if the rectangle of two of the lines so drawn bears a given ratio
to the rectangle of the other two; then, in like manner, the point lies on a conic
section given in position. It has been shown that to only two lines there corre-
sponds a plane locus. But if there be given more than four lines, the point gen-
erates loci not known up to the present time (that is, impossible to determine by
common methods), but merely called ‘lines’. It is not clear what they are, or
what their properties. One of them, not the first but the most manifest, has been
examined, and this has proved to be helpful. (Paul Tannery, in the Oeuvres de
Descartes, differs with Descartes in his translation of Pappus. He translates as
follows: Et on n’a fait la synthése d’ aucune de ces lignes, ni montré qu'elle servit
pour ces lieux, pas méme pour celle qui semblerait la premiére et la plus indiquée.)
These, however, are the propositions concerning them.

“If from any point straight lines be drawn making given angles with five
straight lines given in position, and if the solid rectangular parallelepiped contained
by three of the lines so drawn bears a given ratio to the solid rectangular paral-
lelepiped contained by the other two and any given line whatever, the point lies
on a ‘line’ given in position. Again, if there be six lines, and if the solid con-
tained by three of the lines bears a given ratio to the solid contained by the other
three lines, the point also lies on a ‘line’ given in position. But if there be more
than six lines, we cannot say whether a ratio of something contained by four
lines is given to that which is contained by the rest, since there is no figure of
more than three dimensions.” .
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impares vel pares multitudine, cum hec, ut dixi, loco ad quatuor lincas
respondeant, nullum igitur posuerunt ita ut linea nota sit, &e."™

The question, then, the solution of which was begun by Euclid and
carried farther by Apollonius, but was completed by no one, is this:

Having three, four or more lines given in position, it is first required
to find a point from which as many other lines may be drawn, each
making a given angle with one of the given lines, so that the rectangle
of two of the lines so drawn shall bear a given ratio to the square of
the third (if there be only three) ; or to the rectangle of the other two
(if there be four), or again, that the parallelepiped™ constructed upon
three shall bear a given ratio to that upon the other two and any given
line (if there be five), or to the parallelepiped upon the other three (if
there be six) ; or (if there be seven) that the product obtained by mul-
tiplying four of them together shall bear a given ratio to the product
of the other three, or (if there be eight) that the product of four of
them shall bear a given ratio to the product of the other four. Thus
the question admits of extension to any number of lines.

Then, since there is always an infinite number of different points
satisfying these requirements, it is also required to discover and trace
the curve containing all such points.* Pappus says that when there
are only three or four lines given, this line is one of the three conic
sections, but he does not undertake to determine, describe, or explain
the nature of the line required™ when the question involves a greater
number of lines. He only adds that the ancients recognized one of
them which they had shown to be useful, and which seemed the sim-

B4 This rather obscure passage may be translated as follows: “For in this are
agreed those who formerly interpreted these things (that the dimensions of a
figure cannot exceed three) in that they maintain that a figure that is contained by
these lines is not comprehensible in any way. This is permissible, however, both
to say and to demonstrate generally by this kind of proportion, and in this man-
ner: If from any point straight lines be drawn making given angles with straight
lines given in position; and if there be given a ratio compounded of them, that
is the ratio that one of the lines drawn has to one, the second has to a second,
the third to a third, and so on to the given line if there be seven lines, or, if there
be eight lines, of the last to a last, the point lies on the lines that are given in
position. And similarly, whatever may be the odd or even number, since these,
as I have said, correspond in position to the four lines; therefore they have not
set forth any method so that a line may be known.” The meaning of the passage
appears from that which follows in the text.

1 That is, continued product.

b:ﬂ' It is here that the essential feature of the work of Descartes may be said
to n.
51 See line 19 on the opposite page.
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lelepipede compofé des deux quireftent, &d’'vne autre
ligne donnée. Ous’ily enafix, que le parallelepipede
cOpofé de troisait la proportion donnce auecle paralle-
lepipede destroisautres. Ous'ily enafept,que ce quife
produift lorfqu'on en multiplic quatrel'vne par lautre,
aitla raifon donnée auec ce qui fe produift par la multi-
plication des trois autres, & encore d'vne autre ligne
donnde; Ous’ilyenahuit, que le produit de la multi-
plication de quatreait la proportion donnée auec le pro-
duit des quatre autres. Et ainfi cete queftion fe peut
cftendre a tout autre nombre de lignes. Puis a caufe qu'il
ya toufiours voeinfinitéde diuers poins qui peuuent fa-
tisfaire ace qui eft icy demandeé, il eft aufly requis de
connoiftre, 8 de tracer laligne,dans laquelle ils doiuent
tous fe trouner. & Pappus dit que lorfqu’il n’y a que
trois ou quatre lignes droites données, c’eft en vne des
trois fections coniques. mais iln'entreprend point de la
determiner , nyde la defcrire. non plus que d'expli-
quer celles ou tous ces poins fe doiuent trouuer, lorfque
la queftion eft propofée envnplus grand nombre de li-
gnes. Seulement il aioufte que les anciens en auoient
imaginévne qu’'ils monftroient y eftre vtile , mais qui
fembloit la plus manifefte, & qui n’eftoit pas toutefois Ia
premiere. Ce qui m'a donn€ occafion d’effayer fi par la
methode dontie me fers on peut aller auffy loin qu’ils
ontefte.

Etpremierementi'ay connu que cete queftion n'eftant Refponfe
propolce qu'en trois, ou quatre,ou cinqlignes , on peut 32 que-
toufiours trouuerles poins cherchés par la Geometrie Pappus
fimple; c’eft adire en ne fe feruant que de la reigle & du

Qq 2 compas,
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compas, ny ne faifant autre chofe, que ce qui adefiacfte
dit; exceptéfeulement lorfqu'il y a cinq lignes données,
fi elles fonttoutes paralleles. Auquel cas, comme aufly
lorfque la queftion eft propofee en fix,ou7, ous, ou g
lignes, on peuttoufiours trouuer les poins cherchés par
la Geometrie des folides; c’eft a dire en y employant
quelqu’vne destrois fections coniques. Excepté feule-
ment lorfqu’ily a neuflignes donnees, fielles font toutes
paralleles. Aunquelcasderechef, & encore en 1o,11,12,
ou 13 lignes on peut trouuer les poins cherchés par le
moyen d’'vne ligne courbe qui foit d’vn degré plus com-
pofée que les fections coniques, Except¢ entreize fiel-
les fonttoutes paralleles, auquelcas,8zen quatorze,ry,
36, &17ilyfaudra employer vne ligne courbe encore
d'va degre plus compofie que la precedente & ainfi
alinfini.

Puis iay trouudaufly, que lorfqu’il nyaquetrois ou
quatre lignes données, les poinscherchés fe rencontrent
tous , nonfeulement en I'vne des trois feGions coni-
ques , mais quelquefois aufly en la circonference d'vn
cercle, ou en vneligne droite. Et que lorfqu'il yena
cing, oufix, oufept, ou huit, tous ces poins ferencon-
trent en quelque vne deslignes, qui font d’vn degré plus
compofdes que les fections coniques , & il eft impoffible
d’enimagineraucune qui ne foit vtile a cete queftion;
mais ils penuent aufly derecheffe rencontrer envne fe-
tion conique, ouenvncercle, ou en vne ligne droite.
Ets’ily enaneuf, ouzo,ou1r,ourz, ces poins fe ren-
contrent en voe ligne, quine peut eftre que d'vndegré
plus compofée que les precedentes ; mais toutes celles

qui
2



FIRST BOOK

plest, and yet was not the most important.*? This led me to try to find
out whether, by my own method, I could go as far as they had gone.™

First, I discovered that if the question be proposed for only three,
four, or five lines, the required points can be found by elementary
geometry, that is, by the use of the ruler and compasses only, and the
application of those principles that I have already explained, except
in the case of five parallel lines. In this case, and in the cases where
there are six, seven, eight, or nine given lines, the required points can
always be found by means of the geometry of solid loci,*” that is, by
using some one of the three conic sections. Here, again, there is an
exception in the case of nine parallel lines. For this and the cases of
ten, eleven, twelve, or thirteen given lines, the required points may be
found by means of a curve of degree next higher than that of the conic
sections. Again, the case of thirteen parallel lines must be excluded,
for which, as well as for the cases of fourteen, fifteen, sixteen, and
seventeen lines, a curve of degree next higher than the preceding must
be used ; and so on indefinitely.

Next, I have found that when only three or four lines are given, the
required points lie not only all on one of the conic sections but some-
times on the circumference of a circle or even on a straight line.!

When there are five, six, seven, or eight lines, the required points
lie on a curve of degree next higher than_ the conic sections, and it is
impossible to imagine such a curve that may not satisfy the conditions
of the problem; but the required points may possibly lie on a conic
section, a circle, or a straight line. If there are nine, ten, eleven, or
twelve lines, the required curve is only one degree higher than the pre-
ceding, but any such curve may meet the requirements, and so on to
infinity.

¥l See lines 5-10 from the foot of page 23.

1 Descartes gives here a brief summary of his solution, which he amplifies
later.

¥! This term was commonly applied by mathematicians of the seventeenth cen-
tury to the three conic sections, while the straight line and circle were called plane
loci, and other curves linear loci. See Fermat, Isagoge ad Locos Planos et Solidos,
Toulouse, 1679.

44 Degenerate or limiting forms of the conic sections.
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Finally, the first and simplest curve after the conic sections is the
one generated by the intersection of a parabola with a straight line in
a way to be described presently.

I believe that I have in this way completely accomplished what
Pappus tells us the ancients sought to do, and I will try to give the
demonstration in a few words, for I am already wearied by so much
writing.

Let AB, AD, EF, GH, ... be any number of straight lines
given in position,"” and let it be required to find a point C, from which
straight lines CB, CD, CF, CH, ... can be drawn, making given angles
CBA, CDA, CFE, CHG, ... respectively, with the given lines, and

42 Tt should be noted that these lines are given in position but not in length.
They thus become lines of reference or codrdinate axes, and accordingly they
play a very important part in the development of analytic geometry. In this con-
nection we may quote as follows: “Among the predecessors of Descartes we
reckon, besides Apollonius, especially Vieta, Oresme, Cavalieri, Roberval, and
Fermat, the last the most distinguished in this field; but nowhere, even by, Fermat,
had any attempt been made to refer several curves of differerit orders simultane-
ously to one system of codrdinates, which at most possessed special significance
for one of the curves. It is exactly this thing which Descartes systematically
accomplished.” Karl Fink, A Bricf History of Mathematics, trans. by Beman and
Smith, Chicago, 1903, p. 229.

Heath calls attention to the fact that “the essential difference between the
Greek and the modern method is that the Greeks did not direct their efforts to
making the fixed lines of a figure as few as possible, but rather to expressing
their equations between areas in as short and simple a form as possible.” For fur-
ther discussion see D. E. Smith, History of Mathematics, Boston, 1923-25, Vol. 11,
pp. 316-331 (hereafter referred to as Smith).
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Livre PREMIER. 3%
qui font d'vn degréplus compofces y penuent fernir, &
ainfi al'infini.

Au reftelapremiere, &1aplus fimple de toutes aprés
~ les fections coniques, eft celle qu'on peut defcrire par
l'interfection d’vne Parabole, & d’'vne ligne droite, enla
fagon qui fera tantoft expliquée. Enforte que ie penfe
avoir entierement fatisfait a ceque Pappus nous dit auoir
et¢'chetchen cecy parles anciens. & ic tafcheray d’en
mettre lademonttration en peu de mots.car il m’ennuje
deiad’en tant efcrire.

."‘

Soient AB, A D, EF, GH, &c. plufieurs lignes don-
nees par pofition, & qu'il faille trouuer vn point,comme
C, duquel ayant tire'd"autres lignes droites fur les don-
nées, comme CB,C D, CF, &CH, en forte que les
anglesCB A,C DA, CFE, CH G,&c, foient donnés,

Qq 3 &
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& que ce quieft produit par la multiplication d’vne par.
tic de ces lignes, foit efgal a ce qui eft produit parla mul-
tiplication des autres, oubien qu'ils ayent quelque autre
proportion donnée, car cela ne rend point la queftion
plus difficile.

Premierement ie fuppofe la chofe comme defia faite,
& pour me demefler de la céfulion de routes ces lignes,
ie confidere I'vnedes donnces , & I'vne de celles qu'il
faut trouuer, parexemple A B, & C B, comme lesprin-
cipales, & aufquelles ic tafche de rapporter ainfi toutes
lesautres. Quelefegment delaligne A B, quieftentre
les poins A & B, foit tfommé x. & que BC foit nommé
y. & quetoutes les autres lignes données foient prolon-
gdes, iufques a ce qu'elles couppent ces deux, aufly pro-
longées s’il eft befoin, & fi elles ne leur font point paral-
leles. comme vous voyesicy qu'elles couppentla ligne
ABauxpoins A, E, G, & BC auxpoinsR,S,T. Puisa
caufeque tous lesanglesdutriangle AR B font donnes,
la proportion,qui eft entre les coftés A B, & B R, eft auf-
fy donnée, & ic lapofe commede 324, defagonqu’ A B

b

eftant x, R Bferu -:’ &latouteCR feray -+ IL:’ A caufe

que le point Btombe entre C & R; carfiR tomboit en-
bx

tre C & B,C R feroit y--— & fi Ctomboitentre B &R,

CR feroit -- y—l—-b;f' Tout de mefme les trois angles

dutriangle DR C font donne$, & par confequent aufly
laproportion quieft entreles coftés CR, & CD, queie

pofe comme de 32 ¢: de fagon que C Reftant y -~ I’-:f’
CD
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_such that the product-of certain of them is equal to the product of the
rest, or at least such that these two products shall have a given ratio,
for this condition does not make the problem any more difficult.

First, I suppose the thing done, and since so many lines are confus-
ing, I may simplify matters by considering one of the given lines and
one of those to be drawn (as, for example, AB and BC) as the prin-
cipal lines, to which I shall try to refer all the others. Call the segment
of the line AB between A and B, z, and call BC, y. Produce all the
other given lines to meet these two (also produced if necessary) pro-
vided none is parallel to either of the principal lines. Thus, in the
figure, the given lines cut AB in the points A, E, G, and cut BC in the

points R, S, T. ,

Now, since all the angles of the triangle ARB are known,™ the ratio
between the sides AB and BR is known."? If we let AB:BR—2z:b,

since AB = #, we have RB = /;—x ; and since B lies between C and R ™",
we have CR=y 4} /'Tx. (When R lies between C and B, CR is tqual

bx
t07 — 2Z, and when C lies between B and R, CR is equal to—y + e

Again, the three angles of the triangle DRC are known,™ and there-
fore the ratio between the sides CR and CD is determined. Calling this

. . b ¢  bx .
ratio z ¢, since CR=y+g, we have CD = z) -+ — Then, since
& o

1 Since BC cuts AB and AD under given angles.

4 Since the ratio of the sines of the opposite angles is known.
11 Tn this particular figure, of course.

4 Since CB and CD cut AD under given angles.
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the lines AB, AD, and EF are given in position, the distance from A
to E is known. If we call this distance k, then EB =k -+ «; although
EB — k — & when B lies between E and A, and E=—Fk + » when E
lies between A and B. Now the angles of the triangle ESB being
given, the ratio of BE to BS is known. We may call this ratio z :d.

dk 4 dx
z

Then BS =

and CS = z}ij_(—ifj-—h ¥ When S lies between B

2y — dk — dx
z

— 2y 4 dk + dx
z

and C we have CS = , and when C lies between B and S

we have CS = The angles of the triangle FSC are

known, and hence, also the ratio of CS to CF, or z:e. Therefore,
CF
Also, in triangle BGT, the ratio of BG to BT, or z :f, is known. There-

D+ IRL T | ikewise, AG or | is given, and BG—I—x.

fore, BT =f( _zfx and CT=2};*;/Z_—fx. In triangle TCH, the ratio
&2y + 180 — fex

of TC to CH, or z : g, is known,"? whence CH = =
1 We have
CS=y+BS
=9+ dk+dx
z
_zytdktdr

z

and similarly for the other cases considered below.

The translation covers the first eight lines on the original page 312 (page 32
of this edition. )

14 Tt should be noted that each ratio assumed has z as antecedent.
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CDfera ‘{-i— bfs Apréscelapourceque les lignes AB,
A D, & E F font données par pofition, ladiftance qui eft
entre les poins A & E eft aufly donnée, & fi onlanom-
me K, onaura E Befgal a £ -+ x; maisce feroit & -- x, fi
le point Btomboit entre E & A ;& -- £+~ «,fi E tomboit
entre A & B. Et pourceque lesanglesdutriangle ESB
font tous donnés, la proportionde BE a BS cftaufly
donnée, & ie la pofe comme 324 , fibienque BS eft

dlv%d z -Pdl»l'd
a &latouteCS eft 22
- i

; mais ce feroit

ﬁ le point S tomboitentreB & C;& ceferoit

- d
M,ﬁ Ctomboit entre B & S. De plus les

troisangles du triangle F S Cfont donnes, & en fuite Ia
pro-
31
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proportionde CS2CF, quifoitcomme de 32 ¢, &la

ezymdekudex
toute CF fera —]——7——-— En mefme fagon A G

que ienomme /eft donnée, &BGeft / -- &, & acaufe
dutriangle BG T laproportion de BG a B T eff aufly
fi-f

donnée, quifoit comme de 32 /0 &B T'fera — " &

CTx Q—’%’-—ff Puisderechef la proportionde TCa

C Heftdonnce, acaufedutriangle T CH, & lapofant

kgrykfgl--fox
commede 2 g,onauraCH::o—%?——f-g—.

Etainfi vous voye’s, qu'entel nombre de lignes don-
néespar pofition qu'on puiffe avoir, toutes les lignes ti-
rées deffus du point C aangles donnes fujuant la teneur
de la queftion , {e peuuent toufiours exprimer chafcune
par troistermes; dont I'vn eft compofe'de la quantité in-
connue y, multiplide , ou diuifee par quelque autre
connue; & I'autre de la quantite inconnue x, aufly mul-
tiplice oudinifde par quelque autre connug, & le trofief-
me d'vne quantité toute connué. Except< feulement fi
elles font paralleles; oubienalaligne AB, auquelcas le
terme compofdde la quantité x feranul ; oubienalali-
gne C B, auquel cas celuy qui eft compofede la quantité
y feranul; ainfi qu'ileft trop manifefte pour que ie mare-
frealexpliquer. Etpourlesfignes—+, &--, quife ioi-
gnent a cestermes, ils peuuent eftre changes en toutes
les fagonsimaginables.

Puis vous voyésaufly, que muitipliant plofieurs de
ceslignesl'vne par P'autre, les quantités x &y, qui fe
trouuent dans le produit, n’y peauent auoir que chafcu-
ne autantde dimenfions, qu'ily aeu delignes, al'expli-

cation
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And thus you see that, no matter how many lines are given in posi-
tion, the length of any such line through C making given angles with
these lines can always be expressed by three terms, one of which con-
sists of the unknown quantity y multiplied or divided by some known
quantity ; another consisting of the unknown quantity x multiplied or
divided by some other known quantity; and the third consisting of a
known quantity.*’ An exception must be made in the case where the
given lines are parallel either to AB (when the term containing » van-
ishes), or to CB (when the term containing y vanishes). This case is
too simple to require further explanation.®™ The signs of the terms
may be either 4 or — in every conceivable combination.™

You also see that in the product of any number of these lines the
degree of any term containing x or y will not be greater than the num-
ber of lines (expressed by means of + and y) whose product is found.
Thus, no term will be of degree higher than the second if two lines
be multiplied together, nor of degree higher than the third, if there be
three lines, and so on to infinity.

U9 That is, an expression of the form ax+by—+c, where a, b, ¢, are any real
_ positive or negative quantities, integral or fractional (not zero, since this exception
is considered later).

™I The following problem will serve as a very simple illustration: Given three
parallel lines AB, CD, EF, so placed that AB is distant 4 units from CD, and CD
is distant 3 units from EF; required to find a point P such that if PL, PM, PN

be drawn through P, making angles of 90°, 45°, 30°, respectively, with the
parallels. Then PM’= PL.PN.

Let PR =y, then PN =2y, PM = V2(y+3), PL=y+7. 1{ PM°=PN.PL,
we have [ V2(y+3 )] ' 2y(y+7), whence y =9. Therefore, the pomnt P lies on

the line XY parallel to EF an<\l at a distance of 9 units from it. Cf. Rabuel, p. 79.
® Depending, of course, upon the relative positions of the given lines.
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Furthermore, to determine the point C, but one condition is needed,
namely, that the product of a certain number of lines shall be equal to,
or (what is quite as simple), shall bear a given ratio to the product of
certain other lines. Since this condition can be expressed by a single
equation in two unknown guantities," we may give any value we please
to either # or y and find the value of the other from this equation. It
is obvious that when not more than five lines are given, the quantity ,
which is not used to express the first of the lines can never be of degree
higher than the second.™

Assigning a value to ¥y, we have 4% === ax == b* and therefore »
can be found with ruler and compasses, by a method already explained.™
If then we should take successively an infinite number of different
values for the line y, we should obtain an infinite number of values for
the line #, and therefore an infinity of different points, such as C, by
means of which the required curve could be drawn.

This method can be used when the problem concerns six or more
lines, if some of them are parallel to either AB or BC, in which case

2 That is, an indeterminate equation. “De plus,  cause que pour determiner
le point C, il n’y a qu'une seule condition qui soit requise, 3 sgavoir que ce qui est
produit par la multiplication d'un certain nombre de ces lignes soit égal, ou (ce qui
nest de rien plus mal-aisé) ait la proportion donnee, & ce qui est produit par la
multiplication des autres; on peut prendre i discretion l'une des deux quantitez
inconnués # ou ¥, & chercher l'autre par cette Equation.” Such variations in the
texts of different editions are of no moment, but are occasionally introduced as
matters of interest.

1 Since the product of three lines bears a given ratio to the product of two
others and a given line, no term can be of higher degree than the third, and there-
fore, than the second in .

181 See pages 13, et seq.
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cationdefquelles elles feruent, qui ont eft¢ ainfi multi-
plices: enforre qu’elles n’auront iamais plus de deux di-
menfions, en ce qui neferaproduit que par la multipli-
cation de deuxlignes; ny plus detrois , ence quinefera
produit que par la multiplication detrois, &ainfial'in-
fini . : i
De plus, a caufe que pour determiner le point C, il Sommé

n'ya qu'vne feule condition qui foit requife , {gauoir que cc
que ce qui eft produit parla maultiplicationd’vn certain f‘::i’[‘{f‘
nombre de ces lignes foit efgal,, ou (cequi n'eft de rien plan, lort-
plus malayf¢) ait la proportion donnét , 2 ce quieft pro- gziﬂt“ oft
duit par la multiplication des autres; on peut prendre a Pmploféd
difcretionI'vne des deux quantitésinconnuesxouy, & ; l‘];g::s,e
chercher I'autre par cete Equation. enlaquelle il eft eui-
dent que lorfque la queftion n’eft point propoféeen plus
decinq lignes, la quantitéx quine fere point a I'expref-
fiondela premiere peut toufiours n'y auoir que deux di-
menfions. defagon queprenant vne quantité connué
poury,ilnerefteraque x x 20 -+-ou-- ax +oun--44. &
ainfi onpourratrouuer la quantité x avec la reigle &le
compas, en lafacontantoft expliquée. Mefme prenant
fuccefliuement infinies diuerfes grandeurs pour laligne
y» onen trounera aufly infinies pourla ligne x,&ainfion
auravneinfinit¢de diuers poins , telsque celuy quieft
marqué C, par le moyen defquels on defcrirala ligne
courbe demandée.

1l fe peut faire aufly, la queftion eftant propofet enfix,
ouplus grand nombre de lignes; s'ily en a entre les don-
nées, qui foient paralleles a BA, ou BC, quel'vne des
deux quantités x ou y nait que deux dimenfions en

Rr I'Equa-
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I'Equation, & ainfi qu’on puiffe trouuuer le point C anec
lareigle & le compas. Mais aucontraire fi elles fout tou-
tesparalleles , encore que laqueftion ne foit propofée
qu'en cinq lignes, ce point C ne pourra ainfi eftre trou-
ué, a caufe que laquantité x ne fe trouuant point en tou-
te ’Equation,il ne fera pluspermis de prendre vne quan-~
tité connué pour celle qui eft nommeéey , mais ce fera
elle qu'il faudra chercher. Et pource quelle aura trois di-
menfions,on ne lapourra trouuer qu'en tirant la racine
d'vne Equation cubique. cequi ne fe peut generalement
faire fans qu'on y employe pour le moins voe fection co-
nique. Etencorequ’il y ait iufques a neuf lignes don-
nées,pourviiqu’elles ne foient point toutes paralleles, on
peut toufiours faire que 'Equation ne monte que infques
au quarréde quarré, aumoyen dequoy on la peut aufly
toufiours refoudre parles feétions coniques, enlafagon
quei'expliqueray cyapres. Etencore qu'il yenait inf-
ques atreize ,on peut toufiours faire qu'elle ne monte
que iufquesau quarré de cube. en fuite de quoy on la
peut refondre parle moyen d'vne ligne , qui n’eft que
d'vndegréplus compofie queles fections coniques, en
lafagon que i'expliquerayaufly cy aprés. Et cecy eftla
premiere partie de cequei‘auois icy ademonftrer; mais
anant que ie pafle ala feconde il eft befoin que ie die

quelque chofe en general de la nature des lignes cour-
bes.

LA
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either x or y will be of only the second degree in the equation, so that
the point C can be found with ruler and compasses.

On the other hand, if the given lines are all parallel even though a
question should be proposed involving only five lines, the point C can-
not be found in this way. For, since the quantity » does not occur at
all in the equation, it is no longer allowable to give a known value to y.
It is then necessary to find the value of y."™ And since the term in y
will now be of the third degree, its value can be found only by finding
the root of a cubic equation, which cannot in general be done without
the use of one of the conic sections.™

And furthermore, if not more than nine lines are given, not all of
them being parallel, the equation can always be so expressed as to be
of degree not higher than the fourth. Such equations can always be
solved by means of the conic sections in a way that I shall presently
explain.™

Again, if there are not more than thirteen lines, an equation of degree
not higher than the sixth can be employed, which admits of solution by
means of a curve just one degree higher than the conic sections by a
method to be explained presently.™

This completes the first part of what I have to demonstrate here, but
it is necessary, before passing to the second part, to make some general
statements concerning the nature of curved lines.

1 That is, to solve the equation for y.

] See page 84.

71 See page 107.

] This line of reasoning may be extended indefinitely. Briefly, it means that
for every two lines introduced the equation becomes one degree higher and the
curve becomes correspondingly more complex.
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Geometry
BOOK II

ON THE NATURE OF CURVED LINES

HE ancients were familiar with the fact that the problems of geom-

etry may be divided into three classes, namely, plane, solid, and linear
problems.™ This is equivalent to saying that some problems require
only circles and straight lines for their construction, while others
require a conic section and still others require more complex curves.™
I am surprised, however, that they did not go further, and distinguish
between different degrees of these more complex curves, nor do I see
why they called the latter mechanical, rather than geometrical."
If we say that they are called mechanical because some sort of instru-
ment™ has to be used to describe them, then we must, to be consistent,

%1 Cf. Pappus, Vol. I, p. 55, Proposition 5, Book III: “The ancients consid-
ered three classes of geometric problems, which they called plane, solid, and linear.
Those which can be solved by means of straight lines and circumferences of circles
are called plane problems, since the lines or curves by which they are solved have
their origin in a plane. But problems whose solutions are obtained by the use of
one or more of the conic sections are called solid problems, for the surfaces of solid
figures (conical surfaces) have to be used. There remains a third class which is
called linear because other ‘lines’ than those I have just described, having diverse
and more involved origins, are required for their construction. Such lines are the
spirals, the quadratrix, the conchoid, and the cissoid, all of which have many impor-
tant properties.” See also Pappus, Vol. I, p. 271.

%) Rabuel (p. 92) suggests dividing problems into classes, the first class to
include all problems that can be constructed by means of straight lines, that is,
curves whose equations are of the first degree; the second, those that require curves
whose equations are of the second degree, namely, the circle and the conic sec-
tions, and so on.

0 Cf, Encyclopédie ou Dictionnaire Raisonné des Sciences, des Arts et des
Metiers, par une Société de gens de letires, mis en ordre et publiées par M. Diderot,
et quant & la Partic Mathematique par M. d’ Alembert, Lausanne and Berne, 1780.
In substance as follows: “Mechanical is a mathematical term designating a con-
struction not geometric, that is, that cannot be accomplished by geometric curves.
Such are constructions depending upon the quadrature of the circle.

The term, mechanical curve, was used by Descartes to designate a curve that
cannot be expressed by an algebraic equation.” Leibniz and others call them
transcendental.

13 “Machine.”
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LA
CEOMETRIE.
LIVRE SECOND.

De la natyre des hignes couirbes.

LE s anciens ont fort bien remarqué , qu’entre les
Problefmes de Geometrie, les vnsfont plans , les au- Q!%ellcs
tres folides, & les autres lineaires, c’eft adire,queles vas ff;:e: :
peuuenteftre conftrnits, ennetragant que des lignes cousbes
droites, & descercles; au lieu que les autres ne le peu- Jeg: re-
uent eftre, qu'on n’y employe pour le moins quelque fe- couoir e
¢tion conique; ni enfin Jes autres , quonn’y employe e
quelque autre ligne plus compofce. Mais ie m’eftonne
de cequ'ilsnont point outre cela diftingué diuers de-
grés entre ces lignesplus compofées, & ie ne {gaurois
comprendre pourquoy ils les ont nommées mechani-
ques, plutoft que Geometriques. Car de direque ¢ait
efte, a caufe qu'il eft befoin de fe feruir de quelque ma-
chine pour les defcrire, il faudroit reietter par mefme
raifon les cércles & les lignes droites;vd qu’on neles de-
{crit furle papier qu‘auec vn compas, & vne reigle, qu'on
peut auffy nommer des machines. Ce n’eft pas non plus,
acaufe que lesinftrumens, quiferuent alestracer,eftant
pluscompofés que lareigle & lecompas , ne peuuent
eftre fiinftes;car il faudroit pour cete raifon les reietter
des Mechaniques, ou la iufteffe des ouurages qui fortent
delamaineftdefirde; plutoft que dela Geometrie , oun
c’eft feulement la iuftefle duraifonnemét qu'onrecher-
Rr 2 che,
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che, & qui peut fans doute eftre aufly parfaite touchant
ceslignes, que touchant les autres. Te ne diray pasauffy,
que cefoit a cavfe qu'ils n’ont pas voulu augmenter le
nombre deleurs demandes., & qu'ils fe fantcontentes
qu'onleuraccordaft, qu'ils puffent ioindre deux poins
donnés par vneligne droite , &defcrire vn cercle d'wa
centre donné, qui paffaft par vo point donné.carils n’ont
point fait de fcrupule de fuppofer outge cela,pour traiter
desfections coniques , quon puft coupper tout céne
donnéparvnplandonné. & iln’eft befoin de rien fup-
pofer pour trager toutes les lignes courbes, queie pre-
tens icy d'introduire; finon que deux ou plufieurs lignes
puiffent efire meués I'vne par 'autre , & que leursinter-
fections en marquent dautres ; ce quine me paroift en
rien plusdifficile. 1l eft vray qu'ilsn’ontpas auffy entie-
rement receunles feGtions coniques en leur Geometrie,
& ie ne veux pas entreprendre de changer les noms qui
ont eft€appronues par I'vlage; maisil eft, ce me femble,
tresclair, que prenant comme on fait pour Geometri-
que ce quieft precis & exatt , & pour Mechanique
ce quinel’eft pas ; & confiderant la Geometrie comme
vne{cience, qui enfeigne generalement a connoiftre les
mefores detons les cors, on n’en doit pas plutoft exclure
leslignes les pluscompofees que les plus fimples, pourviy
qu’onles puifleimaginer eftre defcrites par vn mouue-
ment continu, ou par plufieurs quis’entrefuinent & dont
les derniersfoient entierement reglés par ceuz qui les
precedent. carpar ce moyen on peut toufiours auoir
vne connoiffance exacte de leur mefure. Mais peuteftre
que ce qui aempefche les anciens Geometres de rege-
uoir
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reject circles and straight lines, since these cannot be described on
paper without the use of compasses and a ruler, which may also be
termed instruments. It is not because the other instruments, being
more complicated than the ruler and compasses, are therefore less
accurate, for if this were so they would have to be excluded from
mechanics, in which accuracy of construction is even more important
than in geometry. In the latter, exactness of reasoning alone™ is
sought, and this can surely be as thorough with reference to such lines
as to simpler ones.™ I cannot believe, either, that it was because they
did not wish to make more than two postulates, namely, (1) a straight
line can be drawn between any two points, and (2) about a given center
a circle can be described passing through a given point. In their treat-
ment of the conic sections they did not hesitate to introduce the assump-
tion that any given cone can be cut by a given plane. Now to treat all
the curves which I mean to introduce here, only one additional assump-
tion is necessary, namely, two or more lines can he moved, one upon
the other, determining by their intersection other curves. This seems
to me in no way more difficult."™

It is true that the conic sections were never freely received into
ancient geometry,™ and I do not care to undertake to change names
confirmed by usage ; nevertheless, it seems very clear to me that if we
make the usual assumption that geometry is precise and exact, while
mechanics is not ;"™ and if we think of geometry as the science which
furnishes a general knowledge of the measurement of all bodies, then
we have no more right to exclude the more complex curves than the
simpler ones, provided they can be conceived of as described by a con-
tinuous motion or by several successive motions, each motion being
completely determined by those which precede; for in this way an exact
knowledge of the magnitude of each is always obtainable.

%] An interesting question of modern education is here raised, namely, to what
extent we should insist upon accuracy of construction even in elementary geometry.

1 Not only ancient writers but later ones, up to the time of Descartes, made
the same distinction; for example, Vieta. Descartes’s view has been universally
accepted since his time.

%] That is, in no way less obvious than the other postulates. .

1 Because the ancients did not believe that the so-called constructions of the
conic sections on a plane surface could be exact.

) Since it is not possible to construct an ideal line, plane, and so on.
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Probably the real explanation of the refusal of ancient geometers to
accept curves more complex than the conic sections lies in the fact that
the first curves to which their attention was attracted happened to be
the spiral,™ the quadratrix," and similar curves, which really do
belong only to mechanics, and are not among those curves that I think
should be included here, since they must be conceived of as described
by two separate movements whose relation does not admit of exact
determination. Yet they afterwards examined the conchoid,™ the
cissoid,"™ and a few others which should be accepted ; but not knowing
much about their properties they took no more account of these than
of the others. Again, it may have been that, knowing as they did only
a little about the conic sections,”™ and being still ignorant of many of
the possibilities of the ruler and compasses, they dared not yet attack
a matter of still greater difficulty. I hope that hereafter those who are
clever enough to make use of the geometric methods herein suggested
will find no great difficulty in applying them to plane or solid problems.
1 therefore think it proper to suggest to such a more extended line of
investigation which will furnish abundant opportunities for practice.

Consider the lines AB, AD, AF, and so forth (page 46), which we
may suppose to be described by means of the instrument YZ. This
instrument consists of several rulers hinged together in such a way that
YZ being placed along the line AN the angle XYZ can be increased or
decreased in size, and when its sides are together the points B, C, D,
E, F, G, H, all coincide with A ; but as the size of the angle is increased,

1051 See Heath, History of Greek Mathematics (hereafter referred to as Heath),
Cambridge, 2 vols., 1921. Also Cantor, Vorlesungen iiber Geschichte der Mathe-
matik, Leipzig, Vol. I (2), n. 263, and Vol. II (1), pp. 765 and 781 (hereafter
referred to as Cantor).

] See Heath, I, 225; Smith, Vol. II, pp. 300, 305.

"1 See Heath, I, 235, 238; Smith, Vol. II, p. 298.

M1 See Heath, I, 264; Smith, Vol. II, p. 314.

2l They really knew much more than would be inferred from this statement.
In this connection, see Taylor, Ancient and Modern Geomeiry of Conics, Cam-~
bridge, 1881,
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uoir celles qui eftoient plus compofées que lesfe@ions
coniques, c’eft que les premieres qu'ils ont confiderdes,
ayant par hafard eftéla Spirale, la Quadratrice , & fem-
blables, quin’appartienent veritablement qu'aux Me-
chaniques, & nefont point dunombre de celles que ie
penfe deuoiricy eftre receues, a caufe quon lesimagine
defcrites par deux mounemens fepares, & qui n’ont en-
tre eux aucun raport qu'on puiffe mefurer exaGement,
bienqu'ils ayent aprés examiné la Conchoide , Ia Ciffoi-
de, & quelque peud’autres qui enfont, toutefoisacau-
fe quiils n'ont peuteftre pas affs remarqué leurs pro-
prietés, ils n’en ont pas fait plus d’eftat que des premie-
res. Oubienc’eft que voyant , qu'ilsne connoiffoient
encore , que peu de chofes touchant les feGtionsconi-
ques, & qu'illeur en reftoit mefme beaucoup, touchant
ce qui fe peut faire auecla reigle & lecompas , quiils
ignoroient,ils ontcreune deuoir point entamer de ma-
tiere plusdifficile. Mais pourceque i'efpere que d’orena-
uant ceux qui auront I'adrefle de fe feruirdu calculGeo-
metrique icy propof¢’, ne trouucront pas aflés dequoy
s'arefter touchant les problefmes plans, ou folides; ie
croy qu'il eft a propos que ie lesinuite a d’autres re-

cherches, ouils ne manqueront iamais d’exercice,
VoyésleslignesAB,A D, AF, & femblables queie
fuppofe auoir efté defcrites par I'ayde de I'inftrument
Y Z, qui eft compofc de plufieurs reigles tellement ioin-
tes, que celle qui eft marquée Y Z eftant areftée furla
ligne A N,on peut ouurir & fermer 'angle XY Z; & que
lorfqu’ileft tout fermé , les poins B, C, D, F, G, H font
tous affemblés au point A ; mais qua mefure qu'on
Rr 3 I'ouure,
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N\

AC\  E\ G\ N
T'ouure, lareigle B C, quieft iointe a angles droits auec
XY au point B, pouflevers Z lareigle C D, qui coule
furY Z en faifant toufiours desangles droits auec elle,&
C D poufle D E, qui coule tout de mefme fur Y X en de-
meurant parallelea B C,D Epoufle EF,EF poufleFG,
cellecy pouffe G H. & onen peut conceuoir vae infinite
d’autres’, qui fe pouflent confequutiuement en mefme
facon, 8 dont les vnes facent roufiours les mefmes an-
glesauec Y X, &lesautres avec Y Z. Or pendant qu’on
ouureainfilangle X Y Z,le point B defcritlaligne A B,
quieftvncercle, &les autres poins D,F,H, ou fe font
les interfections des autresreigles , defcrivent d'autres
lignes courbes AD, AF, A H ,dont les dernieres font
par ordre plus cpofces que la premiere, & cellecy plus
que le cercle. maisiene voy pas ce qui peut empefcher,

qu'onne concoiue aufly nettement , & aufly diftincte-
ment la defcription de cete premiere,que du cercle, ou

du
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the ruler BC, fastened at right angles to XY at the point B, pushes
toward Z the ruler CD which slides along YZ always at right angles.
In like manner, CD pushes DE which slides along YX always parallel
to BC; DE pushes EF; EF pushes FG; FG pushes GH, and so on.
Thus we may imagine an infinity of rulers, each pushing another, half
of them making equal angles with YX and the rest with YZ.

Now as the angle XYZ is incrcased the point B describes the curve
AB, which is a circle; while the intersections of the other rulers,
namely, the points D, F, H describe other curves, AD, AF, AH, of
which the latter are more complex than the first and this more complex
than the circle. Nevertheless I see no reason why the description of
the first™ cannot be conceived as clearly and distinctly as that of the
circle, or at least as that of the conic sections; or why that of the sec-
ond, third," or any other that can be thus described, cannot be as
clearly conceived of as the first: and therefore I see no reason why
they should not be used in the same way in the solution of geometric
_problems.™

%1 That is, AD.
") That is, AF and AH.
™ The equations of these curves may be obtained as follows: (1) Let

* 2
YA=YB=gq, YC=ux, CD=y, YD=12; then z: r=x : a, whence z= =
Also 22 =224 y2; therefore the equation of AD is #*=a2(22+42). (2) Let
YA=YB=g, YE=2, EF=y, YF=2 Then z:x=ux:YD, whence
YD:x?n. Also

3
x: YD=YD : YC, whence YC=£;x=%.

A
But YD : YC=YC : a, and therefore )
ﬁ_(i’)’ — <
,0r 2= \/.a_,

z 22

Also, 22 = #2+y2 Thus we get, as the equation of AF,
\’/£:=x2+y’-’, or #8=a2(22+1y2)3.
a
(3) In the same way, it can be shown that the equation of AH is
12 == g2 (#2+y2)5.
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I could give here several other ways of tracing and conceiving a

series of curved lines, each curve more complex than any preceding
ne,™ but I think the best way to group together all such curves and
then classify them in order, is by recognizing the fact that all points of
those curves which we may call “geometric,” that is, those which admit
of precise and exact measurement, must bear a definite relation™ to
all points of a straight line, and that this relation must be expressed by
means of a single equation.™ If this equation contains no term of
higher degree than the rectangle of two unknown quantities, or the
square of one, the curve belongs to the first and simplest class,”™ which
contains only the circle, the parabola, the hyperbola, and the ellipse;
but when the equation contains one or more terms of the third or fourth
degree™ in one or both of the two unknown quantities™ (for it
requires two unknown quantities to express the relation between two
points) the curve belongs to the second class; and if the equation con-
tains a term of the fifth or sixth degree in either or both of the unknown
quantities the curve belongs to the third class, and so on indefinitely.

] “Cyui seroient de plus en plus composées par degrez i I'infini.” The French
quotations in the footnotes show a few variants in style in different editions.

"1 That is, a relation exactly known, as, for example, that between two straight
lines in distinction to that between a straight line and a curve, unless the length
of the curve is known.

" It will be recognized at once that this statement contains the fundamental
concept of analytic geometry.

"1 “Dy premier & plus simple genre,” an expression not now recogmzed. As
now understood, the order or degree of a plane curve is the greatest number of
points in which it can be cut by any arbitrary line, while the class is the greatest
number of tangents that can be drawn to it from any arbitrary point in the plane.

™1 Grouped together because an equation of the fourth degree can always be
transformed into one of the third degree.

18] Thus Descartes includes such terms as 2%y, #2y2, . . as well as x3, y* .....
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dumoins que des feions coniques; ny cequi peut em-
pelcher, qu’on ne concoiue la feconde, & la troifiefme,
& toutes lesautres, qu'on peut defcrire , auffy bien que
lapremiere; ny par confequent quon ne les rzcoine
toutes en mefme fagon, pour feruir aux fpeculations de
Geometrie.

Ie pourroismettre icy plufieurs autres moyens pour La facen
tracer & congeuoir des lignes courbes, qui feroient de % diftie-
plus en plus compofées par degrés a linfini. mais pour;gcs les li-
comprendre enfemble toutes celles, qui font en la natu-§.° 0"
re , &lesdiftinguer par ordre encertains genres ; ie ne cerrains
{gache rien de meilleur que de dire que tous les poins,de v
celles quon peut nommer Geometriques, c’eft a dirgnoiftre le
qui tombent fous quelque mefure precife & exacte, ont,f;ﬁﬂﬁ?
neceffairement quelque rapport a tous les poins d’vne-;‘;‘;:f:“
ligne droite, qui peut eftre exprime par quelque equa-<euxdes
tion, entous par viemefme, Et que lorfque ceteequac 585
tion ne monte queiufquesau retangle de deux quanti-
tésindeterminées, oubien au quarré d’vne mefme, la li-
gne courbe eft du premier 8 plus fimple genre, dans le~
quelilny aquele cercle, la parabole, I'hyperbole , &
TEllipfe qui foient comprifes. mais que lorfque I'equa-
tion monteiufques ala trois ou quatriefme dimenfion
des deux,oude I'vne des deux quantites indeterminées,
car il en faut deux pour expliquer icy le rapport d'vn
point a vn autre,elle eft dufecond:& que lorfque 'equa-
tion monte iufques a la 5 ou fixiefme dimenfion, elle
ef du troifiefme; & ainfi desautres al'infini.

Comme fiie veux fgauoir de quel genre eft la ligne
E C, quei‘imagine eftredefcrite parlinterfetion de Ia

reigle.
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reigle G L, & duplan re&iligne CN K L, dontle cofte
K N eftindefiniement prolongévers C , & qui eftant
meufurleplan de deffous en ligne droite, c'eftadire en
telle forte que fon diametre K L fe trouue toufiours ap-
pliquéfur quelque endroit delaligne B A prolongee de
part & d’autre, fait mouuoir circulairement cete reigle
G L autour dupoint G, a caufe quelle luy eft tellement
iointe quelle paffe toufiours par le point L. Ie choifis
vne ligne droite,comme A B,pour rapportera fes diuers
poins tousceux de cete ligne courbe EC, &en cete li-
gne A Bie choifis va point, comme A, pour commencer
parluy cecalcul. Iedisqueie choifis & I'vn & l'autre, a
caufe qu'il eft libre de les prendre telsqu'on veult. car
encore qu'il y ait beaucoup de choix pour rendre I'equa-
tionplus courte, & plusayfée; toutefoisen quelle fagon
qu’on les prene, on peut toufiours faire que la ligne pa-
roifle de mefme genre, ainfi qu'il eft ay(e a demonttrer.

Aprés
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Suppose the curve EC to be described by the intersection of
the ruler GL and the rectilinear plane figure CNKL, whose side
KN is produced indefinitely in the direction of C, and which, being
moved in the same plane in such a way that its side"™ KL always coin-
cides with some part of the line BA (produced in both directions),
imparts to the ruler GL a rotary motion about G (the ruler being
hinged to the figure CNKL at L)."™ If I wish to find out to what
class this curve belongs, I choose a straight line, as AB, to which to
refer all its points, and in AB I choose a point A at which to begin the
investigation.™ I say “choose this and that,” because we are free to
choose what we will, for, while it is necessary to use care in the choice
in order to make the equation as short and simple as possible, yet no
matter what line I should take instead of AB the curve would always
prove to be of the same class, a fact easily demonstrated."™

%) “Diametre.”

%] The instrument thus consists of three parts, (1) a ruler AK of indefinite
length, fixed in a plane; (2) a ruler GL, also of indefinite length, fastened to a
pivot, G, in the same plane, but not on AK; and (3) a rectilinear figure BKC, the
side KC being indefinitely long, to which the ruler GL is hinged at L, and which
is made to slide along the ruler GL.

8] That is, Descartes uses the point A as origin, and the line AB as axis of
abscissas. He uses parallel ordinates, but does not draw the axis of ordinates.

] That is, the nature of a curve is not affected by a transformation of
coordinates.
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Then I take on the curve an arbitrary point, as C, at which we will
suppose the instrument applied to describe the curve. Then I draw
through C the line CB parallel to GA. Since CB and BA are unknown
and indeterminate quantities, I shall call one of them y and the other x.
To the relation between these quantities I must consider also the known
quantities which determine the description of the curve, as GA, which
I shall call a; KL, which I shall call b; and NL parallel to GA, which
I shall call ¢. Then I say that as NL is to LK, or as ¢ is to b, so CB, or

y, is to BK, which is therefore equal to gy. Then BL is equal to

§y~—b, and AL is equal to x - é y—>b. Moreover, as CB is to LB,

that is, as y is to ? y—b,s0 AGoraistoLA or x—i—? y—>b: Multi-

plying the second by the third, we get af—l' y— ab equal to
xy-kgsﬂ——bx

which is obtained by multiplying the first by the last. Therefore, the
required equation is

¥ —cy—F y+ay—ac.
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Aprds cela prenant vn point adifcretion dans [acourbe,
comme C, furlequelie fuppofe que 'inftrument qui fert
aladefcrire eft appliqué, ie tire de ce point C-laligne
C B parallelea G A, & pourceque CB & B A fontdeux
quantitds indetermindes & inconnués , ie les nomme
I'vney &l'autre ». maisaffin de trouuer le rapport de
I'vneal'autre; ie confidere aufly les quantités connués
qui determinent la defcription de cete ligne courbe,
commeG A que ienomme 4, KL que ic nomme s, &
N LparalleleaG A queienomme . puis ie dis, comme
NLeftaLK,oucab,ainfiCB,ouy, eftABK, qui eft

parconfequcnt‘fy: &B Lcﬁ—f y-b,8 A Leftx+
—f— y --b.de pluscomme C BeftaL B,ouya f{y—-b, ainfi

a,00GA,et{ LA, oux —l-;ey -~ b.de fagon que mul-
S{ tipliant
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tipliant lafeconde par la troifrefme onproduit :;y - ab,

qui eft efgalea xy —I-%_y y-- by qui fe produiten multi-

pliant la premiere par la derniere. & ainfi I'equation qu'il
falloittrouuereft |

yy>oe --%y-i—ay--a-:.
delaquelle on coupoiﬁ: quelaligne EC eft da premier
genre , comme en effet elle n'eft autre qu'vne Hy-
perbole.

Que fi en linftrument qui fert a la defcrire on fait
quaulieu delalignedroite CN K, ce {oit cete Hyper-
bole, ou quelqueautre ligne courbe du premier genre,
quiterminele plan C NKL; l'interfe@ion de cete ligne
&delareigle G L defcrira, aulieu de YHyperbole EC,
vne autreligne coutbe, qui feradufecond genre, Com-
me fiC N Keftvncercle, dont L foit 1é centre , on de-
{criralapremiere Conchoidedes anciens ; & fi ceft vae
Parabole dont lediametre foit K B, oridefcrira la ligne
courbe, que i'ay tantoft dit eftre Ia premiere,, & laplus
fimple pourla queftion dePappus,lorfqu’il n’y aque cing
lignesdroites donnees par pofition, Mais fiau lieu d’vne
deceslignes courbesdu premier genre , c’en eft vne du
fecond, qui termineleplan CN KL, on en defcrira par
fon moyen vne du troifiefme, ou fi c’en eff vae du troifi-
cfine, oren defcriravane du quatriefme, &ainfi a l'infini.
comme il et fort ayf¢a connoiftre par le calcul. Et en
quelque autre fagon, qu'on imagine la defcription d’vne
ligne courbe , pourviiqu’elle foit du nombre de celles
queienomme Geometriques, on pourra toufiourstrou-

uer
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From this equation we see that the curve EC belongs to the first class,
it being, in fact, a hyperbola.”™

If in the instrument used to describe the curve we substitute for the
rectilinear figure CNK this hyperbola or some other curve of the first
class lying in the plane CNKL, the intersection of this curve with the
ruler GL will describe, instead of the hyperbola EC, another curve,
which will be of the second class.

Thus, if CNK be a circle having its center at L, we shall describe
the first conchoid of the ancients,”” while if we use a parabola having
KB as axis we shall describe the curve which, as I have already said,
is the first and simplest of the curves required in the problem of Pappus,
that is, the one which furnishes the solution when five lines are given
in position.™

%) Cf. Briot and Bouquet, Elements of Analytical Geometry of Two Dimen-
sions, trans. by J. H. Boyd, New York, 1896, p. 143.

The two branches of the curve are determined by the position of the triangle
CNKL with respect to the directrix AB. See Rabuel, p. 119.

Van Schooten, p. 171, gives the following construction and proof: Produce
AG to D, making DG =EA. Since E is a point of the curve obtained when
GL coincides with GA, L with A, and C with N, then EA =NL. Draw DF
parallel to KC. Now let GCE be a hyperbola through E whose asymptotes

are DF and FA. To prove that this hyperbola is the curve given by the instru-
ment described above, produce BC to cut DF in I, and draw DH parallel to AF

DG K A
meeting BC in H. Then KL : LN=DH : HI. But DH = AB = z, so we may
& g L I - 2
5 IB=a+c— 5 IC=a+¢ 7
But in any hyperbola IC.BC = DE.EA, whence we have (a+c—£§5 —y)y=oac,

write b : c=x : HI, whence HI =

c L. . . iy
or y’=cy—-:—j—'+ay—ac. But this is the equation obtained above, which is

therefore the equation of a hyperbola whose asymptotes are AF and FD.

Van Schooten, p. 172, describes another similar instrument: Given a ruler
AB pivoted at A, and another BD hinged to AB at B. Let AB rotate about A
so that D moves along LK ; then the curve generated by any point E of BE will
ReBan glgpse whose semi-major axis is AB+ BE and whose semi-minor axis is

7 See notes 59 and 70.

) For a discussion of the elliptic, parabolic, and hyperbolic conchoids see
Rabuel, pp. 123, 124. 55
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If, instead of one of these curves of the first class, there be used a
curve of the second class lying in the plane CNKL, a curve of the third
class will be described ; while if one of the third class be used, one of
the fourth class will be obtained, and so on to infinity.™ These state-
ments are easily proved by actual calculation.

Thus, no matter how we conceive a curve to be described, provided
it be one of those which I have called geometric, it is always possible
to find in this manner an equation determining all its points. Now I
shall place curves whose equations are of the fourth degree in the same
class with those whose equations are of the third degree; and those
whose equations are of the sixth degree™ in the same class with those
whose equations are of the fifth degree™ and similarly for the rest.
This classification is based upon the fact that there is a general rule for
reducing to a cubic any equation of the fourth degree, and to an equa-
tion of the fifth degree™ any equation of the sixth degree, so that the
latter in each case need not be considered any more complex than the
former.

It should be observed, however, with regard to the curves of any
one class, that while many of them are equally complex so that they
may be employed to determine the same points and construct the same
problems, yet there are certain simpler ones whose usefulness is more
limited. Thus, among the curves of the first class, besides the ellipse,
the hyperbola, and the parabola, which are equally complex, there is
also found the circle, which is evidently a simpler curve; while among
those of the second class we find the common conchoid, which is
described by means of the circle, and some others which, though less

[o1]

@] Rabuel (p. 125), iltustrates this, substituting for the curve CNKL the semi-
cubical parabola, and showing that the resulting equation is of the fifth degree,
and therefore, according to Descartes, of the third class. Rabuel also gives (p. 119),
a general method for finding the curve, no matter what figure is used for CNKL.
Let GA=a, KL=b, AB=2s, CB=9y and KB=gz; then LB=2z—b, and
AL=x+2—b. Now GA:AL=CB:BL, or a¢:s+2—b=y:z—b,
zy—>by+ab

DR

This value of z is independent of the nature of the figure CNKL. But given
any figure CNKL it is possible to obtain a second value for z from the nature of
the curve. Equating these values of s we get the equation of the curve.

1% “Celles dont I’équation monte au quarré de cube.”

91 ¢“Celles dont elle ne monte qu’au sursolide.”

% “Ay sursolide.”

whence z =
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vervne equation peur déterminer tous fes poins en cete
forte.

Au refteie mets les lignes courbes qui font monter
ceteequation iufquesau quarrc'de quarr¢ , au mefme
genre que celles qui ne Ia font monter que iufques au
cube. & cellesdontl’equation monteau quarré de cu-
be,au mefne genre que celles dont elle ne monte qu'au
furfolide. & ainfidesautres. Dontlaraifoneft, quily a
reigle generale pour reduire au cube toutes les dificul-
tés qui vont au quarr¢de quarré, &au furfolide toutes
celles qui vontau quarré de cube, de fagon qu’on ne les
doit pointeftimer plus compofées.

Maisil eft aremarquer qu’entre les lignes de chafque
genre, encore que la plus part foient efgalement compo-
fées , en forte qu'elles penuent feruir a déterminerles
me{mes poins, & conftruire les mefmes problefines, il y
ena toutefoisanfly quelques vnes, quifont plus fimples,
&qui n'ont pastant d'eftendue enleur puiffance. com-
meentre celles du premier genre outre I'Ellipfe I'Hyper-
bole & Ia Parabole qui font efgalement compofées ,le
cercle y eftaufly compris, qui manifefement eft plus
fimple: & entre cellesdu fecond genreil y ala Conchoi-
de vulgaire, qui afon origineducercle; &ily ena en-
core quelquesautres, qui bien quelles n’ayent pas tant
d'eftendue quela plus part de celles du mefine genre,
ne peuuent toutefois eftre mifes dans le premier.

Or aprds auoir ainfi reduit toutes les lignes courbes a pors.d
certains genres, il m'eft ayi¢ de pourfuiure en 1a de- tion dela
monftrationde larefponfé, que i‘ay tantoftfaite ala que- I o

. 1 ¢ Pappus
ftion de Pappus. Car premierement ayant fait voir cy mifeau

liare pre.
Sf2 deflus, cedenr
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deflus , quelorfqu'il n'y a quetroisou 4 lignes droites
données, I'equation qui fert a determiner les poins cher-
chés, ne monte quciufques au quarrd; il eft euident,que
Ia ligne courbe ou fe trouuent ces poins, eft neceflaire-
ment quelqu vne de celles du premier genre:a caufe que
cete mefine equation explique le rapport, qu'ont tous
les poins des lignes du premier genre a ceux d’vne ligne
droite. Et quelorfqu'il n’y a point plusde 8 lignes droi-
tesdonnées , cete equation ne monte que iufquesau
quarréde quarré toutauplus, & que par confequent la
ligne cherchée ne peat eftre que dufecond genre, ouau
deffous.Et que lorfqu’iln’y a point plus de 12 lignes don-
nées , Fequation ne monte que infques au quarréde cu-
be, & que par confequent laligne cherchee n’eft quedu
troifiefme genre, ouaudeffous. &ainfi des autres. Et
mefme a caufe que la pofition deslignes droites donnees
peut varier en toutesfortes, & par confequent faire cha-
ger tant les quantités connués, queles fignes + & -- de
I'equation, entoutesles fagons imaginables ; il eft eui-
dentqu'iln'ya ancune ligne courbe du premier genre,
qui ne foit vtilea cete queftion, quand elle eft propofee
en 4 lignes droites; ny aucune dufecond qui n yfoit vti-
le, quand elleeft propofée en huit; ny du troifiefme,
quand elle eft propofée en douze: & ainfi desautres. En
forte qu’il i’y a pas vneligne courbe quitombe fous le
solution calcul & puiffe eftre receiie en Geometrie , quin’yfoit
;fl s vtile pour quelque nombre delignes.
quandelle  Maisil faut icy plus particulierement queie determi-
n'eft pro- . PR
polée D€, & donncla fagonde trouuer laligne che.rc.hce > qui
el fert en chafque cas, lorfqu’il nya que 3 ou 4lignes droi-
gues.. tes
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complicated™ than many curves of the same class, cannot be placed
in the first class.™

Having now made a general classification of curves, it is easy for me
to demonstrate the solution which I have already given of the prob-
lem of Pappus. For, first, I have shown that when there are only three
or four lines the equation which serves to determine the required
points™ is of the second degree. It follows that the curve containing
these points must belong to the first class, since such an equation
expresses the relation between all points of curves of Class I and all
points of a fixed straight line. When there are not more than eight
given lines the equation is at most a biquadratic, and therefore the
resulting curve belongs to Class II or Class I. When there are not
more than twelve given lines, the equation is of the sixth degree or
lower, and therefore the required curve belongs to Class III or a lower
class, and so on for other cases.

Now, since each of the given lines may have any conceivable posi-
tion, and since any change in the position of a line produces a corre-
sponding change in the values of the known quantities as well as in
the signs + and — of the equation, it is clear that there is no curve
of Class I that may not furnish a solution of this problem when it
relates to four lines, and that there is no curve of Class II that may not
furnish a solution when the problem relates to eight lines, none of
Class III when it relates to twelve lines, etc. It follows that there is
no geometric curve whose equation can be obtained that may not be
used for some number of lines."™”

It is now necessary to determine more particularly and to give the
method of finding the curve required in each case, for only three or

81 “Pas tant d’étendué.” Cf. Rabuel, p. 113. “Pas tant d'étendue en leur
puissance.”

™! Various methods of tracing curves were used by writers of the seventeenth
century. Among these there were not only the usual method of plotting a curve
from its equation and that of using strings, pegs, etc., as in the popular construc-
tion of the ellipse, but also the method of using jointed rulers and that of using
one curve from which to derive another, as for example the usual method of
describing the cissoid. Cf. Rabuel, p. 138.

%] That is, the equation of the required locus.

] “En sorte qu'il n’y a pas une ligne courbe qui tombe sous le calcul & puisse
étre receué en Geometrie, qui n'y soit utile pour quelque nombre de lignes.”
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four given lines. This investigation will show that Class I contains
only the circle and the three conic sections.

Consider again the four lines AB, AD, EF, and GH, given before,
and let it be required to find the locus generated by a point
C, such that, if four lines CB, CD, CF, and CH be drawn through it
making given angles with the given lines, the product of CB and CF

is equal to the product of CD and CH. This is equivalent to saying
that if

CB=y,
D= j bex
CF— %% + dezk_—_}- dcx’

Z

and CH= W

then the equation is

. (cfglz— dckz?)y — (dez® + cfgz —bcgz) vy 4 befgly — befga®
o ez —cgs® ’

y
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tesdonnées; & on verra par mefme moyen que le pre-
mier genre des lignes courbes n'en contient aucunes au-
tres, queles trois fections coniques, & le cercle,

Reprenonsles 4lignes AB, AD, EF, & GH don-
nces cy deflus, & qu'il faille-trouuer vne autre ligne, en
laquelleilferencontre vne infinité de poins tels que C,
duquel ajanttir¢les 4 lignes CB,CD,CF,& CH, a
angles donnés, fur les données, C B multiplice par CF,
produift une fomme efgalea C D, multiplice par C H.

c’eft a dire ayant fait CB 0y,CD> frydbex

¢ d.k d ’ l" 9 -
CFx U%&Cngi%——fglequanoeﬁ

~dekzz \  -dezzx hobefgle }
Yy &oefglz Y --cfgzx }y a-befgxx
Fbegzx

zZz

€338 --0gz 2.
St 3 au
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aumoins en fuppofant e gplusgrand que ¢ g.cars'il eftoit
moindre, il faudroit changer tous les fignes +- & --. Et
fila quantité y fe trouuoit nulle, ou moindre querienen
cete equation, lor{qu’on afuppof¢ le point C enI'angle
D A G, il faudroitle fuppoferauflyenl'angle DA E, ou
E AR, ouR A G, enchangeantles lignes + &--felon
qu'ilferoit requisa ceteffect. Etfien toutes ces 4 po-
fitions lavaleurd'y f& trouuoit nulle, Ia queftion feroit
impoflible au cas propofé. Mais fuppofons la icy eftre

peflible, & pourenabregerlestermes, au lieu des quan-

., cfglz--delzz . .
titcs ,—--~ efcrivons 2m , & au lien de

€x--cgzz

dezziiefgr--begy

. 2n .
S efcrivons —; & ainfi nous au-
ex--cgx g
rons
i Bbefgle--befexx dont la raci-
Yy Damy-- Ty ’
ne eft

nx v , wmnx naxxekbcfglx - befgxx,
yOomes =+ " mmo-—p—ep 23 —t s

€x--cg22

3
CX--Cg22

8 derechefpourabreger , au liende

amn  befgl . . nn
R {g efcrivonso, & an lieu de

-~ befg
% 3

€X-Cg X e.-Cg2%

- P L ’
efcriuons ;. car ces quantités eftant toutes donnees,

nons les pouuons nommer comme il naus plift. &
ainfi nous auons

y aom--%‘x -+ V mm - ox-- ,%xx, quidoit eftrela
longeur dela ligne B C, en laiffant A B,ou v indeter-
minC’CO
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It is here assumed that ez is greater than cg; otherwise the signs 4
and — must all be changed." 1If y is zero or less than nothing in this
equation,”® the point C being supposed to lie within the angle DAG,
then C must be supposed to lie within one of the angles DAE, EAR,
or RAG, and the signs must be changed to produce this result. If for
each of these four positions y is equal to zero, then the problem admits
of no solution in the case proposed.

Let us suppose the solution possible, and to shorten the work let us

2 —
c——-———ﬂgz dekz” and—mstead of dez +:ng zbch
—cg? ez —cgz

write 2m instead of

Then we have
2n befgle — befgx?
§ = Zmy——z—-x_y + TR —ragt e

of which the root™ is
nx 2 0.2 _ 4
y=—m—— 4 \/m’ __2mnx  w'x*  befglx bcfgx‘.
% z 22 ez’ —cgz?

2mn befgl
'—z—' m equal to o, and

’

Again, for the sake of brevity, put —

n’ befg 2

b A m equal to e for these quantities being given, we can

[r00)

represent them in any way we please. Then we have

d 2
y=m——x 4 m”—{-oz-l—;x’.
This must give the length of the line BC, leaving AB or # undeter-

U When ez is greater than cg, then 23 — cgz? is positive and its square root
is therefore real.

1) Descartes uses “moindre que rien” for “negative.”

! Descartes mentions here only one root; of course the other root would fur-
nish a second locus.

1 Tn a letter to Mersenne (Cousin, Vol. VII, p. 157), Descartes says: “In
regard to the problem of Pappus, I have given only the construction and demon-
stration without putting in all the analysis; . . . in other words, I have given the
construction as architects build structures, giving the specifications and leaving
the actual manual labor to carpenters and masons.”
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mined. Since the problem relates to only three or four lines, it is obvi-

ous that we shall always have such terms, although some of them may

vanish and the signs may all vary."™™

After this, I make KI equal and parallel to BA, and cutting off on
BC a segment BK equal to m (since the expression for BC contains
~ + m; if this were —m, I should have drawn IK on the other side of
AB,™ while if m were zero, I would not have drawn IK at all). Then
I draw IL so that IK : KL = 2 : #; that is, so that if IK is equal to #,

KL is equal to ;x. In the same way I know the ratio of KL to IL,
which I may call # :q, so that if KL is equal to Zx, IL is equal tv
Sx. I take the point K between L and C, since the equation contains
- ;.r; if this were + ;x, I should take L between K and C ;™ while if

Ex were equal to zero, I should not draw IL.
This being done, there remains the expression
2 p 2
LC=|m* 4 ox + gt
from which to construct LC. It is clear that if this were zero the point

91 Having obtained the value of BC algebraically, Descartes now proceeds to
construct the length BC geometrically, term by term. He considers BC equal to
BK+ KL+ LC, which is equal to BK — LK+ LC which in turn is equal to

m— ;x+\/m2+ox+~txz-
m

03 That is, take I on CB produced.
(%) That is, on KB produced. C is not yet determined.
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minde. Et ileft enident que la queftion n’eftant pro-
pofée qu'en trois ou quatre lignes, on peut toufiours
auoirdetels termes. excepfe que quelques vns d’eux
peuuent eftre nuls, & que les fignes - & -- peuuent di-
uerfement eftrechangés.

Apréscelaie fais K1 efgale & parallele aB A, en forte
qu'ellecouppede B Clapartie BK efgale A m, 2 caufe
quil y a icy 4+ m; & iel'aurois adiouftée entirant cete
ligne I K del'autre cofte, s'ily anoit eu--m; &ienel'au-
rois pointdutout tirée, fi la quantite m euft efte nulle,
Puisietireauflyl L, en forte que laligne IKeftaK L,
comme Zeftan. ceft adire que IK eftantx, KL eft

n E f . . . ‘r ) .
7% Etpar melme moyenic connois aufly la proportion

qui
65



328 LAa GEOMETRIE
quieftentreKL, & I L, queie pofe commeentren & a:

. » s, .o

fibienqueK Leftant 2x, T Left ~x; Et ie fais quele
point K foit entre L & C, a caufe qu'il y aicy -- -'i %;
au lieu que i‘aurois mis Lentre K & C,fi i'eufle eu—+- #;

& ie n’eufle point tir¢cete ligne 1 L, fi : x euft eft¢nulle,
Or celafait,il ne merefte pluspour laligne L C, que

cestermes, L C 0¥ mm—+ oz -- ;f,xx. d'otie voy

que silseftoient nuls, ce point C fe trouueroit en la li-
gnedroite IL;& ques'ils eftoient tels que laracine s’en

pufttirer,c’efta dire que mm &;ix » eftant marqués
d'vo mefme figne +-ou--, oo fuft efgald 4p m, oubien

que les termesmm &0 x,0u0 x &ﬁ xx fuffent nuls, ce
point C fe trouueroit en vae autre ligne droite qui ne fe-
roit pas plus malayfée a trouuer qu’ IL. Mais lorfque
celan‘eft pas, ce point C eft toufiours enl'unedes trois
fe&ions coniques, ou en vn cercle , dont I'vn des dia.
metres eftenlaligne IL,&laligne L CeftI'vne decel-
les qui s’appliquent par ordre 2 ce diametre; ouau con-
traire L Ceft parallele au diametre, auquel celle qui eft
enlaligne I'L eft appliquée par ordre. A fgavoir file ter-

me 5; x x, eft nul cete fc@ionconique eft vne Parabole;

& s'il eft marqué du figne -+~ , c’eft vne Hyperbole; &
enfin’s’il eft marquédu figne -- c'eft vnie Ellipfe. Excepte¢
feulement fi la quantit¢ aam eft efgale 2 p33 & que Yan-
gle 1L C foit droit : auquel cas on 2 vncercleau lien
d'vne
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C would lie on the straight line IL ;" that if it were a perfect square,

that is if m? and 2 #* were both 4" and o? was equal to 4pm, or if
po q

m? and ox, or ox and % 2%, were zero, then the point C would lie on
another straight line, whose position could be determined as easily
as that of IL.0™

If none of these exceptional cases occur,"” the point C always lies
on one of the three conic sections, or on a circle having its diameter
in the line IL and having LC a line applied in order to this diameter,™
or, on the other hand, having LC parallel to a diameter and IL applied
in order.

In particular, if the term %x’ is zero, the conic section is a parabola ;

if it is preceded by a plus sign, it is a hyperbola; and, finally, if it is
preceded by a minus sign, it is an ellipse."™ An exception occurs when

% The equation of IL is y = m — ~z.
1) There is considerable diversity in the treatment of this sentence in differ-
ent editions. The Latin edition of 1683 has “Hoc est, ut, mm & ixx signo +
2

notalis.” The French edition, Paris, 1705, has “Cest 4 dire que mm et -
marquez d'un méme signe + ou —.” Rabuel gives “C'est a dire que mm and
-’-‘:-xx étant marquez d’'un méme signe +.” He adds the following note: “Il y a
dans les Editions Francoises de Leyde, 1637, et de Paris, 1705, ‘un meme signe +
ou —’, ce qui est une faute d’impression.” The French edition, Paris, 1886, has
“Etant marqués d’'un meme signe + ou —.”

*1 Note the difficulty in generalization experienced even by Descartes. Cf.

Briot and Bougquet, p. 72.
91 “Mais lorsque cela n’est pas.” In each case the equation giving the value
of y is linear in # and y, and therefore represents a straight line. If the quantity

xx étant

under the radical sign and —:ix are both zero, the line is parallel to AB. If the

quantity under the radical sign and m are both zero, C lies in AL.

0% “An ordinate.” The equivalent of “ordination application” was used in the
16th century translation of Apollonius. Hutton’s Mathematicat Dictionary, 1796,
gives “applicate,” “Ordinate applicate,” was also used.

@l Cf. Briot and Bouquet, p. 143.
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{110)

a*m is equal to pz? and the angle ILC is a right angle,"™ in which case

we get a circle instead of an ellipse.™

If the conic section is a parabola, its latus rectum is equal to ? and

its axis always lies along the line IL."? To find its vertex, N, make

2
IN equal to folz‘-, so that the point I lies between L and N if m? is posi-

tive and ox is positive; and L lies between I and N if m? is posi-
tive and ox negative; and N lies between I and L if m? is negative and
ox positive. It is impossible that m* should be negative when the terms’
are arranged as above. Finally, if m? is equal to zero, the points N and
I must coincide. It is thus easy to determine this parabola, according
to the first problem of the first book of Apollonius™®.

If, however, the required locus is a circle, an ellipse, or a hyper-
bola,™ the point M, the center of the figure, must first be found. This

. “;"’ Rabuel (p. 167) adds “If a?m = pz2 or if m=p the hyperbola is equi-
ateral.”

1) [y this case the triangle ILK is a right triangle, whence K=Tr?+1C5
but by hypothesis IL : IK : KL=a: z: n; then a?+52=2% Now the equa-
tion of the curve is

J’=m—’~;+x'\’m’+oz—%x’,

and therefore the term in 22 is
1
ata?

2
and if a?m = pz2, then 2 _ L. and this term in #? becomes —;— x?=2a".
m 2z z

Therefore, the coefficients of #2 and ¥ are unity and the locus is a circle.
13 This may be seen as follows: From the figure, and by the nature of the

parabola LC?=LN.p and LN = IL+IN, Let IN =¢; then since IL = %x, we
have LN=§4‘+¢ and LC:y—m-f-Sx; whence (y;m+gx)2= (gx+¢)p.
But (y—m-+ g,v)2 — m2+o0xr from the equation of the parabola; therefore

f;—:p+¢p =m2+ox. Equating coefficients, we have —E p=o; p= o—:; ¢p = m?;
oz am?
L2 p =",
¢ a_ M ¢ 0z’
w8 goollonii Pergacii Quae Graece exstant edidit 1. L. Heiberg, Leipzig, 1891
Vol. I, p. 159, Liber I, Prop. LII. Hereafter referred to as Apollonius. This
may be freely translated as follows: To describe in a plane a parabola, having
given the parameter, the vertex, and the angle between an ordinate and the corre-
sponding abscissa. N
14 Central conics are thus grouped together by Descartes, the circle being
treated as a special form of the ellipse, but being mentioned separately in all cases.
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d'voe Ellipfe. Que ficetefeGion eft vne Parabole, fon
coftédroit eft efgal 2 =<, & fon diametre eft toufiours en.

4
laligne IL. & pour trouuer le point N, qui en eftle
fommet, il faut faire I N efgale 2~~~ & que le point I
foit entre L & N, fi les termesfont ~+ m m -1~ o x; oubien
quelepoint L foitentre I& N, s'ils font -+ mm -- o0 x;
oubien il faudroit qu' N fuft entre I & L, sil y auoit
- mm-ox. Maisil ne peut iamais y auoir
--mm, enla fagon que lestermes onticy eft¢ pofes. Et
enfin le point N feroit le mefme que le pointI fi laquan-
tité mmeftoitnulle. Au moyen dequoy il eft ayf€ de
trouuer cete Patabole parle 1<+, Problefme du 1°. liure

d’Apollonius.
PO Tt Que
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Que fi[a ligne demadée eft vn cercle,ou vne ellipfe,ou
vne Hyperbole, ilfaut premierement chercherle point
M, quieneftle centre, & qui eft toufiours enlaligne
droite 1L, ouonletrouue en prenant %L: pour IM. en
forte que fi la quantité o eft nulle,ce centre eft iuftement
au point I. Et fila ligne cherchee eft vn cercle, ouvne
Ellipfe; ondoit prendre I€ point M du mefmd cofté que
lepoint L, au refpet du point I, lorfqu’ona + ox; &
Iorfqu'ona -- 0, onle doit prendre de l'autre. Mais
tout au contraire en I'Hyperbole, fiona --ox, ce centre
MdoiteftreversL; & fiona-ox, il doit eftredel’au-
tre cofté. Aprés celale coft¢ droitde lafigure doiteftre

1/2%; 3%’—:—5' lorfqu'on a + m m, & que la ligne
cherchée eft va cercle, ou vne Ellipfe ; oubien lorfquon
a--mm, & que c’eft vne Hyperbole. & il doit eftre

Y eozz 4MPZ 2. . ,
— — —,—filaligne cherchée eftant vn cercle,

ou vne Ellipfe, ol 3 - mm; oubien fi eftant vne Hyper-
bole &la quantités o eftant plusgrande que 4 mp, on 2
+mm. Que fi laquantitémmeft nulle, ce coftédroit

eft L, & fioxefnnlle,ileft ¥ *ZLZ Puis pourle cofte
traverfant, il faut trouuer vne ligne ; qui foita ce coft¢
droit, come aamefta p 2 z,2{gauoir fi ce cofte droit eft

1/ 00zZ  4mMPz2, 1/auoomm 4aam
— —~— letranerfant eft rYrramiaakrers

Et entousces casle diametre de la fetion eft enla ligne
IM, &L Ceftl'vnedecelles qui luy eft appliquee par
ordre, Sibienque faifant M N efgale ala moitiddu cofte

trauer-

70



SECOND BOOK

will always lie on the line IL and may be found by taking IM equal to
GOM 1y
2pz°

is a circle or an ellipse, M and L must lie on the same side of I when
the term ox is positive and on opposite sides when ox is negative. On
the other hand, in the case of the hyperbola, M and L lie on the same
side of I when ox is negative and on opposite sides when ox is positive.

The latus rectum of the figure must be

\/a”z* + dmpz*

a? a*

If o is equal to zero M coincides with I. If the required locus

if m? is positive and the locus is a circle or an ellipse, or if m? is nega-
tive and the locus is a hyperbola. It must be
\/o%’ dmpz?
&~ a
if the required locus is a circle or an ellipse and m? is negative, or if it
is an hyperbola and o? is greater than 4mp, m* being positive.

. . . 03 . .
But if m? is equal to zero, the latus rectum is 2 ; and if oz is equal to

zero™, it is
dmpz®
a2

For the corresponding diameter a line must be found which bears
. alm . .
the ratio e to the latus rectum; that is, if the latus rectum is
\/o’z2 4mpz?

a’+ a?

the diameter is

\/a202m2 4a2m3
p22? + P2 *
In every case, the diameter of the section lies along IM, and LC is one
of its lines applied in order.™ Tt is thus evident that, by making MN
equal to half the diameter and taking N and L on the same side of M,
el Cf Briot and Bouquet, p. 156.
9 Some editions give, incorrectly, ox for oz.
17 See note 108.
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©9 Tt is then a simple

the point N will be the vertex of this diameter.
matter to determine the curve, according to the second and third prob-
lems of the first book of Apollonius.™™

When the locus is a hyperbola™ and m? is positive, if o? is equal to
zero or less than 4pm we must draw the line MOP from the center M

parallel to LC, and draw CP parallel to LM, and take MO equal to

while if ox is equal to zero, MO must be taken equal to m. Then con-
sidering O as the vertex of this hyperbola, the diameter being OP and
the line applied in order being CP, its latus rectum is

datmt  atind®
P‘sz - pﬂz(

\/ s o*m
7

MmATf the equation contains — m? and —+nx, then #2 must be greater than
4mp, otherwise the problem is impossible.

19 Cf, Apollonius, Vol. I, p. 173, Lib, I, Prop. LV: To describe a hyperbola,
given the axis, the vertex, the parameter, and the angle between the axes. Also
see Prop. LVI: To describe an ellipse, etc.

001 Cf Letters of Descartes, Cousin, Vol. VIII, p. 142.

D) “Coté traversant,”

[121] i

and its diameter s
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trauerfant & le prenant du mefine coft¢ du point M,
qu'eftle point L, on ale point N pour le fommet de ce
diametre .en fuite dequoy il eft ayf¢de trouuer la fe@ion
parlefecond & 3 prob. du re, liu.d’Apollonius-

-~ F

Mais quand cete fection eftant vne Hyperbole, on 2
- m my & que la quantité ¢ o eft nulle ou plus petite que
4p myondoittirerducentreM laligne M O P parallele a
LC, & C P parallele 2 LM: & faire MO efgale a
L— %’; oubien la faire efgalea mfila quantite 0%
eftnulle. Puis confiderer le point O, come le fommet
de cete Hyperbole; dont le diametreeft OP, & CP la

Tt 2 ligne
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ligne quiluy eft appliquée par ordre, & fon coftddroiref;

. P e p—— o d
3A¢me¢  gégom? - dom,
4 ppzd 70— & fon coftdtraversat eft v 4mme-—=

Exceptequand o x eft nulle.car alors le cofte droit efp

2R 4 nry;

*—p;;f, &letraverfanteft 2m. &ainfi il eft ayfe de la
trouuer par le 3 prob.du 1<%, liu. d’Apollonius.
Etles demonftrations de tout cecy font enidentes.car

detoucce compofant vn efpace des quantites que iay affignées

ui vient

detre  pourle cofte droit, & Je traverfant, & pourle fegment
expliqué, du diametreNL,ouOP, fuivat lateneur deF'r1,du r2, &

du 13 theorefmes du z<t, liure d’Apollonius, on trouuera
tous les mefmes termes dont eft compof€ le quarré de
laligne C P, ou C L,qui eft appliquée par ordre a ce dia-
metre. Comme en cet exemple oftantI M, qui eft

== de N M, qui eﬂ:ﬂ’/oo—l—‘;mp,iayl N, alaquel-

ary’ X,
le aiouftant 1L, quieft 5”‘: 1ayNL ,quieft %x -z

ZP.;

+Z Voot 4m p , & cecy eftant multipli€ par

2pz

2

L4

oo 4mp, quieft le coftéd droit de lafigure, il vient

#V o0+ 4mp --:3;?1/‘ 00—+ gmp +,?f +2mm
pourlerecangle. duquel il faut ofter vn efpace qui foit
auquarréde N L comme le coft¢droit eft au trauerfant.

as asom

& ce quarré de N L eft Zox-- -«
& am anoomr aam,
+ S X Voo +4mp -+ 2 Ppaz e
AROM®
- pprz.
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An exception must be made when ox is equal to zero, in which case the

latus rectum is 2%?—2« and the diameter is 2. From these data the
curve can be determined in accordance with the third problem of the
first book of Apollonius.™

The demonstrations of the above statements are all very simple, for,
forming the product™ of the quantities given above as latus rectum,
diameter, and segment of the diameter NL or OP, by the methods of
Theorems 11, 12, and 13 of the first book of Apollonius, the result will
contain exactly the terms which express the square of the line CP or
CL, which is an ordinate of this diameter.

In this case take IM or & — p from NM or from its equal

2 s = Not-4mp.
To the remainder IN add IL or %x, and we have

a aom am
NL=Z#~5 g5 Vo No*Famp.

Multiplying this by
2 ot o,
the latus rectum of the curve, we get
x No'r4mp—g o Famp+ o+ om
for the rectangle, from which is to be subtracted a rectangle which is
to the square of NL as the latus rectum is to the diameter. The square
of NL is

a? alom a m ’a’m” atm®  alom?
'2—’ x? — __;z_,_ })z’ 4?.{. *”Ip + 2?222 _P-ZT —_— 2—22;2- Vﬂ’ +4ﬂlf,

2] See note 113.
51 “Composant un espace.”
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Divide this by a*m and multiply the quotient by pz?, since these terms
express the ratio between the diameter and the latus rectum. The result is

2
ﬁx’ —ox 4+ x NEF Imp 4 0—2.-;—1 — % NI F dmp 4 nt.

This quantity being subtracted from the rectangle previously obtained,
we get

CL =m’+ox—’%x2.

It follows that CL is an ordinate of an ellipse or circle applied to NL,
the segment of the axis.

Suppose all the given quantities expressed numerically, as EA==3,

AG=5, AB=BR, BS=% BE, GB=BT, cn:% CR,CF=2CS,CH=

—:2;— CT, the angle ABR=60°; and let CB.CF—CD.CH. A1l these quan-

ties must be known if the problem is to be entirely determined. Now
let AB=x, and CB=y. By the method given above we shall obtain

y'=2y—xy+45xr—x*;
1, [ 3.
y=1-§x+\/1+4x—%x’;

whence BK must be equal to 1, and KL must be equal to one-half KI;

and since the angle IKL = angle ABR — 60° and angle KIL (which is
one-half angle KIB or one-half angle IKL) is 30°, the angle ILK is a

right angle. Since IK=AB=1, KL=%x, IL=x \/ %, and the quantity

represented by z above is 1, we have a=\/ g, m=1, 0=4, p=%, whence

IM=\/13—6, NM=\/%; and since a*» (which is 2) is equal to pz?, and
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- :-:-,-%-:-'-;'-'-”- Voo+4mp quil faut diviferparaam&
multiplier par p32,a caufe que ces termes expliquent Ia
proportion qui eft entrele cofté traverfant & le droit, &

o o0m

il vient;f,xx--ox—l- XV o0+ 4 mp o 5

-2 00+ 4mp-+mm.cequil faut ofter dareangle
precedent, & on troune mm-+a% -- ;S xx pour le quar-

réde CL, qui par confequent eft vne ligne appliquee
par ordre dansvne Ellipfe,ou dans vn cercle,aufegment
dudiametre N L.

Et fionvent expliquer toutes les quantités donnees
parnombres, en faifant parexemple EA 03, AG 2 5,
AB2BR,BS»iBE,GB» BT,CD» ;CR,CF
02CS,CH»;CT, & quelangle ABR foit de 60
degrés; & enfin que le rectangledes deux CB, & CF,
foit efgal au re@angle des deux autres C D 82C H; caril
faut auoir toutes ces chofesaffin que la queftion foit en-
tierement determinée. & auec cela fuppofant A B 2 «;
& CB 0y, ontrouue par la fagon cy deflus expliquée
yy ®2y--xy +55 -xx&y 01 554
V14 4x--ixx: fi bienque B K doit eftre r,& KL
doiteftre lamoiti¢de K1, & pourceque I'angle IKL
ou ABReftde 6o degres, & KIL qui eft la moiti¢de
KIBoulKL, deso, I LKeftdroit. Et pourceque IK
ou A Beftnommex,KLeft 3%, & IL eft x¢/' %, &la
quantité qui eftoit tantoft nommée g eft 1, celle qui
eftoit a eft '3, celle quiefioit meft 1, celle quieftoito
eft 4, &celle qui eftoit p eft £,de fagon quion 2 ¥ ¢

Tt 3 pour.
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pourIM, & 77 '3 pour N M, & pourceque aam qui
eft efticy efgal 2 p3z & quelangleIL C eft droit, on
trouue que la ligne courbe N C eft va cercle. Et on
peut facilement examiner tousles autres cas en mefme
forte.

Aurefte acaufe que les equations, qui ne montent
que iufques au quarré, font toutes comprifes en ce que ie
viens d’expliquer ; non feulement le proble{fme des an-
ciensen 3 & 4 lignes eft icy entierement acheud; mais
aufly tout ce qui appartient 2 ce qu'ils nommoient la
compofition des lieux folides ; & par confequent auflya
celle des licux plans, a caufe qu'ils font compris dans les
folides. Car ceslieux ne font autre chofe, finon que lors
qu’il eft queftion de trouuer quelque point auquel il

manque
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the angle ILC is a right angle, it follows that the curve NC is a circle.
A similar treatment of any of the other cases offers no difficulty.

Since all equations of degree not higher than the second are included
in the discussion just given, not only is the problem of the ancients
relating to three or four lines completely solved, but also the whole
problem of what they called the composition of solid loci, and conse-
quently that of plane loci, since they are included under solid loci."™
For the solution of any one of these problems of loci is nothing more
than the finding of a point for whose complete determination one con-

11 Since plane loci are degencrate cases of solid loci. The case in which
neither 22 nor y2 but only ry occurs, and the case in which a constant term occurs,
are omitted by Descartes. The various kinds of solid loci represented by the equa-

4 + may be summarized as follows:

3
. ” ”
tion y=tmt;xi;t¢im=ioxt;

2
(1) If all the terms of the right member are zero except %. the equation repre-

sents an hyperbola referred to its asymptotes. (2) If -’5 is not present, there are
several cases, as follows: (a) If the quantity under the radical sign is zero or a
perfect square, the equation represents a straight line; (b) If this quantity is not
a perfect square and if ﬁxz =0, the equation represents a parabola; (c) If it is

not a perfect square and if ﬁx’ is negative, the equation represents a circle or an

ellipse; (d) If ;";— %2 is positive, the equation represents a hyperbola. Rabuel, p. 248.
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dition is wanting, the other conditions beirig such that (as in this exam-
ple) all the points of a single line will satisfy them. If the line is
straight or circular, it is said to be a plane locus ; but if it is a parabola.
a hyperbola, or an ellipse, it is called a solid locus. In every such case
an equation can be obtained containing two unknown quantities and
entirely analogous to those found above. If the curve upon which the
required point lies is of higher degree than the conic sections, it may
be called in the same way a supersolid locus,™™
cases. If two conditions for the determination of the point are lacking,

and so on for other

the locus of the point is a surface, which may be plane, spherical, or
more complex. The ancients attempted nothing beyond the composition
of solid loci, and it would appear that the sole aim of Apollonius in his
treatise on the conic sections was the solution of problems of solid loci.

I have shown, further, that what I have termed the first class of
curves contains no others besides the circle, the parabola, the hyperbola,
and the ellipse. This is what I undertook to prove.

b= “Un lieu sursolide.”
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manque vne condition poureftre entierement determi-
né,ainfi qu'il arrive en cete exemple,tous les poins d'vne
mefme ligne penuent eftre pris pour celuy qui eft de-
mandé. Etficete ligneeft droite,ou circulaire , onla
nomme valieuplan. Mais i c’eft vne parabole, ouvne
hyperbole, ouvnecllipfe, onlanomme va lieu folide. Et
toutefois & quantes que cela eft, on peut venira vne E-

uation qui contient deux quantités inconnués, & eft
pareillea quelqu'vne de celles que ie viens de refoudre,
Quefilaligne qui determine ainfi & point cherché, eft
d'vndegréplus compofde queles fections coniques, on
1a peut nommer, en mefme fagon , vn lieu furfolide, &
ainfides autres. Ets’il manque deux conditions alade-
termination de ce point, le lieu ouil fe trouue eft vne fu-
perficie, laquelle peut efire tout de mefme ou plate, ou
fpherique , ouplus compofee. Mais le plus haut but
qu’ayent eules anciens en cete matiere a eftd de parue-
uiralacompofition des lieux folides: Et il femble que
tout ce qu’Apollonius a eferit des fections coniques n'a
eftéqu’a defleinde la chercher. Quellect

Deplus on voiticy que ceque iay pris pourle premier 12 premic-
genredeslignes courbes,n’en peut comprendre aucunes ::;u‘:‘ fim-
autres quelecercle, laparabole, I'hyperbote, & l'ellipfe. Plede |
qui eft tout ce quei’anois entrepris de prouuer. lignes
Que fila queftion des anciens eft propofce en cinq li- ‘3;’31‘_‘

gnes, qui foient toutes paralleles ; il eft evident que le 3ent§n la
point cherchéferatoufiours en vne ligne droite. Maisfi {<%o"
elleeft propofee en cinq li gnes, dont ilyenait quatre ciens
qui foient paralleles,, & quela cinquiefme les couppe a I‘cﬁ'i;‘
angles droits, & mefme que toutes les lignes tirées du poféc en

. cinqli-
pointgaocs.
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point chercheles rencontrent auffy a angles droits, &
enfin que le parallelepipede compofé de trois deslignes
ainfi tirées fur trois de celles qui font paralleles,foit efgal
au parallelepipede compof€ des deux lignes tirées 'vne
fur la quatriefme de celles qui font paralleles & l'autre
fur celle quiles couppe a angles droits, & d'vne troific(-
me ligne donnée. ce qui eft ce femble le plus fim-
ple cas qu'on puiffe imaginer aprés le precedent ; le
point cherché fera en la ligne courbe, quieft defcrite
par le mouuement d'vne parabole en lafagon cy deffus
expliquce.

Soient
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If the problem of the ancients be proposed concerning five lines, all
parallel, the required point will evidently always lie on a straight line.
Suppose it be proposed concerning five lines with the following condi-
tions:

(1) Four of these lines parallel and the fifth perpendicular to each
of the others,

(2) The lines drawn from the required point to meet the given lines
at right angles;

(3) The parallelepiped”™ composed of the three lines drawn to meet
three of the parallel lines must be equal to that composed of three lines,
namely, the one drawn to meet the fourth parallel, the one drawn to
meet the perpendicular, and a certain given line.

This is, with the exception of the preceding one, the simplest pos-
sible case. The point required will lie on a curve generated by the
motion of a parabola in the following way:

121 That is, the product of the numerical measures of these lines,
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Let the required lines be AB, IH, ED, GF, and GA, and
let it be required to find the point C, such that if CB, CF, CD, CH, and
CM be drawn perpendicular respectively to the-given lines, the paral-
lelepiped of the three lines CF, CD, and CH shall be equal to that of
the other two, CB and CM, and a third line AI. Let CB=y, CM=ux,
Al or AE or GE=0a; whence if C lies between AB and DE, we have
CF—2a—y, CD—a—y, and CH=y-}-a. Multiplying these three to-
gether we get y*—2ay*—a®y-+2a* equal to the product of the other
three, namely to axy.

I shall consider next the curve CEG, which I imagine to be described
by the intersection of the parabola CKN (which is made to move so
that its axis KL always lies along the straight line AB) with the ruler
GL (which rotates about the point G in such a way that it constantly
lies in the plane of the parabola and passes through the point L). I
take KL equal to a and let the principal parameter, that is, the par-
ameter corresponding to the axis of the given parabola, be also equal to
a, and let GA—2a, CB or MA=y, CM or AB=x#. Since the triangles
GMC and CBL are similar, GM (or 2a—y) is to MC (or x) as CB
(or ) is to BL, which is therefore equal to Zziij Since KL is a, BK

Y or 20’ —ay —zxy . Finally, since this same BK is a segment

2a—y 2a—y
of the axis of the parabola, BK is to BC (its ordinate) as BC istoa
(the latus rectum), whence we get y°—2ay*—a*y+-2a°=axy, and there-

is a—

fore C is the required point.
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Soient par exemple leslignes cherchées AB,IH,ED,
GF, & GA. & quondemandele point C, enforte que
tirant CB, CF, C D, C H, & C M aangles droits fur les
données, le parallelepipededes trois CF, CD, & CH
foitefgal a celuy des 2 autres CB, & C M, & d'vne troi-
fiefme quifoit AI. IepofeCBxy. CMox. Al ou
AE, 0uG E 2 a,defagon quele point C eftant entre les
lignes AB, &DE,jayCF 2024 --5,C D>®s--y. &
CHy-+4 &multipliant ces trois I'vne par lautre,

1ay .y;--z ayy--aay -2 a’ efgal au produit des trois
autres quieRta xy. Aprés celaie confidere laligne cour-
be CE G, quei‘imagine eftre defcrite parl'interfe@ion,
de la Parabole C K N, qu’on fait mouuoir en telle forte
que fon diametre KL eft toufiours fur la ligne droite
A B, &delareigle G L quitourne cependant autour da
point G en telle forte quelle pafle toufiours dans le plan
decete Paraboleparlepoint L. Eticfais KL 4, &le
cofté droit principal, c’eft adire celuy qui fe rapporte a
Vaifficu decete parabole, auflyefgal 14, & GA 224, &
CBouMA2y,& CMouA B x. Puis a caufe des
triangles femblablesGMC & CBL,GM quieft24-y,
eftaM Cquieftx, comme CB quiefty,eftABL quieft

par confequent ; :’ Etpourceque LK eft s, BKeft 4

-]‘
- Xy . 1AAR4y--Xy
= .y»0ubien ———=—" Etcnfinpourceque ce mef-

me B K eftant vn fegment du diametre de la Parabole,
efta BC quiluy eft appliquée par ordre, comme cel-
fecyeft au cofté droit qui eft 4, le calcul monftse que

y--2ayy--aay - 24, cft efgal 2 axy. &par confe:
v quent

85



338 La GEOMETRIE,

[0} .:":
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quent que le point C eft celuy qui eftoitdemandé. Etil
peut eftre pris en tel endroir de la ligne CEG qu'on ve-
uille choifir, ou aufly en fon adiointe ¢ E G ¢ quife de-
fcrit en mefme fagon,excepté quele fommet delaPara-
bole eft tourncvers I'autre coft€ , ou enfin enleurs con-
trepofces N 10,21 O,qui font defcrites par l'interfection
que fait ]a ligne G L en l'antre coft¢ de la Parabole
KN.
Or encore que les paralleles données AB, 1H, ED,
& G F ne fuflent point efgalement distantes, & que GA
ne les couppaft pointaangles droits, ny anfly les lignes
: : tirées
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The point C can be taken on any part of the curve CEG or of its
adjunct cEGc, which is described in the same way as the former, except
that the vertex of the parabola is turned in the opposite direction; or
it may lie on their counterparts™ NIo and #IO, which are generated
by the intersection of the line GL with the other branch of the para-
bola KN.

Again, suppose that the given parallel lines AB, IH, ED, and GF are
not equally distant from one another and are not perpendicular to GA,
and that the lines through C are oblique to the given lines. In this case
the point C will not always lic on a curve of just the same nature. This
may even occur when no two of the given lines are parallel.

041 “En leurs contreposées.”
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Next, suppose that we have four parallel lines, and a fifth line cutting
them, such that the parallelepiped of three lines drawn through the
point C (one to the cutting line and two to two of the parallel lines)
is equal to the parallelepiped of two lines drawn through C to meet the
other two parallels respectively and another given line. In this case
the required point lies on a curve of different nature,"™ namely, a
curve such that, all the ordinates to its axis being equal to the ordinates
of a conic section, the segments of the axis between the vertex and
the ordinates™™ bear the same ratio to a certain given line that this
line bears to the segments of the axis of the conic section having equal
ordinates.™

I cannot say that this curve is less simple than the preceding ; indeed,
I have always thought the former should be considered first, since its
description and the determination of its equation are somewhat easier.

I shall not stop to consider in detail the curves corresponding to the
other cases, for I have not undertaken to give a complete discussion of
the subject ; and having explained the method of determining an infinite
number of points lying on any curve, I think I have furnished a way
to describe them.

It is worthy of note that there is a great difference between this
method™ in which the curve is traced by finding several points upon

026 The general equation of this curve is axy-— xy2+2a2x = a?y —ay2.
Rabuel, p. 270.

B2) That is, the abscissas of points on the curve.

159 The thought, expressed in modern phraseology, is as follows: The curve is
of such nature that the abscissa of any point on it is a third proportional to the
abscissa of a point on a conic section whose ordinate is the same as that of the
given point, and a given line. Cf. Rabuel, pp. 270, et seq.

(31 That is, the method of analytic geometry.
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tirdes du point C verseelles, ce point C ne laifferoit pas
defe trouuer toufiours en vne ligne courbe, qui feroit
decete mefmenature. Etil s’y peut aufly trouuer quel-
quefois, encore qu'aucune des lignes données ne foient
paralleles. Mais fi lorfqu'il y ena 4 ainfi paralleles, & voe
cinquiefme qui les traverfe: & que le parallelepipede de
troisdes lignes tirées du point cherché, I'voe fur cete
cinquicfime, & lés 2 autres fur 2 de celles qui font paral-
leles; foit efgalaceluy, des deux tirces fur les deux au-
tres paralleles , & d’vne autre ligne donnée. Ce point
cherchéeften vne ligne courbe d'vne autre nature, a
fganoir en vne qui eft telle, que toutesles lignes droites
appliquées par ordre a fon diametre eftant efgales a cel-
les d'vne fe@ion conique, les fegmens de ce diametre,
qui fontentre le fommet & ces lignes , ont mefme pro-
portion avne certaine ligne donnée, que cete ligne don-
née a aux fegmens du diametre de la fection conique,
aufquels les pareilles lignesfont appliquees par ordre. Et
ie ne fgaurois veritablement dire que cete ligne foit
moinsfimple quela precedente, laquelle iay creu toute-
fois deuoir prendre pour la premiere , a caufe que la de-
feription, & le calcul en font en quelque fagon plu
faciles. :

Pour les lignes qui feruent aux autres cas, ienc m’are-
fteray point ales diftinguer par efpeces. car ie n'ay pas
entreprisdedire tout ; & ayant expliqué la fagonde
trouuer vne infinit€ de poins par ou elles paffent,ic penfe
avoir affds donné le moyen de les defcrire.

Mefine ileft a propos de remarquer, qu'il ya grande
difference entre cete fagon de trouuer plufieurs poins

Vv 2 pour
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Ucelles

foncles pourtracer vne ligne courbe, & celle dont on fe fert pour
Wgoes  lalpirale, & fes femblables. carpar cete derniereomne
won de- trouue pas indifferément tous les poins dela ligne qu'on
woren . cherche, maisfenlement ceux qui peauent eftre deter-
pluficurs minés par quelque mefure plus fimple, que cellequieft
Zigl:f,i,sui requife pour lacompofer, & amfi a proprement parler
peuuent  on ne tyouue pasvade fes poins, c’eft a dire pas va de
elre - ceux quiluyfont tellement propres , qu'ils ne puiffent
Geome-  eftre trouuds que parelle: Aulieuquilny aaucun point
““  dansleslignes quiferuent a Iz queftion propofée, quine
fe puiffe rencontrer entre ceux qui fe determinent par la
fagontantoft expliquée. Et pourceque cete fagon de
tracer une ligne courbe, en trounant indifferément plu-
fieursde fes poins , ne s'eftend qu'a celles qui peuuent
aufly eftre defcrites par vo mouuement regulier & con-
tinu, on ne ladoit pas enticrement reietter delaGeo-
metrie.
%—,‘,‘:H;}Y Etonn’en doit pas reietter non plus, celleononfe
ctlles ~ fertd'vnfil, oud'vne chorde replide, pour determiner
won de pegalité ou la difference de deux ou plufieurs lignes
e ‘cll;gr- droites qui peuuent eftretirdes de chafqu? poiat de la
peunent  COUrbe quon cherche, a certainsautres poins ., ou fur
yeflre  certainesautres lignes a certains angles. ainfi que nous
xcceues. . . . . > .
auons fait en la Dioptrique pour expliquer VEllipfe &
I'Hyperbole. carencore quon n'y puiffe regeuoir au-
cunes lignes qui femblenc ades chordes , c’eft a dire quj
devienent tantoft droites & tantoft courbes, acaufe que
laproportion, qui eft entre les droites & les courbes,
n’eftant pas connu€, & mefme ie croy ne le pounant eftre
par les hommes, onnepourroitrien conclure de 1a qui

fuft
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it, and that used for the spiral and similar curves."™ In the latter not
any point of the required curve may be found at pleasure, but only such
points as can be determined by a process simpler than that required for
the composition of the curve. Therefore, strictly speaking, we do not
find any one of its points, that is, not any one of those which are so
peculiarly points of this curve that they cannot be found except by
means of it. On the other hand, there is no point on these curves which
supplies a solution for the proposed problem that cannot be determined
by the method I have given.

But the fact that this method of tracing a curve by determining a
number of its points taken at random applies only to curves that can
be generated by a regular and continuous motion does not justify its
exclusion from geometry. Nor should we réject the method™ in which
a string or loop of thread is used to determine the equality or difference
of two or more straight lines drawn from each point of the required
curve to certain other points,"™ or making fixed angles with certain
other lines. We have used this method in “La Dioptrique” ™ in the
discussion of the ellipse and the hyperbola.

On the other hand, geometry should not include lines that are like
strings, in that they are sometimes straight and sometimes curved, since
the ratios between straight and curved lines are not known, and I
believe cannot be discovered by human minds,"* and therefore no con-
clusion based upon such ratios can be accepted as rigorous and exact.

%) That is, transcendental curves, called by Descartes “mechanical” curves.
8] C{, the familiar “mechanical descriptions” of the conic sections.

%) As for example, the foci, in the description of the ellipse.

%1 This work was published at Leyden in 1637, together with Descartes’s

Discours de la Methode.

8 This js of course concerned with the problem of the rectification of
curves. See Cantor, Vol. II (1), pp. 794 and 807, and especially p. 778. This
statement, “ne pouvant étre par les hommes” is a very noteworthy one, coming as
it does from a philosopher like Descartes. On the philosophical question involved,
consult such writers as Bertrand Russell.
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Nevertheless, since strings can be used in these constructions only to
determine lines whose lengths are known, they need not be wholly
excluded.

When the relation between all points of a curve and all points of a
straight line is known,"™ in the way I have already explained, it is easy
to find the relation between the points of the curve and all other given
points and lines; and from these relations to find its diameters, axes,
center and other lines™ or points which have especial significance for
this curve, and thence to conceive various ways of describing the curve,
and to choose the easiest.

By this method alone it is then possible to find out all that can be
determined about the magnitude of their areas,”™ and there is no need
for further explanation from me.

w7 Expressed by means of the equation of the curve.
3% For example, the equations of tangents, normals, etc.

B For the history of the quadrature of curves, consult Cantor, Vol. II n,
pp. 758, et seq., Smith, History, Vol. II, p. 302.
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fuft exack & affuré. ‘Toutefoisa caufe qu'on ne fe fert
de chordes en ces conftractions, que pour déterminer
deslignes droites, dont on connoift parfaitement la lon-
geur, celane doit point faire qu’on les reiette.

Ordecelafeul qu'onfgait le rapport,, quont tousles Que pous:
poins d'vne ligne courbe a tous ceux d'vne ligne droite, =00t .
en lafagon queiay expliqué; il eft ayfé de trouuer aufly proprie-
le rapport qu'ils ont a tousles autres poins, & lignes don. ¢4 k-
nces: & en fuite de connoiftre les diametres, les aiffieux, courbes,
les centres, & autres lignes, ou poins, a qui chafque li- :{f '}Qfﬁ,.-g.
gne courbe aura quelque rapport plus particalier , ou lerapporc
plus fimple, quaux autres: & ainfi d'imaginer diuers tuslears
moyens pour lesdefcrire, & d’en choifirles plus faciles, poios 2
Et mefme on peut aufly par cela feul trouuer quafi tont fi;i‘e. *
cequi peut eftre determind touchant lagrandeur de Fe- dioites.
fpace quelles comprenent, fans qu'il foit befoin que i'en de tirec
donne plus d’ouuerture. Et enfin pour cequieft de tou-{; 2uses
teslesautres proprieics qu'on peut attribuer aux lignes qu: les
courbes, elles ne dependent que de 1a grandeur desan- SoPPe™
gles qu'elles font auec quelques autres lignes. Mais lorft ces poins
qu’on peuttirer deslignes droites quiles couppent a an- ﬁrzzﬁlf ’
gles droits, aux poins ou elles font rencontrées par cel-
lésauec qui elles font les angles qu’on veur mefurer, on,
cequeie prensicy pour le mefme, qui couppent leurs
contingentes; la grandeur de ces angles n’eft pas plus
malay{€ea trouver, que s'ils eftoient compris entre deuz
lignes droites. C'eftpourquoyie Croyray auoir mis isy
tout ce quieft requis pour les elemens des lignes cour-
bes, lorfque i'auray generalement donng¢ I3 fagon deti-

rerdes lignes droites, qui tombent a angles droits fur
Vv.3 tels
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tels deleurs poins qu'on voudra choifir. Et i'ofe dire
queceft cecyle probléfme Je plus veile, & le plus gene-
ral non feulement queie fgache, mais mefme que r'aye
iamais defiré de fcauoir en Geometrie,

genease Soit C E
Souaer laligne courbe,
des ligaes & qu'il faille ti-
d;‘:‘:;:} i . rer vne ligne
;cnt les F A M P G droi;e par le
onstes point C, qui fa-

ouleurs Ceauecelle desanglesdroits. Iefuppofe 1achofe defia
contin- faite, & que la lighe cherchéeeft C P, laquelle ie pro-
§ngles, longciufques au point P, ou clle rencontre la ligne droi-
dwois.  te G A, queie fuppofe eftre celle aux poins de laquelle
on rapporte tous ceuxdelaligne C E : en forte que fai-
fant M A ouC B 0y, & C M, ou BA 0 «, iay quelque
equation, qui explique le rapport, qui eft entre x &y.
PaisiefaisPC0rs, & PAov, cuP M B v -y, &2
caufe dutriangle rectangle P M C iay ss, quieft I= quar-
ré de la baze efgal 2 #x =~vv—-2vy-yy, quifont
les quarrés des deux coftés. cleft a dire iay » o
¥V 45--90-+20y--yy, oubien y Do+ ¥ ss-xx,&
parienoyende cete equation, i'ofte de I'autre equa.
tion qui m'explique le rapport qu'ont tous les poins de la
cowrbe C Eacenxdeladroite G A,I'vne des deux quan-
tités indeterminées x ou y. ce qui eft ayf¢ a faire en
mettant partout 7 $s-- vo+2v y~-yy au lieu d'x, &
le quarré de cete fomme au lieu d’x &, & for cube aulien

d’x; &ainfi desautres, fic'eft ¥ queie veuilleofter; ou.
bien
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Finally, all other properties of curves depend only on the angles
which these curves make with other lines. But the angle formed by
two intersecting curves can be as easily measured as the angle between
two straight lines, provided that a straight line can be drawn making
right angles with one of these curves at its point of intersection with
the other.™ This is my reason for believing that I shall have given
here a sufficient introduction to the study of curves when I have given
a general method of drawing a straight line making right angles with
a curve at an arbitrarily chosen point upon it. And I dare say that
this is not only the most useful and most general problem in geometry
that I know, but even that I have ever desired to know.

Let CE be the given curve, and let it be required to draw
through C a straight line making right angles with CE. Suppose the
problem solved, and let the required line be CP. Produce CP to meet
the straight line GA, to whose points the points of CE are to be
related."™ Then, let MA—CB=—y; and CM—=BA=2z. An equation
must be found expressing the relation between # and y.** I let PC=s,
PA=v, whence PM—=v—y. Since PMC is a right triangle, we see that
s%, the square of the hypotenuse, is equal to #?+2°*—2vy-}-9?, the sum

of the squares of the two sides. That is to say, x= Vs?—2?+ 22y —3?
ory=v+4 Vsi— 42, By means of these last two equations, I can elimi-
- nate one of the two quantities » and y from the equation expressing
the relation between the points of the curve CE and those of the straight
line GA. If # is to be eliminated, this may easily be done by replacing

2 wherever it occurs by Vs> —2*+42yy—3?, 2® by the square of this ex-
pression, #* by its cube, etc., while if y is to be eliminated, y must be

replaced by v+ Vs?—x%, and 3%, 5%, . . . by the square of this expres-

041 That is, the angle between two curves is defined as the angle Letween the
normals to the curve at the point of intersection.

4 That is, the line GA is taken as one of the codrdinate axes.

0431 This will be the equation of the curve. See also the figure on page 97.
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sion, its cube, and so on. The result will be an equation in only one
unknown quantity, # or y.

For example, if CE is an ellipse, MA the segment of its
axis of which CM is an ordinate, r its latus rectum, and ¢ its trans-

verse axis,™ then by Theorem 13, Book I, of Apollonius," we have

x’=ry—§y’. Eliminating #* the resulting equation is

—- 2_ 2
S+ 20y —yP=ry— 5%, or »+72 Zq:y_tqv % _o.

In this case it is better to consider the whole as constituting a single
expression than as consisting of two equal parts.™-

If CE be the curve generated by the motion of a parabola (see pages
47, et seq.) already discussed, and if we represent GA by b, KL by ¢,
and the parameter of the axis KL of the parabola by d, the equation

14) 4T e traversant.”

B Apollonius, p. 49: “Si conus per axem plano secatur autem alio quoque
plano, quod cum utroque latere trianguli per axem posita concurrit, sed neque basi
coni parallelum ducitur neque e contrario et si planum, in quo est basis coni,
planumgque secans concurrunt in recta perpendiculari aut ad basim trianguli per
axem positi aut ad eam productam quzlibet recta, que a sectione coni communi
sectioni planorum parallela ducitur ad diametrum sectiones sumpta quadrata ®qualis
erit spatio adplicato rectz cuidam, ad quam diametrus sectionis rationem habet,
quam habet quadratum rectz a vertice coni diametro sectionis parallelz ductz usque
ad basim trianguli ad rectangulum comprehensum rectis ab ea ad latera trianguli
abscissis, latitudinem rectam ab ea e diametro ad verticem sectionis abscissam et
figura deficiens simili similiterque posita rectangulo a diametro parametroque com-
prehenso; vocetur autem talis sectio ellipsis.” Cf. Apollonius of Perga, edited by
Sir T. L. Heath, Cambridge, 1896, p. 11.

B4 That is, to transpoese all the terms to the left member.
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bienfic'efty,en mettantenfonlicn ¥+ ¥ ss—-xx, &
le quarré, oule cube, &c. de cete fomme, aulicud’y y,ou

y ‘&c. De fagon qu'il refte tonfiours aprés celavne equa-
tion, enlaquelle il ny aplus qu'vne feule quantit¢ inde-
terminée, x,ouy.

Comme fi CE eft vae Ellipfe , & que M A foit le
fegment de fon diametre, auquel C M foit appliquee par
ordre, & qui ait pour fon coftédroit , & 4 pour le tra-

uerfant,on2 parle t3th.
e p durliu d’Apollonins.
f\ N xxaory-%yy, d'on
oftant xx, il refte 55~
¢ PMoA vv-t-2vy-yy ry-f]y.
oubien,

vy % qry-- *;‘z"*‘ T efgal arien. catil eft mieuxen

cetendroit de confiderer ainfi enfemble toute la fom-
me, que d’en faire voe partie efgale al'autre.

x TYoutdemefme fi C
Eeftla ligne courbe

t, defcrite par le mon-
uement d’'vne Parahole

en la fagon cy defus

1B expliquee, & qu'onait
polébpour GA, cponr
KL, & d pour le coft¢
droit du diametre KL
A enjaparabole:l'equatip
qui explique le rapport
qui:
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quieﬁ:cntrcx&y,cﬁy,—byy-- cdytbeddxya.

d'oll oftant x , on a y -- byy--edy —+ bed + dy
V ss--vv--20y--yy. & remetrant en ordre ces
termes parle moyen de lamultiplication, il vient
- =~2cd N e2bbed
P28y ‘;‘:‘: f:“::;:}y ’-'?dtfiif Yy--2bccddy 1 bbecdd o
Yddv
Etainfidesautres.

Mefme encore que les poins de Ia ligne courbe ne fe
rapportaffentpasenla fagon queiay dicte a ceux d'vne
ligne droite, maisen toute autre qu’'on fcauroit imagi.
ner, on ne laiffe pas de pouuoir toufiours auoir vne telle
equation. Comme fiC E eft vneligne, qui ait tel rap-
portaux trois poins F, G, & A, queleslignes droites ti-
xéesde chafcun de fes poins comme C, iufques au point
¥, furpaflent laligne F A d'vne quantit€, qui ait certaine

— proportié don-
neéeavne autre

AV quantit¢ dont
E PN/ \ GA furpafleles
F A M P G lignes tirées

des mefmes
poinsivfques A G. FaifonsGA 205, AF ¢, & prenant
adifcretionle point C dans lacourbe, que la quantit¢
dont CF furpaffe F A, foit 2 celle dont G A furpafle
G C, commedae, en forte que fi cete quantite qui eft

indererminée fe nomme z,FC eft ¢ -+ L&GCeftb-- 5 2
PuispofantM Ay, G Meftd--y, & FM eft ¢ty &
a caufe du triangle re¢tangle CM G, oftant le quarré

de
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expressing the relation between # and y is y*—by*—cdy-}-bed+dxy=0.
Eliminating #, we have

¥ — by — cdy + bed+ dy Ns2—v*+-2vy—y?—0.

Arranging the terms according to the powers of y by squaring,™ this
becomes

¥ —2by° (b2 —2cd-}-d?) y*+ (4bcd—2d%v) y*
+ (c2d?—d?s*4-d*v? —2b%cd) y* —2bc*d*y-+-b2c?d*=0,

and so for the other cases. If the points of the curve are not related
to those of a straight line in the way explained, but are related in some
other way,™" such an equation can always be found.

Let CE be a curve which is so related to the points F, G, and A,
that a straight line drawn from any point on it, as C, to F exceeds
the line FA by a quantity which bears a given ratio to the excess of GA
over the line drawn from the point C to G."" Let GA=b, AF=c, and
taking an arbitrary point C on the curve let the quantity by which CF
exceeds FA be to the quantity by which GA exceeds GC as d is to e.
Then if we let z represent the undetermined quantity, FC—c+2 and

GC=b—f—1z. Let MA=y, GM=b—y, and FM=c+y. Since CMG is a
right triangle, taking the square of GM from the square of GC we have
14} “En remettant en ordre ces termes par imoyen de la multiplication.”

147 “Majis en toute autre quon saurait imaginer.”
148 That is the ratio of CF — FA to GA — CG is a constant.
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left the square of CM, or %z’—%z+25y—y’. Again, taking the
square of FM from the square of FC we have the square of CM
expressed in another way, namely : 2°4-2cz—2¢y—y?®. These two expres-
sions being equal they will yield the value of y or MA, which is
d?g*>4-2cd®z—e?2*+-2bdez
2bd*+-2cd? :

Substituting this value for y in the expression for the square of CM,
we have

Eﬁ—z_bd’z’+cezz’+2bcd’z——2bcdez‘

- bd+-cd?
If now we suppose the line PC to meet the curve at right angles at C,
and let PC=s and PA=v as before, PM is equal to #—y; and since
PCM is a right triangle, we have s2—v?}-2vy—3y® for the square of
CM. Substituting for y its value, and equating the values of the square
of CM, we have
2 +26cd’z— 2bcdez—2cd vz —2bdevz — bd’s* + bd* v —cd®s' +cd* -0
bd¥ +cé +Sv—dy

2
.

for the required equation.

Such an equation having been found™” it is to be used, not to deter-
mine x, ¥, or 2, which are known, since the point C is given, but to
find v or s, which determine the required point P. With this in view,
observe that if the point P fulfills the required conditions, the circle
about P as center and passing through the point C will touch but not
cut the curve CE ; but if this point P be ever so little nearer to or far-
ther from A than it should be, this circle must cut the curve not only

1) Three such equations have been found by Descartes, namely those for the
ellipse, the parabolic conchoid, and the curve just described.
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de G M duquarréde G C, onale quarréde CM, qui eft

b
Z,:;{ --1;’{ ~+2by-~yy. puis oftant le quarré de F M
du quarréde F C,ona encore le quarrdde C M end'au-
tres termes, afgauoir gz +2¢3--2¢cy--yy, & cester-

mes eftant efgaux auxprecedens, ilsfont connoiftre y,

. ddzz o 2 cddy -« eexx v 2 bdey, .
ouMA, quieft T 0 ol L & fubftituant ce-

te fomme au lieu d’y dansle quarréde C M, ontrouue
qu’il s’exprime en ces termes.

bddzz v ceexz W 2 beddx -- 2 bedes
bdd v cdd ==

Puis fuppofant que la ligne droite P C rencontre 1a
courbe aangles droits au point C, & faifant PC 20+, &
P A v comme denant, PMeftv--y ; & a caufe du
trtangle reGangle PCM,ond ss-- vv +- 2 vy--y y pour
le quarré de C M, ouderechefayant au lieu d'y fubfitué
la fomme qui luy eft efgale, il vient

W 2 beddz -2 bedez -« 2 cddvz - 2 bdevz -- bddss i bddvy -~
X bdd kcee  eev--ddv
-- cddss & cddvo. 30 g pour equation que nous cherchions.

Oraprés qu'on a trouud vne telle equation , aulieu
des’enferuir pour connoiftre les quantites x,0u, ou 3,
qui font defia données, puifque le point C eft donné, on
ladoit employeratrouuverv, ou s, qui determinent le
point P, quieft demand¢. Eracet effectil faut confide-
rer,que fice point P eft tel qu'on le defire, le cercle dont
ilferale centre, & qui paffera par le point C, y touchera
laligne courbe C E, fans lacoupper: mais que fi ce point
P, eft tant foit pew plus proche, ou plus efloigné du point

Xx A,quil
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A, qu'ilne doit, ce cercle coupperala courbe , non feu-
lement au point C, mais aufly neveflaisement en quel-
que autre. Puisil faut aufly confiderer, que lorfque ce
cercle couppe laligne courbe C E, I'equation par laquel-
le on cherche la quantite »,ouy, ou quelque autre fem-
blable, en fuppofant P A & P C eftre connués, contient
neceflairement deux racines, qui font inefgales. Car par
exemple fi ce cercle couppe la conrbe aux poins C & E,
ayant tirdE Q_parallelea CM, les noms des quantités
indeterminées x & y, conuiendront auffy bien aux lignes
EQ, &QA4,quaCM, & MA; puis PE cft efgale a
P C,a caufe ducercle, fi bien que cherchant les lignes
P A qu’on fuppofe com-
me donnees , on aura la
mefme equation, que fi
on cherchoit C M &
M A par PC,PA. dou
il fuit evidemmment,que la
valeurd’x, ou d’y, oude
telle autre quantité qu'on aura fuppofee , feradoubleen
ceteequation, ceftadirequ'il y aura deux racines inef-
galesentreelles; & dont I'vae fera CM, Yautre EQ, fi
c'eft xquion cherche; oubienl'vne fera MA , & l'autre
QA,ficefty. &ainfi des autres. 1l eft vray que file
point Ene fe tronue pas du mefine cofté de la courbe
que le point C; il n'y auraque I'vne de ces deux racines
qui foit vraye, & V'autre fera renuerf¢c, ou moindre que
rien: mais plus ces deux poins, C, & E, font prochesl'vn
de I'autre, moinsilyade differenceentreces deux raci-

nes;
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at C but also in another point. Now if this circle cuts CE, the equation
involving x and y as unknown quantities (supposing PA and PC
known) must have two unequal roots. Suppose, for example, that
the circle cuts the curve in the points C and E. Draw EQ paral-
lel to CM. Then x and y may be used to represent EQ and QA respec-
tively in just the same way as they were used to represent CM
and MA; since PE is equal to PC (being radii of the same circle),
if we seek EQ and QA (supposing PE and PA given) we shall get the
same equation that we should obtain by seeking CM and MA (suppos-
ing PC and PA given). It follows that the value of x, or y, or any
other such quantity, will be two-fold in this equation, that is, the equa-
tion will have two unequal roots. If the value of x be required, one of
these roots will be CM and the other EQ; while if y be required, one
root will be MA and the other QA. It is true that if E is not on the
same side of the curve as C, only one of these will be a true root, the
other being drawn in the opposite direction, or less than nothing.** The
nearer together the points C and E are taken however, the less differ-

i “B't P'autre sera renversée ou moindre que rien.”
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ence there is between the roots ; and when the points coincide, the roots
are exactly equal, that is to say, the circle through C will touch the
curve CE at the point C without cutting it.

Furthermore, it is to be observed that when an equation has two
equal roots, its left-hand member must be similar in form to the expres-
sion obtained by multiplying by itself the difference between the
unknown quantity and a known quantity equal to it;"™ and then, if the
resulting expression is not of as high a degree as the original equation,
multiplying it by another expression which will make it of the same
degree. This last step makes the two expressions correspond term by
term.

For example, I say that the first equation found in the present dis-
cussion,™ namely

g7y —2qvy+qv’~gs’

2
¥+ 7—7 )

must be of the same form as the expression obtained by making e=y
and multiplying y—e by itself, that is, as y>—2ey+}-¢2. We may then
compare the two expressions term by term, thus: Since the first term,

4%, is the same in each, the second term,™ gr_yq-_—__fgﬂ’ of the first is
equal to —2¢y, the second term of the second; whence, solving for v,

r .1 .
or PA, we have v=¢— - e+§r; or, since we have assumed e equal to y,
q

v= y—§y+% 7. In the same way, we can find s from the third term,

81 That is, the left-hand member will be the square of the binomial # —a
when ¥ =a.

5% See page 96. The original has “first equation,” not “first member of the
equation.”

%] That is, the second term in y.
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nes; & enfin clles font entierement efgales, s'ils font tous
deuxioins envn; c’eft adire file cercle,qui paffe parC,
y touchela courbe C E fans la coupper.

Deplusil faut confiderer, que lorfqu'il y a deux raci-
nes cfgales en vne equation, elle a neceffairement la
mefme forme,que fi on multiplie par foy mefme la quan-
tit€'quon y fuppofe eftre inconnué moins la quantité
connue qui luy eft efgale, & qu'aprés cela fi cete derniere
fomme n'apas tant de dimenfions que la precedente,
onla multiplie par vne autre fomme qui en ait autant
qu'il luy en manque; affin qu'il puiffe y auoir feparement
equation entre chafcun des termesdel'vne , & chafcun
destermes de l'autre,

Comme par exemple ic disque lapremiere equation

trouuce cy deffus, afgauoir

Py L :::'f 21772 doitauoir lamefine forme que
celle qui fe produift enfaifant ¢ efgalay, & multipliant
y—eparfoy mefme,d’odtil vient 7y -- 2e7 + e, en forte
qu'on peut comparer feparement chafcun de leurs ter-
mes, & dire que puifque le premier quiefty y eft toutle
mefmeenl'vnequ'enlautre, le fecond qui eft enl'vne
q—r{j‘?—”’ eft efgalaufec5d del'autre qui eft - 2 ¢y ,d'oit
cherchant la quantit¢ v qui eft la ligne P A, on 2

c B e ---;-e—l—';_r,oubié
N i a caufe que nous auons
E\ fappof¢ eefgalay ,ona

¢ FMOA yoy.tygr. Et

Xx a ainfi
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ainfi on pourroit trouuer s par le troifiefme terme

qUV--435S, . °. 2 H
e 20 ——— mais pourceque la quantite’ v determine

affés le point P,qui eft le feul que nous cherchions,onn'a
pas befoin de paffer outre.

"Tout de mefme lafeconde equation trouuée cy def-
fus, a fauoir,

—-2¢4 ' ‘ -2bbecd
.2k ’&*“} L 73 td} S cedd(,,
y - ]&uid Y e y ilaer 2becddy fbbecdd.
Fddv
doit auoir mefme forme, quela fomme quife produift:
lorfqu’on multiplie $y--2ey -+eepar
4

3 3 4
y +fr+ggry+hy+k, quiett
[ 4 Y 4y
vEf B y‘-iﬁ;g}y‘ Hie }H " “"4}}' Hoekt
~tel e, eef eegyg Beeh

defagon quede ces deux equationsi'entire fix autres,
qui feruent a connoiftre les fix quantites f; &b, k0,8 s
Douileftfortayfc a entendre, que de quelque genre,
que puiffe eftrela ligne courbe propofée, il vient tou-
fiours par cete fagon de proceder autant d’equations,
quoneft abligé de fuppoler de quantités , qui font ins
connués. Mais pour demefler par ordre ces equations,
&trouucrenfinla quantité v, quieftla feule dontona
befoin, & a I'occafionde laquelle on cherche les autres:
11faut premierement parlefecond terme chercher ] Ia

premiere des quantites inconnués de la derniere fom-
me, & ontrouuef 0 2e--25.

Puis par le dernier il faut chercher £ la derniere des

quantitesinconnués de la mefme fomme, & on trouue
RIIET

ec

Puis
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—qs?
é= Q’Fg_; but since v completely determines P, which is all that is

required, it is not necessary to go further.™
In the same way, the second equation found above,”™ namely,

=285+ (8 —2cd+ d?)y* + (4bcd— 2d%v) y®
+ (Pd? —28%cd+d* —dPs? )yt — 2862 d%y + B FPd?,

must have the same form as the expression obtained by multiplying
y*—2ey+e* by y'+fy*+g°y*+hy+Fk!,
that is, as

¥+ (f—2e)y*+(g*—2ef +-e*) y*+ (B —2eg>+-e*f ) y*
+ (kt—2eh*4-¢%g*) y* - (e*h* —2ek*) y+-e*k?.

From these two equations, six others may be obtained, which serve to
determine the six quantities f, g, &, k, v, and s. It is easily seen that
to whatever class the given curve may belong, this method will always
furnish just as many equations as we necessarily have unknown quan-
tities. In order to solve these equations, and ultimately to find v, which
is the only value really wanted (the others being used only as means
of finding v), we first determine f, the first unknown in the above
expression, from the second term. Thus, f=2¢—2b. Then in the last
terms we can find &, the last unknown in the same expression, from

s That is, to construct PC we may lay off AP =v and join P and C. If
instead we use the value of e, taking C as center and a radius CP =¢, we con-
struct an arc cutting AG in P, and join P and C. Rabuel, p. 309. To apply

Descartes’s method to the circle, for example, it is only necessary to observe that
all parameters and diameters are equal, that is, ¢ = r; and therefore the equation

v= y—gy +%r becomes v = : g= —;— diameter. That is, the normal passes

through the center and is a radius of the circle. Rabuel, p. 313.
15} See page 99. As before, Descartes uses “second equation” for “first mem-
ber of the second equation.”
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2,372
which k‘==b :;d . From the third term we get the second quantity

g*=3e*—4be—2cd{-b*-d*.

From the next to the last term we get h, the next to the last quantity,
which is™
p2oed 26
== 7

In the same way we should proceed in this order, until the last quantity
is found.

Then from the corresponding term (here the fourth) we may find
v, and we have
288 3bF | e 2c 20c  bF B

s ata gttty
or putting y for its equal ¢, we get
2 3 By 20 2bc b2 B

V=R T 2" a +y+7+7_7’

v=

for the length of AP.

4 Found from.
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Puispar le troifiefme terme il faut chercher glafeconde
quantité, &onagg 0 g ee--4 be--2 cd - bb+dd.

Puispar le penultiefme il faut chercher 5 1a penultiefme
2bbccdd 2 becdd.

quantité, quiefth’o—; — Etainfi il fau-
droit continuer fuinant ce mefme ordreiufquesa lader-
niere, s'ily en anoit d’auantage en cete fomme ; carc’eft
chofe qu'on peut toufiours faire en mefme fagon.

Puis parle terme qui fuit en ce mefme ordre, quieft
icy le quatriefme, il faut chercherla quantité v, &on a

red ybee  bbe ace rbe  bec bhea
v -Gy gy et T
oumettanty au lieud’e quiluy eft efgalon a

1y, _;by] bby 2cy. zﬁ f’_‘_‘, H:cc.;
v0 Yy=ag Tt oaa--Td

woo?
pourlaligne A P,
Etainfilatroifiefme equation, qui eft
Xx 3 X%
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w2beddg-- 2bedoex--2cddvz - 1b6deve -- bddss Fbddvv-
bdd %ceikieev-

cecddsspeddwv,
~37% ala mefme forme que
x%--2f3+f, en fuppofant fefgal a 7, fi bienque il
y a derechef equation entre--2f, ou--2%, &

Wrbcdd--2bede -2 cddv--2bdev. & it
bddvuceeeev--ddv ol ou connot que

bedd-—-bedet bddz ¥ coex
. s
la quantite v eft Ad i bde—cex k Adg

C’eftpourquoy
compofant la
ligne AP, de
HAY, cete fomme ef-
F A M P G gale 2 v dont
toutesles quan.
tits font connués, & tirant du point Painfi tround, vne
ligne droite vers C, elle y couppe la courbe GE a an-
gles droits. quieft ce qu'ilfalloit faire. Et ie ne voy rien
qui empefche, qu'on n’eftende ce problefme en mefme
fagon a toutes les lignes courbes,qui tombent fous quel-
que calcul Geometrique. ;
Mefme ileft aremarquer touchant la derniere fom-
me, qu'on prent a difcretion, pour remplir le nombre
des dimenfions de I'autre fomme , lorfqu'il y enman-
que , comme nous auons pris tantoft
yr+fyr4gg yy=+h’y+k*; quelesfignes + & -
y peuuent eftre fuppofcs tels, qu'on veut, fans que la Ii-
gnev, ou AP, fe tronuediverfe pourcela, comme vous
pourrgsayfement voir par experience. car s'il falloit que
ie m'areftaflea demonftrertous les theorefmes dontfie
ais
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Again, the third™ equation, namely,

2bcd®z —2bcdez — 2cdvz— 2bdevz — bds® + bd? V' —cd?s’ + cd??

7+ bd et +Ev—dv !

is of the same form as z2—2fz+f? where f=2, so that —2f or —2z
must be equal to
2bcd® —2bcde—2ed’y — 2bdev
bd?+cé +ev—dtv ’

whence
bed? —bede+ bd*z+cé 2
cd*+bde—Ez+d%z

v=

Therefore, if we take AP equal to the above value of v, all the
terms of which are known, and join the point P thus determined
to C, this line will cut the curve CE at right angles, which was required.
I see no reason why this solution should not apply to every curve to
which the methods of geometry are applicable.™

It should be observed regarding the expression taken arbitrarily to
raise the original product to the required degree, as we just now took

Y'Y gy Ry R,
that the signs 4 and — may be chosen at will, without producing dif-

ferent values of v or AP."™ This is easily found to be the case, but if
I should stop to demonstrate every theorem I use, it would require a

51 First member of the third equation.

5] [ et us apply this method to the problem of constructing a normal to a para-
bola at a given point. As before, sz=22+v2 —2vy+y2 If we take as the
equation of the parabola 22 = ry, and substitute, we have

s2=ryte2—2up+32 or 32+ (r—20)y+v2—s2=0.
Comparing this with y2—2cy+e2=0, we have r—2v=—2¢; 12 —s*> =¢?;
-u=2:+e. Since e=y, v.=§+y. Let AM=y and v=AP; then

AM — AP = MP = one-half the parameter. Rabuel, p. 314.

199 Tt will be observed that Descartes did not consider a coefficient, as a, in the
general sense of a positive or a negative quantity, but that he always wrote the
sign intended. In this sentence, however, he suggests some generalization.
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much larger volume than I wish to write. I desire rather to tell you
in passing that this method, of which you have here an example, of sup-
posing two equations to be of the same form in order to compare them
term by term and so to obtain several equations from one, will apply
to an infinity of other problems and is not the least important feature
of my general method.™

I shall not give the constructions for the required tangents and nor-
mals in connection with the method just explained, since it is always
easy to find them, although it often requires some ingenuity to get short
and simple methods of construction.

119] The method may be used to draw a normal to a curve from a given point,
to draw a tangent to a curve from a point without, and to discover points of
inflexion, maxima, and minima. Compare Descartes’s Letters, Cousin, Vol. VI,
p. 421. As an illustration, let it be required to find a point of inflexion on the
first cubical parabola. Its equation is ¥ =a2#. Assume that D is a point of
inflexion, and let CD =y, AC=x, PA=s, and AE=7~. Since triangle PAE is

similar to triangle PCD we have xﬂ-s___g , whence x=;y_:—_g_ Substituting in

2
the equation of the curve, we have y3—a—:y- +a2s=0. But if D is a point of

inflexion this equation must have three equal roots, since at a point of inflexion
there are three coincident points of section. Compare the equation with

93 —3ey2+3e2y —e3 =0.

Then 3¢2=0 and e=0. But ¢ =y, and therefore y = 0. Therefore the point of
inflexion is (0, 0). Rabuel, p. 321.

x, 8 o
ho—~
€ A P

It will be of interest to compare the method of drawing tangents given by
Fermat in Methodus od disqwirendam mazximam et minimam, Toulouse, 1679,
which is as follows: It is required to draw a tangent to the parabola BD from a

Bc?

point O without. From the nature of the parabola %IT)> B - since O is without the
0O

2 =2 -2
curve. But by similar triangles z‘% = (_:E‘—. Therefore ¢b >§_. Let CE=ag,
o’ TE: DI” TE?

— —— . — d 02 .
Cl=¢, and CD=d; then DI=d—e¢, and d—__—e>m, whence

de? — 2ade > — aZe.

Dividing by e, we have de —20d > — a®. Now if the line BO becomes tangent to
the curve, the point B and O coincide, de —2ad = — a2, and ¢ vanishes; then
2ad = a? and ¢ = 2d in length. That is CE =.2CD.
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fais quelque mention, ieferois contraint d’efcrire va vo-
lume beaucoup plus gros que ie ne defire. Maisie veux
bien en paffant vous avertir que l'inuention de fuppofer
deux equations de mefme forme, pour comparer fepa-
rementtouslestermes del’'vne a ceux de 'autre, & ainfi
en faire naiftre plufieurs d’'vnefeule, dont vous auesvit
icy vnexemple, peut feruir a vne infinité d’autres Pro-
blefmes, & n’eft pas 'vne des moindres de la methode
dontie me fers.

Ien’adioufte point les conftructions, pas lefquelles on
peut defcrire les contingentes ou les perpendiculaires
cherchées, enfuite du calcul queie viensd'expliquer, a
caufe qu'ileft toufiours ayf€de les tronuer: Bienque fou-
uenton ait befoin d’vn peu d'adrefle, pour les rendre
courtes & fimples.

Comme par exemple, fiD Ceft la premiere conchoi- Exemple
de des anciens, delacon-
dont A foit le po- 3:‘:‘};‘;:
le, & BH la regle: blefme.cn
en forte que tou- choide.
tes les lignes droi-
tes qui regardenc
vers A, & font
comprifes entrela
A courbe CD, &la

droite BH , com-

me DB & CE, foient efgales: Et qu'on veuille trouuer
le ligne C G qui la couppe au point C a angles droits.
Onpourroit en cherchant, dans la ligne B H, le point
par ol cete ligne C G doicpaffer, felon la methode icy
expli-
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expliquet, Sengager dans vn calcul autant ou plus Jong
qu’aucundes precedens: Et toutefois la conftruction,qui
deuroit aprés en eftre deduite , eft fort fimple. Car ilne
faut que prendre C Fenla ligne droite CA, & la faire
efgale 2 CH qui eft perpendiculaire fur H B : puis du
pointFtirer F G, parallele 2 BA, & efgalea EA: au
moyen de quoy ona le point G, par lequel doit paffer
C Glalignecherchée.

Aurefteaffin que vous fgachiées que la confideration
des lignes conrbes icy propofée n'eft pas fans vfage, &
qu’elles ont diuerfes proprietés, quine cedent en rien a
celles des fections coniques,ie veux encore adiouftericy
I'ex plicationde certaines Quales, que vousverrcs eftre
tresvtiles pour la Theorie de la Catoptrique , & dela
Dioptrique. Voycy lafacondontieles defcris.

Premierement ayant tir¢ les lignes droites FA , &
AR, quis’entrecouppentaupoint A, fans qu’il importe
aquelsangles, ie prensenl'vne le point F a difcretion,
ceftadire plus oumoins efloignedu point A felon que

e
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Given, for example, CD, the first conchoid of the ancients (see page
113). Let A be its pole and BH the ruler, so that the segments of all
straight lines, as CE and DB, converging toward A and included
between the curve CD and the straight line BH are equal. Let it be
required to find a line CG normal to the curve at the point C. In try-
ing to find the point on BH through which CG must pass (according
to the method just explained), we would involve ourselves in a calcula-
tion as long as, or longer than any of those just given, and yet the
resulting construction would be very simple. For we need only take
CF on CA equal to CH, the perpendicular to BH; then through F
draw FG parallel to BA and equal to EA, thus determining the point
G, through which the required line CG must pass.

To show that a consideration of these curves is not without its use,
and that they have diverse properties of no less importance than those
of the conic sections I shall add a discussion of certain ovals which you
will find very useful in the theory of catoptrics and dioptrics. They

115



GEOMETRY

may be described in the following way: Drawing the two straight lines
FA and AR (p. 114) intersecting at A under any angle, I choose arbi-
trarily a point F on one of them (more or less distant from A accord-
ing as the oval is to be large or small). With F as center I describe a
circle cutting FA at a point a little beyond A, as at the point 5. I then
draw the straight line 56"*" cutting AR at 6, so that A6 is less than AY,
and so that A6 is to A5 in any given ratio, as, for example, that which
measures the refraction,” if the oval is to be used for dioptrics. This
being done, I take an arbitrary point G in the'line FA on the same side
as the point 5, so that AF is to GA in any given ratio. Next, along the
line A6 I lay off RA equal to GA, and with G as center and a radius
equal to R6 I describe a circle. This circle will cut the first one in two
points 1, 1" through which the first of the required ovals must pass.

Next, with F as center I describe a circle which cuts FA as little
nearer to or farther from A than the point 5, as, for example, at the
point 7. I then draw 78 parallel to 56 and with G as center and a radius
equal to R8 I describe another circle. This circle will cut the one
through 7 in the points 1, 1" which are points of the same oval. We
can thus find as many points as may be desired, by drawing lines paral-
lel to 78 and describing circles with F and G as centers.

usl The confusion resulting from the use of Arabic figures to designate points
is here apparent.

(%3 That is, the ratio corresponding to the index of refraction.

&1 “Ay point 1.”

b1 “Ay point 1.”
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ie veux faire ces Quales plus ou moins grandes, &dece
point F comme centre ic defcris vncercle , quipaffe
quelque peu au deladu point A, comme par le point 5,
puis de ce point s ie tirela ligne droite 5 6, qui couppe
l'autre au point 6, en forte qu° A ¢ foit moindre qu’ A 5,
felon telle proportion donnée qu'on veut, a fgauoir fe-
loncelle qui mefure les Refra&tions fi ons’en veut fer-
vir pour la Dioptrique. Aprés celaie prens aufly le point
G, enlaligne F A,du coftéou eft lepoint 5, a difcretion,
¢’eft adire enfaifant queleslignes AF & G A ont entre
elles telle proportion donnée qu'on veut. Puis ie fais
R AefgaleaG Aen laligne A 6. & ducentre Gdefcri-
uant va cercle, dont le rayon foit efgal & R 6, il couppe
l'autre cercle de part & d’autre au point 1, quieft'vade
ceux par o doit paffer la premiere des Quales cher-
chées. Puisderechef du centre F ie defcris vn cercle,
qui pafle vn peuaudega, ouan dela dupoint 5, comme
par le point 7, & ayant tir¢ la ligne droite 7 8 parallele a
56, ducentre G ie defcris vnautre cercle, dont le rayon
eftefgalala ligne R8. & ce cercle couppe celuy qui
pafle par le point 7 au point 1, qui eft encore I'vn de ceux
dela mefme Ouale. Et ainfi on en peut trouuer au-
tant d'autres qu'on voudra , en tirant derechef d'au-
tres lignes paralleles 2 7 8, & d'autres cercles des centres
F, &G.

Pourlafeconde Ouale il n’y a point de difference, fi-
non qu'aulieud’ A Rilfautde l'autrecofté du point A
prendre A Sefgal2 A G, & que le rayon du cercle de-
fcrit du centre G, pour coupper celuy qui cft deferit du
centre F & qui paffe par lc point 5, foit efgal a la

Yy ligne
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ligne S 6; ou qu'il foit efgala S 8, fi c’eft pour coupper
eeluy qui pafle par le point 7. & ainfi des autres, au
moyen dequoy ces cercles s'entrecouppent aux poins

marqués 2, 2, qui font ceux de cete feconde Ouale
A2X.

Pour latroifiefme, & la quatriefme, au lieu de laligne
A Gilfaut prendre A H de I'autre coft¢ du point A, 2
fGauoir du mefme qu’eft le point F. Etilya icy de plus
a obferuer que cete ligne A H doit eftre plus grande que
A F:laquelle pent mefme eftre nulle, en forte que le
pointF ferencontreou eft le point A, en ladefcription
detoutescesouales. Apréscela les lignes AR, & A S
eftant efgalesa A H , pour defcrire la troifiefine ouale
A3 Y,icfaisvncercle du centre H, dont le rayon eft

efgal
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In the construction of the second oval the only difference is
that instead of AR we must take AS on the other side of A, equal
to AG, and that the radius of the circle about G cutting the circle about
F and passing through 5 must be equal to the line S6; or if it is to cut
the circle through 7 it must be equal to S8, and so on. In this way the
circles intersect in the points 2, 2, which are points of this second oval
A2X,

To construct the third and fourth ovals (see page 121), instead of
AG I take AH on the other side of A, that is, on the same side as F.
It should be observed that this line AH must be greater than AF, which
in any of these ovals may even be zero, in which case F and A coincide.
Then, taking AR and AS each equal to AH, to describe the third oval,
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A3Y, I draw a circle about H as center with a radius equal to S6 and
cutting in the point 3 the circle about F passing through 5, and another
with a radius equal to S8 cutting the circle through 7 in the point also
marked 3, and so on.

Finally, for the fourth oval, I draw circles about H as center with
radii equal to R6, R8, and so on, and cutting the other circles in the
points marked 4."*

0l Tn a1l four ovals AF and AR or AF and AS intersect at A under any
angle. F may coincide with A, and otherwise its distance from A determines the
size of the oval. The ratio A5 : A6 is determined by the index of refraction of
the material used. In the first two ovals, if A does not coincide with F it lies
between F and G, and the ratio AF : AG is arbitrary. In the last two, if F does
not coincide with A it lies between A and H, and the ratio AF : AH is arbitrary.
In the first oval AR = AG and the points R, 6, 8 are on the same side of A. In
the second oval AS = AG and S is on the opposite side of A from 6, 8. In the
third oval AS= AH and S is on the opposite side of A from 6, 8. In the fourth
oval AR =AH and R, 6, 8 are on the same side of A. Rabuel, p. 342.

120



LivrRE SECOND, 355

efgal 2 S 6, qui couppe aupoint 3 celuy du centre T, qui
paffe par le point 5; & vnantre dontle rayon eft efgala
S 8, qui couppe celuy qui paffe par le point 7, au point
aufly marqué 3; &ainfi des autres. Enfin pour ladernicre
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oualeie fais des cercles du centre H , dont les rayons
font efgaux aux lignes R 6,R 8, & femblables, qui coup-
pent les autres cercles aux poins marqués 4.

On pourroit encore trouuer vne infinité d'autres
moyens pour defcrire ces mefmes ouales. comme par
exemple, on peut tracer lapremiere AV, lorfqu’on fup-
pofe leslignes FA & A G eftre efgales, fi on divife Ia
toute F G au point L, enforte que F L foitaL G, com-

meA §2A 6. c'efta dire quclles ayent la proportion,
qui mefure les refractions. Puisayant dinif¢ A L en deux
partiesefgalesaun point K, qu'on face tourner vne reigle,
comme F E, autour du point F, enpreflant dodoigt C,
la chorde E C, qui eftant attachée aubout de cetereigle
vers E, fereplie de C vers K, puis de K derechef versC,
& de C vers G, oufonautre bout foit attaché , enforte
que lalongeur de cete chorde foit compofée de celle
deslignes G A plus A L plus FE moins AF. & cefera
Ie mouuement du point C, qui defcrira cete ouale , a
Timitation de cequia cftéditenla Dioptriq;de IEllipfe,

&
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There are many other ways of describing these same ovals. For
example, the first one, AV (provided we assume FA and AG
equal) might be traced as follows: Divide the line FG at L so that
FL : LG=AS5: A6, that is, in the ratio corresponding to the index
of refraction. Then bisecting AL at K, turn a ruler FE about the
point F, pressing with the finger at C the cord EC, which, being
attached at E to the end of the ruler, passes from C to K and then
back to C and from C to G, where its other end is fastened. Thus the
entire length of the cord is composed of GA-+AL+FE—ATF, and the
point C will describe the first oval in a way similar to that in which the
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ellipse and hyperbola are described in La Dioptrique."™ But I cannot
give any further attention to this subject.

Athough these ovals seem to be of almost the same nature, they
nevertheless belong to four different classes, each containing an infinity
of sub-classes, each of which'in turn contains as many different kinds
as does the class of ellipses or of hyperbolas; the sub-classes depend-
ing upon the value of the ratio of A5 to A6. Then, as the ratio of AF
to AG, or of AF to AH changes, the ovals of each sub-class change in
kind, and the length of AG or AH determines the size of the oval.™™

If A5 is equal to A6, the ovals of the first and third classes become
straight lines ; while among those of the second class we have all pos-
sible hyperbolas, and among those of the fourth all possible ellipses.”

In the case of each oval it is necessary further to consider two por-
tions having different properties. In the first oval the portion toward
A (see page 114) causes rays passing through the air from F to con-
verge towards G upon meeting the convex surface 1Al of a lens
whose index of refraction, according to dioptrics, determines such
ratios as that of A5 to A6, by means of which the oval is described.

%] See the rotes on pages 10, 55, 112.

B Compare the changes in the ellipse and hyperbola as the ratio of the length
of the transverse axis to the distance between the foci changes.

1% These theorems may be proved as follows: (1) Given the first oval, with
A5=A6; then RA=GA; FP=F5; GP=R6=AR—R6=GA— A5 =GS5.
Therefore FP+ GP = F5+ GS5. That is, the point P lies on the straight line FG.
(2) Given the second oval, with A5=A6; then F2=F5=FA+AS5;
G2=56=SA+ A6 =SA+AS5; G2—F2=SA —FA=GA—FA=C, There-
fore 2 lies on a hyperbola whose foci are F and G, and whose transverse axis is
GA —FA. The proof for the third oval is analogous to (1) and that for the
fourth to (2).

It may be noted that the first oval is the same curve as that described on
page 98. For FP=F5, whence FP—AF = A5, and AR=AG; GP =R6;
AG— GP = A6. If then A5 : A6=d : ¢ we have, as before,

FP—AF : AG—GP=d:e
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& del'Hyperbole. mais ie ne veux point m'arefter plus
longtems fur ce fuiet.

Orencore que toutes ces ouales femblent eftre quafi
de mefme nature,elles font neanmoins de 4 diuers gen-
res, chafcun defquels contient fous foy vne infinité d'au-
~ tres genres, quiderechef contienent chafcun autant de
diverfesefpeces, que fait le genre des Ellipfes,, ou celuy
des Hyperboles. Carfelon que la proportion, quieft en-
tre leslignes A 5, A 6, oufemblables, eft differente ; le
genre fubalterne de cesouales cft different. Puis felon
quelaproportion, quieftentreleslignes A F, & A G,ou
A H, eft changée, les ouales de chafque genre fubalter-
ne changentd’efpece. Etfelonqu’A G,ou AHeft plus
ou moins grande, ellesfont diuerfes en grandeur. Et fi
leslignes A § & A 6 fontefgales, au lieudesouales du
premier genreoudutroifiefme, onne defcrit que des
Jignes droites; mais au lieu de celles dufecond on atou-
tesles Hyperboles poffibles; & aulieu decellesduder-
nier toutes les Ellipfes.

Outre cela en chafcone de cesouales il fant confiderer Les pro-
deux parties, qui ont dinerfes proprietés ; a fgavoir enla Prictés de

premiere, la partie qui eft vers A, fait que les rayons, qui covchaoe
eftant dansl'air vienent du point F, fe retouruent tous o rche:
vers le point G, lorfqu’ils rencontrent la fuperficie con- les rcfra-
vexe d'vn verre,dont la fuperficieeft 1 A 1, & dans le. ="
quel lesrefractions fe font telles , que fuivant ce qui a
efté dic en la Dioptrique, elles peuuent toutes eftre me-
furées par lapropertion , qui eft entreles lignes A5 &
A 6,0u femblables, par I'ayde defquelles on a defcrit cete
ouale,

Yy 3 Mais
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Mais la partie, quieft vers V, fait que les rayons qui
vienent du point G fe reflefchiroienttous vers F, s'ilsy
rencontroient la fuperficie concaue d’vn mifoir, dontla
figure fuft 1 V 1, & qui fuft de telle matiere qu'il di-
minuaft la force de ces rayons,felon la proportion qui eft
entreleslignes A5 & A 6: Cardecequiaefté demon-
ftrd enla Dioptrique, il eft evident que cela pofé, les an-
glesdelareflexion feroient inefgaus, aufly bien que font

ceux de la refradtion, & pourroient eftre mefurds en
mefie forte.

Enlafeconde oualela partie 2 A 2 fert encore pourles
reflexions dont on fuppofe les angles eftre inefgaux. car
eftantenla fuperficie d’vn miroir compof¢ de mefme
matiere que le precedent,elle feroit tellement reflefchir
tous les rayons, qui viendroientdu point G, qu’ils fem-
bleroient aprés eftre reflefchis venirdu point F. Et il
eft aremarquer, quayant fait la ligne A G beaucoup

plus
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But the portion toward V causes all rays coming from G to converge
toward F when they strike the concave surface of a mirror of the
shape of 1V1 and of such material that it diminishes the velocity of
these rays in the ratio of A5 to A6, for it is proved in dioptrics that in
this case the angles of reflection will be unequal as well as the angles
of refraction, and can be measured in the same way.

Now consider the second oval. Here, too. the portion 2A2 (see
page 118) serves for reflections of which the angles may be assumed
unequal. For if the surface of a mirror of the same material as in the
case of the first oval be of this form, it will reflect all rays from G,
making them seem to come from F. Observe. too, that if the line AG
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is considerably greater than AF, such a mirror will be convex in the
center (toward A) and concave at each end; for such a curve would
be heart-shaped rather than oval. The other part, X2, is useful for
refracting lenses; rays which pass through the air toward F are re-
fracted by a lens whose surface has this form.

The third oval is of use only for refraction, and causes rays travel-
ing through the air toward F (page 121) to move through the glass
toward H, after they have passed through the surface whose form is
A3Y3, which is convex throughout except toward A, where it is sligh’tly
concave, so that this curve is also heart-shaped. The difference between
the two parts of this oval is that the one part is nearer F and farther
from H, while the other is nearer H and farther from F.

Similarly, the last of these ovals is useful only in the case of reflec-
tion. Its effect is to make all rays coming from H (see the second
figure on page 121) and meeting the concave surface of a mirror of
the same material as those previously discussed, and of the form
A4Z4, converge towards F after reflection.

The points F, G and H may be called the “burning points” “* of
these ovals, to correspond to those of the ellipse and hyperbola, and
they are so named in dioptrics.

I have not mentioned several other kinds of reflection and refraction
that are effected”™ by these ovals ; for being merely reverse or opposite

effects they are easily deduced.
%) That is, the foci, from the Latin focus, “hearth.” The word focus was
first used in the geometric sense by Kepler, Ad Vitellionem Paralipomena, Frank-

fort, 1604, Chap. 4, Sect. 4.
0] “Reglées.”
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plus grande que A F, ce miroir feroit conuexe au milieu,
vers A, & concaue aux extrémitez: cartelle eft laf gure
decetc ligne, qui en cela reprefente plutoft vn coeur
qu’vneouale,

Mais fon autre partie X 2 fert pour les refractions, &
fait queles rayons, qui eftant dans 'air tendent vers F.fe

detournent vers G, en trauerfant la fuperficie d’vn ver-
re, qui enaitla figure.

Latroifiefme ouale fert toure anx refractions , & fait
que les rayons, qui eftant dans Pair tendent vers F,fe
vont rendre vers H dansle verre, aprés qu'ils ont trauer-
f¢fa foperficie,dont lafigure e A3 Y 3, qui eft conue-
xe partout,exceptévers Aol elleeft vn peuconcaue,en
forte qu'elle ala figure d’vn coenr aufly bien que la pre-
cedente. Etladifference quieftentre les deux parties
de ceteouale, confifte en ce que le point F eft plus pro-
chede I've, que n'eft le point H; & quil eft plus
elloigné'de Tautre, que ce mefme point H.

En mefme fagonladerniere ouale fert toute aux re-
flexions, & fait que fi les rayons,qui vienent du point H,
rencontroient la fuperficie concaue d'vn miroir de mef.
me matiere que les precedens, & dont lafigure fuft A 4
Z4, ilsfereflefchiroient tousvers F,

De fagon qu’on peut nommer les poinsF, & G, on H
lespoins bruflans de ces ouales, a I'exemplede ceux des
EHipfes, & des Hyperboles, qui ont efté ainfi nommés
enla Dioptrigque.

Tomets quantit¢ d’autres refractions, & reflexions,
qui font reiglées par ces mefmes ouales : car neftant
que les conuerfes, on les contraires de celles cy,cllesen

peuuent
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Demou- peuuent facilement eftre deduites. Mais il ne faut pas

fteation
des pro-

quei'omette lademonftration de ceque iay dit. & acet

prietés de effec, prenons par exemple le point C a difcretionenla

cesouales

touchane premiere partie de la premiere de cesouales ; puis tirons

les refle-
xions &
refra-
&ions,

la ligne droite
CP, quicoup-

? pela courbe au
PN \ point C 2 an-
F A M P G glesdroits, ce-

qui eft facile
par le problefme precedent ; Carprenant & pour AG, ¢
pour AF, ¢ -+ pour F C; & fuppofant que la propor-
tion qui eft entre d& e, que ic prendray icy toufiours
pour celle qui mefure les refractions du verre propofc,
defigne auffy celle qui eft entreles lignes A 5, & A6, ou
femblables, qui ont ferui pour defcrire cete ouale,ce qui

donnes --;;_{ pour G C: ontrouue quelaligne A Peft

bedd - bede | bddz o ceex. | . ¢
~ T s “‘:_‘:{' ainfiqu'ila eft¢monftrecy deflus.

De plusdu point P ayant tir¢' P Q_a angles droits fur I
droite F C, & P N auffy a angles droitsfur G C,confide-
ronsque iPQeff2 PN, commedeft ae, ceft 2 dire,
comme les lignes qui mefurent les refractions du verre
conuexe A C, lerayon qui vient du point F au point C,
doit tellement s’y courber en entrant dans ce verre, qu'il
saille rendre aprés vers G: ainfi qu'il eft tres euident de
cequiaefté diten la Dioptrique. Puis enfin voyons par
le calcul, s'ileft vray, que P Qfoit 2 PN ; comme 4 eft
e, Les triangles reGtangles P QF, & C M F font fem-

blables;
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I must not, however, fail to prove the statements already made. For
this purpose, take any point C on the first part of the first oval, and
draw the straight line CP normal to the curve at C. This can be done
by the method given above,"™ as follows;

Let AG=b, AF—=c, FC—c+=2. Suppose the ratio of d to e, which
I always take here to measure the refractive power of the lens under
consideration, to represent the ratio of A5 to A6 or similar lines used
to describe the oval. Then
e

GC=b6~ 7

2,

whence
_bed® —bede+-bd’z+-ce'z

AP= bde+-cd® +d°z—é*z

From P draw PQ perpendicular to FC, and PN perpendicular to GC."™
Now if PQ : PN=d : ¢, that is, if PQ: PN is equal to the same
ratio as that between the lines which measure the refraction of the
convex glass AC, then a ray passing from F to C must be refracted
toward G upon entering the glass. This follows at once from dioptrics.

"] See page 115,
U Here PQ is the sine of the angle of incidence and PN is the sine of the
angle of refraction. The ray FC is reflected along CG.
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Now let us determine by calculation if it be true that PQ : PN=d : e.
The right triangles PQF and CMF are similar, whence it follows that

FP'CM=PQ. Again, the right triangles

CF
PNG and CMG are similar, and therefore GI;:(;:M =PN. Now since

CF: CM=FP: PQ, and

the multiplication or division of two terms of a ratio by the same num-

FP.CM GP.CM . s
ber does not alter the ratio, if “C¢F ' cg = d: ¢, then, dividing

each term of the first ratio by CM and multiplying each by both CF
and CG, we haye FP.CG : GP.CF=d : e. Now by construction,

bed*—bcde-+-bd?z+-ce’z

FP=c+= il bde_cztd’z
or FP= bed?+c?d*+-bd*z+-cd’z
= cd*+-bde—e*z4-d*z
and e
CG=b— ; z2.
Then :
FP CG_b’cd"’-l—bc?d’—|-b2d22:~|—bcdzz—-bcde.s—c2de,z'—bde,’z’—cdez2
it cd?*+bde—e*z+d*z '
Then bed*—bcde+-bd
cd®*—bcde+-bd*z+ce’z
GP=6——, cdtbde—eztd'z
or

_dee—i—bcde be*z—ce’s
= cd*+bde—e*zt+dz

and CF=c—+2z. So that

b*cde-+-bc*de+-b*dez+bedez—beetz—c?e?z — be""——ce’f:2
cd®*-bde—e’z--d*z

GP.CF=
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blables; d'oltil fuit qu»e/C FeftaCM,commeFP efta
P Q; & parconfequent que FP, eftant multiplice par
CM, & divifée par CF, effefgaleaP Q. Tout de mef-
me les triangles reanglesPNG, & CMG font fem-
blables; d’ott il fuit que G P, multipliée par C M, & diui-
féepar C G, eftefgaleaP N. Puisa caufe que les mul-
tiplications, ou diuifions, qui fe font de deux quantitcs
par vne mefme, ne changent point la proportion qui eft
entre elles; fi F P multiplide par C M; & divifée par CF,
eft 2 G P multiplide aufly par CM & divifee par CG;
comme deft 2 e, en dinifant I'vne &ii'autre de ces deux
fonmes par CM , puis les multipliant toutes deux par
CF,& derechefpar C G,ilrefte F P multiplide par CG,
qui doiteftre 2 G P multiplice par CF, comme d eftae
Orpar laconftru@ion F Peft ¢ ™ :;‘id;::d;”;::{i’i‘.“_“_

oubien F P 20 bedd g ccdd g bddz. ik cddz.
Ddesgecdd 5 A5 —eev X CGetlt

b - —:, % fibienque multipliant F P par CG il vient

bbedd v becdd g bbaddz g beAdz -- bedeg, - codex, -~ bdexs -- sdexy.
bde ¥ cdd W Ad ] - eex .
. -- bedd B bedg -- bddz. - - cee L, .
PuisGPeft b =75 1. rid g dde - ece. - OUDICD

bbde Yo bede - beex --ceez

GPx “bde o} cdd AT -- ez &CFefte+ L

fibienque multipliant G P par CF , il vient

bbede g beede -- besez - - ceez. v bbdeq v bedeT -- beezz -- ceoxx.
bde-ts cdd e ddz —eez

Et pourcequela premicre de ces fommes diuifce par 4,

eft la mefme que lafeconde diuifée par e, il eft manifefte,

que F P makiplide par C G eft a G P multipliée par CF;
Zz Ceft
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c'eftadireque PQeft AP N, commed eft2 e, qui eft
tout ce qu'ilfalloit demonttrer.

Etfgachés, que cete mefme demonftration s’eftend
a tout cequi a eft€ dit des autres refraions ou refle-
xions, qui fe font dans lesouales propofées; fans qu'il y
faille changer aucune chofe, que les fignes + & -- du
calcul. c’eft pourquoy chafcunles peut ayfement exa-
miner de foymefme, fans quil foit befoin que ie m'y
arefte.

Mais il faut maintenent, queie fatisface a ce queiay
omis en la Dioptrique, lorfqu’aprés auoir remarqué,qu'il
peuty anoirdes verres de plufieurs dinerfes figures, qui
facentaufly bien I'vn que Fautre, que les rayons venans
d'va mefme point de 'obiet, s’affemblent tous en vn au.
tre point aprés les anoir traverfes. & qu'entre ces verres,
ceux qui font fort conuexes d’un cofté, 8 concaues de
I'autre, ont plus deforce pour brufler, que cenx qui font
efgalement conuexes des deus eoftés. au lieu que tout
au contraire ces derniers font les meilleurs pour leslune-
tes. ie me fuiscontented’expliquerceux, que i‘ay cril
cltre les meilleurs pour la prattique, en fuppofant la diffi-
cult€ que les artifans peuuent auoir a les tailler. Cleft
pourquoy,affin qu'il ne refte rien afouhaiter touchant la
theorie de cete fcience, ie doy expliquer encoreicy [afi-
gure desverres, qui ayant I'vne de leurs fuperficies au-
tant conuexe, au concaue, qu'onvoudra, ne kaiffent pas
de faire que tousles rayons , qui vienent vers eux d'va
mefme point, ou paralleles , s'affemblent aprés en vn
mefme point ; & celle des verres qui font le femblable,
eftant efgalement conuexesdes deux coftds , oabienla

conue-
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The first of these products divided by d is equal to the second divided
by e, whence it follows that PQ: PN=FP.CG: GP.CF=d : ¢,
which was to be proved. This proof may be made to hold for the
reflecting and refracting properties of any one of these ovals, by proper
changes of the signs plus and minus; and as each can be investigated
by the reader, there is no need for further discussion here."™

It now becomes necessary for me to supplement the statements made
in my Dioptrique™ to the effect that lenses of various forms serve
equally well to cause rays coming from the same point and passing
through them to converge to another point ; and that among such lenses
those which are convex on one side and concave on the other are more
powerful burning-glasses than those which are convex on both sides;
while, on the other hand, the latter make the better telescopes."™ I
shall describe and explain only those which I believe to have the great-
est practical value, taking into consideration the difficulties of cutting.
To complete the theory of the subject, I shall now have to describe

U™ To obtain the equation of the first oval we may proceed as follows: Let
AF=¢; AG=b; FC=c+3; GC=6— —ZTz. Let CM=x, AM=y. FM=c+y;
GM = b—y. Draw PC normal to the curve at any point C. Let AP=v. Then
TR =CM*+ FM’. Also, c2+2cz+ 22 = #2+ ¢ +2cy + 32, whence

s=—c+V 22+ c2+2cy+y2
Also, CG?= CM*+ GM?, whence

bz—Z%z +%z2 = x2+b2 —2by+3y2

Substituting in this equation the value of z obtained above, squaring, and simplify-
ing, we obtain:

[ (d2—e?) 22+ (d*—e’);vz—2(:21:-!-bd’)y—2ec(e¢:—bd)]2
=42 (bd+ec)2(22+ c2+2cy+132). Rabuel, p. 348.

0 Descartes: La Dioptrigue, published with Discours de la Methode, Leyden,
1637. See also Cousin, vol. III, p. 401.

07 “T ynetes.” The laws of reflection were familiar to the geometers of the
Platonic school, and burning-glasses, in the form of spherical glass shells filled with
water, or balls of rock crystal are discussed by Pliny, Hist. Nat. xxxvi, 67 (25)
and xxxvii, 10. Ptolemy, in his treatise on Optics, discussed reflection, refraction,
and plane and concave mirrors.
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again the form of lens which has one side of any desired degree of con-
vexity or concavity, and which makes all the rays that are parallel or
that come from a single point converge after passing through it; and
also the form of lens having the same effect but being equally convex
on both sides, or such that the convexity of one of its surfaces bears a
given ratio to that of the other.

In the first place, let G, Y, C, and F be given points, such
that rays coming from G or parallel to GA converge at F after
passing through a concave lens. Let Y be the center of the inner sur-

-face of this lens and C its edge, and let the chord CMC be given, and

also the altitude of the arc CYC. First we must determine which of
these ovals can be used for a lens that will cause rays passing through
it in the direction of H (a point as yet undetermined) to converge
toward F after leaving it.

There is no change in the direction of rays by means of reflection or
refraction which cannot be effected by at least one of these ovals; and
it is easily seen that this particular result can be obtained by using either
part of the third oval, marked 3A3 or 3Y3 (see page 121), or
the part of the second oval marked 2X2 (see page 118). . Since
the same method applied to each of these, we may in each case take Y
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conuexitéde I'vne de leurs fuperficies ayant la propor-
tion donnéea celle de l'autre.

Pofons pour le premier cas, que lespoins G,Y, C, & F f:‘;‘;‘f‘

eftant donnés, les rayons qui vienent du point G, oubien faire va
qui font paralleles2 G A fe doiuent affembler au point ;. con.
F, aprésauoir trauerfé vaverre fi concaue , qu’ Y eftant uexe ou
_ le milien de fafuperficie interieure, Pextremite en foit ¢ yype
au point C,enforte que la chorde CM C, &lafleche defesfu.
Y M delarc CY C, font donnces. La queftion vala, gf,fff,‘"’
que premierement il faut confiderer, de laquelle desvoudss,
ouales expliquees, lafuperficieduverre Y C, doit auoir fmbl 2
lafigure, pour faire que tous Ies rayons, qui eftant de- Y2Po*
dans tendent vers yn mefine point, comme vers H , qui tousles
n’elt pas encore connu, s'aillent rendre vers vn autre, a JJ7E.
fganoirversF, aprdsen eftre fortis. Cariln’y a aucun neat d'vn
effe@ touchant le rapport des rayons changé par refle- ;,‘f,‘,ft
xion, ou refracion d’vn point a vn autre , qui ne puiffe donoé.
eftre caufé par quelqu’vne de ces onales. & on voit
ayfement que cetuycy le peut eftre par la partie de la
troifiefme Ouale, quia tantoft efté marquee 3 A 3, ou
par celle de lamefine, quiaeft¢ marquee 3 Y 3, ou enfin
parlapartie delafeconde qui aeft¢émarquée 2X 2. Et
pourceque ces trois tombent icy fous me{me calcul, on-
doittant pour I'vne, que pour l'autre prendre Y pour

Zz 2 leur

137



364 La GEOMETRIE,

leur fommet, C pourI'vn des poins de leur circonferen.
ce, & F pourI'vnde leurs poins bruflans ; aprés quoy il
nerefte plusa chercher que le point H, qui doit eftre
Vautre point bruflant. Etonle trouue en confiderant,
que ladifference, qui eft entre les lignes F Y & F C,doit
efire acelle, qui eft entreleslignes HY & H C,comme
deft de, c’eft adire,comme la plus grande des lignes qui
mefurent les refra&ions du verre propof€ eft 4la moin-
dre; zinfi quon peut voir manifeftement de 1a defcri-
ption de ces ouales. EtpourcequeleslignesFY&FC
font données, leur difference I'eft aufly , & enfuite celle
quieftentre HY & H C; pourceque la proportion qui
eftentre ces deux differences eft donnee. Et de plus a
caufe que Y Meft donnée, la difference qui eft entre
M H,& H C,I'eft aufly; & enfin pourceque C M eft don-
nce, il nerefte plus qua trouner M H le cofté du triangle

Nk

rectangle C M H, donton a Fautre coft¢ CM, & on a
auffy la difference quieft entre CHlabaze, & M Hle
coftédemand¢. d’ott il eft ayf¢dele tronuer. carfion
prent & pour excés de C H fur M H, & n pour lalongeur

”

delaligne CM, onaura :—,;-- 3 4 pour MH. Et apres

auoir ainfi le point H,s’il e troune plus loin du point Y,
que
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(see pages 137 and 138), as the vertex, C as a point on the curve,™
and F as one of the foci. It then remains to determine H, the other
focus. This may be found by considering that the difference between
FY and FC is to the difference between HY and HC as d is to ¢; that
is, as the longer of the lines measuring the refractive power of the lens
is to the shorter, as is evident from the manner of describing the ovals.

Since the lines FY and FC are given we know their difference; and
then, since the ratio of the two differences is known, we know the dif-
ference between HY and HC.

Again, since YM is known, we know the difference between MH
and HC, and therefore CM. It remains to find MH, the side of the
right triangle CMH. The other side of this triangle, CM, is known,
and also the difference between the hypotenuse, CH and the required
side, MH. We can therefore easily determine MH as follows:

n?

Let 24=CH—MH and n»=CM; then ﬁ-%k:MH, which deter-

mines the position of the point H.

17 “Circonference.”
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If HY is greater than HF, the curve CY must be the first part of
the third class of oval, which has already been designated by 3A3.

But suppose that HY is less than FY. This includes two cases:
In the first, HY exceeds HF by such an amount that the ratio
of their difference to the whole line FY is greater than the ratio of e,
the smaller of the two lines that represent the refractive power, to d,
the larger; that is, if HF—=c, and HY==c+A, then dh is greater than
2cet-eh. In this case CY must be the second part 3Y3 of the same
oval of the third class.

In the second case dh is less than or equal to 2ce+eh, and CY is the
second part 2X2 of the oval of the second class.

Finally, if the points H and F coincide, FY — FC and the curve
YC is a circle.

It is also necessary to determine CAC, the other surface of the lens.
If we suppose the rays falling on it to be parallel, this will be an ellipse
having H as one of its foci, and the form is easily determined. If,
however, we suppose the rays to come from the point G, the lens must
have the form of the first part of an oval of the first class, the two foci
of which are G and H and which passes through the point C. The
point A is seen to be its vertex from the fact that the excess of GC
over GA is to the excess of HA over HC as d is to e. For if k repre-
sents the difference between CH and HM, and # represents AM, then
x—Fk will represent the difference between AH and CH ; and if g repre-
sents the difference between GC and GM, which are given, g+}=
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quen'eneftlepoint F, laligne C Y doit eftrela premie-
re partie del'ouale du troifiefme genre,qui a tantoft eft¢
nommeée 3 A 3: Mais fiHY eft moindre que F Y, oubien
elle furpafle HF de tant, que leur difference eft plus
grandea raifondelatoute F Y, que n’eft ¢ la moindre
des lignes qui mefurent fes refrations comparée auecd
la plus grande, c’eft a dire que faifant HF 2 ¢, &
HY ¢+ h,dheftplus grande que 2ce--eb, & lors
CY doiteftre lafeconde partie de la mefme ouale du
troifiefme genre, qui atantoft eft¢énomée 3 Y 3;0ubien
d heft efgale, ou moindre que 2 ce—-eh> & lors CY
doit eftre lafeconde partie de I'ouale du fecond genre
quia cy defluseflténommece 2 X 2. Et enfin file point H
eftle mefme que le point F, ce qui n'arrine que lorfque
FY &F Clontefgales cete ligne Y Ceft vn cercle.

Aprés celail faut chercher C A G Fautre fuperficie de
ce verre, qui doit eftre vne Ellipfe, dont H foit le point
bruflantyfi on fuppofe quelesrayons qui tombent deflus
foict paralleles; & lorsil eft ay[€ de la trouuer. Mais fion
fuppofe qu'ils vienét du point G, ce doit eftrela premiere
partie d'vne ouale du premier genre,dont les deux poins
bruflans foi€t G & H, & qui pafie par le point C:d’olion
trouue le point A pour le fommet de cete ouale,en confi-
derar,que GCdoit eftre plus gride que GA ,d’vne quan-
titc,qui foit a celle dont H A furpaffe H C,comme dae.
car ayant pris £ pour la difference,quieft entre CH,& H
M, fi onfuppofe x pour A M,on aurayx -- £, pour la diffe-
rence qui eftentre A H, & C H; puis ft on prent g pour
celle, quieftentre G C, & GM, qui font données, on
aurag-+x pour celle, quieft entre GC, & GA; &

Zz 3 pour-
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Commé: pourceque cete derniere g+ x eft a lautre x - &, com-
on peut . gekdk
faire vn ‘mcdeﬁé,e, on ége—i—exaodx '-dk, oubien e

vetre, qul

aitle mef- pour la ligne x, ou A M , par laquelle on determine le

;’l‘; e boint A qui eftoit cherché,
precedét,  Pofons maintenent pour l'autre cas , qu'on ne donng

& quela . . .
conuexi- que les poins G C, & F, auecla proportion qui eft entre

b delvne Jes lignes AM, & Y M, & qu'il faille trounerla figure du

petficies verre ACY, quifacequetousles rayons, qui vienent

ait la pro- : > :
portion du point G s’affemblent au point F.

donnée  Onpeut derechef icy fe feruir de deux ouales dont

queceel Pvne, A C, ait G & H pour fes poins braflans; & Iautre,

C

C Y,ait F& H pour les fiens. Et pour les trouuer,premic-
rement fuppofant le point H quieft commun atoutes
deux eftre connu, ie cherche A M par les trois poins
G, C,H,enla fagon tout maintenent expliquée;a fgauoir
preuant £ pourladifference, quieftentreC H, &HM;
8¢ gpour cellequieftentre GC, &GM: & ACeftant

Ia premiere partie de I'Ouale du premier genre , iay

% pour A M: puis ie cherche auffly MY par les trois

poinsF, C, H,enforte que CY foit la premiere partie
d'vne ouale du troifiefine genre; & prenant y pourM Y,
&
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will represent the difference between GC and GA; and since

g+x : x—k=d: ¢, we have geter—dr—dk, or AM=x=@,
which enables us to determine the required point A.

Again, suppose that only the points G, C, and T are given, together
with the ratio of AM to YM; and let it be required to determine the
form of the lens ACY which causes all the rays coming from the point
G to converge to F.

In this case, we can use two ovals, AC and CY, with foci G and H,
and F and H respectively. To determine these let us suppose first
that H, the focus common to both, is known. Then AM is determined
by the three points G, C, and H in the way just now explained; that is
if k represents the difference between CH and HM, and g the differ-
ence between GC and GM, and if AC be the first part of the oval of the
ge+dk

—€

We may then find MY by means of the three points F, C, and H.
If CY is the first part of an oval of the third class and we take y for
MY and f for the difference between CF and FM, we have the dif-

first class, we have AM =
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ference between CF and FY equal to f+y; then let the difference
between CH and HM equal k, and the difference between CH and HY
equal k+y. Now k+y : f4y=e : d, since the oval is of the third class,

ﬁd——_a;k. Therefore, AM+MY=AY= g;tjj, whence it

follows that on whichever side the point H may lie, the ratio of the
line AY to the excess of GC+CF over GF is always equal to the ratio
of e, the smaller of the two lines representing the refractive power of
the glass, to d—e, the difference of these two lines, which gives a very
interesting theorem."™

The line AY being found, it must be divided in the proper ratio into
AM and MY, and since M is known the points A and Y, and finally
the point H, may be found by the preceding problem. We must first
find whether the line AM thus found is greater than, equal to, or less

whence MY =

than %. If it is greater, AC must be the first part of one of the

third class, as they have been considered here. If it is smaller, CY
must be the first part of an oval of the first class and AC the first part

071 “Qui est un assez beau théoréme.”
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& fpourladifference, qui eft entre CE, & FM , i'ay
f+y,pourcelle quielt entre CF, & F Y: puis ayant de-
fia % pour celle qui eft entre CH, & H M, jay & + y pout
cellequieft entre CH, & HY, que ie fcay deuorr eftre

Af-+ycommee eftad, acaufe deI’Ouale du troifiefe

V.- fe--dk, ..
genre, d'ottietrouue que y ou MY eft —— puis io1-

gnant enfemble lesdeux quantites trouuces pour A M, &

. ge % o
MY, ietrouue’ d_f:pour latoute A Y; D’ou il fuit que

de quelque cofté que foit fuppof€le point H, cete ligne
AY eft toufiours compofée d’vne quantite, qui efta cel-
ledontlesdeux enfemble G C, & C F furpaffent la tou-
te GF,Commee,lamoindre des deux lignes qui feruent
amefurerlesrefractions du verre propof¢, eftad--¢, la
difference qui eftentre ces denx lignes. cequieft vnaf-
{és beautheorefme. Or ayant ainfi la toute A Y, illa
faut couper felon la proportion que doiuent auoir fes
parties A M & M Y; aumoyende quoy pource qu'on a
defiale point M, on trouue auffyles poins A & Y ; &en
fuitele point H, par le problefme precedent. Mais au-
paravant il faut regarder,filaligne A M ainfi trouuce eft

plus grande que 7—ou plus petite, ou efgale. Carfi elle
eft plus grande, on apprent de 12 que Ia courbe A C doit
eftre la premiere partie d’vne ouale du premier genre; &
CY lapremiere d’vne du troifiefime, ainfi qu’elles ont
efté icy fuppofces: au lieu que fielleeft pluspetite , cela
monftre que c’eft C Y, quidoit efire la premiere partie
d’vne ouale dupremier genre; & que AC doit eftrela
premiere d’voe du troifiefme : Enfinfi AM eft efgale 2

e,
A

d-e
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dg_ ‘—" les deux courbes A C & C Y dowuene eftre deux hy-

perboles.

On pourroit eftendre ces deux problefmesa vne infi-
nitéd‘autres cas, que ie ne m'arefte pas a deduire,a caufe
quilsn’ont enaucunvfage en la Dioptrique.

On pourroit aufly paffer outre, & dire , lorfque I'voe
desfuperficies duverre eft donnée, pourull quelle ne
foit quetoute plate,ou compofee de fections coniques,
oude cercles; comment on doit faire fon autre fuperfi-
cie, affin qu'il tranfmette tous les rayons d'va point don-
né, avnautre poincaufly donné. car ce n'eft rien de plus
difficile que cequeie viens d’expliquer ; ou plutoft c’eft
chofe beaucoup plus facile, & caufeque le chemin en eft
ouuert. Maisiayme mieux, que d’autres le cherchent,
affinque s'ilsont encore vn peu de peine a le trouuer, ce-
la leur face d’autant plus eftimer l'innention des chofes
qui fonticy demonftrces.

Commze . AU refte ie n’ay parlé en tout cecy,que des lignes cour-
onpeur  bes, qu'on pentdefcrire fur vne fuperficie plate; mais il
appliguer eft ayf¢ de rapporter ceque i'enl ay dit, 2 toutes celles
cft¢dic  qu'on fgauroit imaginer eftre formeées , par le mouue-
}gn‘:fs ment regulier des poins de quelque cors, dans va efpace
courbes ~ qui a trois dimenfions. A fgauoigen tirant deox perpen-
(rl:rr?::s diculaires,de chafcun des poinsde la ligne courbe qu’on
fuperficic vent confiderer,fur deux plans qui s’entrecouppent aan-
P elles qir glesdroits, 'voe forl'vn, & autre {ur Pautre. carlesex-
fféffg;‘;“ tremitésde ces perpcndiculaires defcrivent deux autres
cfpace qu lignes courbes, vne fur chafcunde ces plans, defquelles

atrolsdi- on peut,en lafagon cy deflus expliquee,determiner tous
' les
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of one of the third class. TFinally, if AM is equal to % the curves

d—e’
AC and CY must both be hyperbolas.

These two problems can be extended to an infinity of other cases
which T will not stop to deduce, since they have no practical value in
dioptrics.

I might go farther and show how, if one surface of a lens is given
and is neither entirely plane nor composed of cenic sections or circles,
the other surface can be so determined as to transmit all the rays from
a given point to another point, also given. This is no more difficult
than the problems I have just explained; indeed, it is much easier since
the way is now open; I prefer, however, to leave this for others to
work out, to the end that they may appreciate the more highly the dis-
covery of those things here demonstrated, through having themselves
to meet some difficulties.

In all this discussion I have considered only curves that can be
described upon a plane surface, but my remarks can easily be made to
apply to all those curves which can be conceived of as generated by the
regular movement of the points of a body in three-dimensional space.™
This can be done by dropping perpendiculars from each point of the
curve under consideration upon two planes intersecting at right angles,
for the ends of these perpendiculars will describe two other curves, one
in each of the two planes, all points of which may be determined in the
way already explained, and all of which may be related to those of a
straight line common to the two planes; and by means of these the
points of the three-dimensional curve will be entirely determined.

U This is the hint which Descartes gives of the possibility of the extension of

his theory to solid geometry. This extension was effected largely by Parent (1666-
1716), Clairaut (1713-1765), and Van Schooten (d. 1661).
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We can even draw a straight line at right angles to this curve at a
given point, simply by drawing a straight line in each plane normal to
the curve lying in that plane at the foot of the perpendicular drawn
from the given point of the three-dimensional curve to that plane and
then drawing two other planes, each passing through one of the straight
lines and perpendicular to the plane containing it; the intersection of
these two planes will be the required normal.

And so I think T have omitted nothing essential to an understanding
of curved lines.
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les poins, &les rapporter a ceuxdelaligne dreite , qui
eft commune a ces deux plans, au moyen dequoy ceux
delacourbe, qui a trois dimenfions, font entierement
determines. Mefme fion veuttirer vne ligne droite,qu1
couppe cete courbe au point donné a anglesdronts - il
taut feulement tirer deux autres lignes droites dans les
deux plans, vne en chafcun, qui couppent aangles droits
les deux lignes courbes, qui y font, aux deux poins, ou
tombent les perpendiculaires qui vienent de ce point
donné. car ayant efleud deux autres plans, vn far chaf-
cune de ceslignes droites, quicouppea angles droits le
plan ot elle eft, onauralinterfe@ion de ces deux plans
pourlaligne droite cherchée. Et ainfi ie penfe n’auoit
rien omis des elemens, qui font neceffaires pour la con-
noiflance des lignes courbes.
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Geometry
BOOK III

ON THE CONSTRUCTION OF SOLID AND SUPERSOLID PROBLEMS

HILE it is true that every curve which can be described by a con-
tinuous motion should be recognized in geometry, this does not
mean that we should use at random the first one that we meet in
the construction of a given problem. We should always choose with
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De la confiruttiondes Problefmes , qui
Jfont Solides, on plufque Solides.
De quel-

EN CORE que toutes les lignes courbes, qui penuent Ics ligaes
colirbes

eftre defcrites par quelque mounuement regulier, on peu

doiuent eftre receués enla Geometrie, ce n'eft pas adi- & feruir,

re qu'il foit permis de {eferuir indifferemment de la pre- firution
: : i de chafq;
miere quife rencontre, pour la conftruion de chafque pmuerfq

Aaa pro-me.
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problefine: mais il faut auoir foin de choifir toufiours [a
plus fimple , par laquelle il foit poflible de le refoudre.
Et mefme il eft aremarquer, que par les plus fimples on
nedoit pas feulement entendre celles, qui peuuent le
plus ayfement eftre defcrites, ny celles qui rendent la
conftruion, ou la demonftration du Problefme propo-
f¢plus facile , mais principalement celles, qui font du
plus fimple genre,qui puiffe feruir a determiner la quan-
tit¢qui eft cherchée.

FNL N .

A\ E\ G\ N

Comme par exemple ie ne croy pas, qu'il yait aucu-
ne fagon plus facile, pour trouuer autant de moyennes
proportiofnelles, qu’on veut, ny dont lademonftration
foit plus euidente, que d’y employer les lignes courbes,
quifedefcrivent parlinfirument X Y Z cy deffus expli-
qué. Carvoulant trouuer deux moyennes proportion-
nelles entre Y A & Y E, il ne faut que deferire vn cercle,
dontlediametre foit Y E; & pource que ce cercle coup-

pc
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care the simplest curve that can be used in the solution of a problem,
but it should be noted that the simplest means not merely the one most
easily described, nor the one that leads to the easiest demonstration or
construction of the problem, but rather the one of the simplest class
that can be used to determine the required quantity.

For example, there is, I believe, no easier method of finding any num-
ber of mean proportionals,"™ nor one whose demonstration is clearer,
than the one which employs the curves described by the instrument
XYZ, previously explained.™ Thus, if two mean proportionals
between YA and YE be required, it is only necessary to describe

U™ For the history of this problem, see Heath, History, Vol. 1, p. 244, et seq.
[1%] See page 46.

155



GEOMETRY

a circle upon YE as diameter cutting the curve AD in D, and YD is
then one of the required mean proportionals. The demonstration
becomes obvious as soon as the instrument is applied to YD, since YA
(or YB) isto YC as YCis to YD as YD is to YE.

Similarly, to find four mean proportionals between YA and YG, or
six between YA and YN, it is only necessary to draw the circle YFG,
which determines by its intersection with AF the line YF, one of the
four mean proportionals; or the circle YHN, which determines by its
intersection with AH the line YH, one of the six mean proportionals,
and so on.

But the curve AD is of the second class, while it is possible to find
two mean proportionals by the use of the conic sections, which are
curves of the first class."™ Again, four or six mean proportionals can
be found by curves of lower classes than AF and AH respectively. It
would therefore be a geometric error to use these curves. On the other
hand, it would be a blunder to try vainly to construct a problem by
means of a class of lines simpler than its nature allows."™

Before giving the rules for the avoidance of both these errors, some
general statements must be made concerning the nature of equations.
An equation consists of several terms, some known and some unknown,
some of which are together equal to the rest; or rather, all of which
taken together are equal to nothing; for this is often the best form to
consider."

B8 1§ we let + and y represent the two mean proportionals between a and b we
have ¢ : ¥=2x : y =4y : b, whence 52 =ay; 32 = bx, and 2y —=ab. Therefore
2 and y may be found by determining the intersections of two parabolas or of a
parabola and a hyperbola.

%3 C£, Pappus, Book IV, Prop. 31, Vol. I, p. 273. See also Guisnée, Applica-
tion de 'Algébre a la Géométrie, Paris, 1733, p. 28, and L'Hospital, Traité Analy-
tique des Sections Coniques, Paris, 1707, p. 400.

U=l The advantage of this arrangement had been recognized by several writers
before Descartes.
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pelacourbe A DaupointD,Y D eft I'vne des moyennes
proportionnelles cherchées. Dontla demonftration fe
voital'ceil par la feule application de cet inftrument fur
laligne Y D. carcomme Y A,ou YB, quiluy eftefgale
¢taYC;ainfiYCeftaYD; & YDa YE.

Toutdemefme pour trouser quatre moyennes pro-
portionellesentre Y A & Y G; ou pour entrouuer fix ens
tre YA & YN, il ne faut que tracer le cercle Y F G,qui
couppant A Faupoint F, determinelaligne droite Y F,
quieft'voe de ces quatre proportionnelles; ouYH N,
qui couppant A Haupoint H, determine Y H l'voe des
fix, & ainfi des autres.

Mais pourceque la ligne courbe AD eft du fecond
genre, & qu'on peut trouuer deux moyenes proportio-
nelles par les fetions coniques,qui font du premier ; &
auffy pourcequ’on peut trouuer quatre ou fix moyenes
proportionelles, par deslignes quinefont pas de genres
fi compofés, quefont AF, & A H, ce feroit vne fauteen
Geometrie que de les y employer. Et c'eft vne faute
aufly d'autre cofté de fe trauailler inutilement a vouloir
conftruire quelque problefme par vn genre de lignes
plus fimple, que fa nature ne permet.

Or affin que ie puiffe icy donner quelques reigles, pe 1a na.
pour euiter I'voe & l'autre de cesdeux fautes, il faut que ¢ dos
ie die quelquechofe en general de lanature des Equa-
tions;c’eft adire des fommes compofées de plufieurs ter-
mes partie connus, & partie iuconnus, dont les vns font
efgaux aux autres, ouplutoft qui confiderés tous enfem-
ble fontefgaux arien. carce ferafouuent le meilleur de
les confiderer encete forte,

Aaa 2 Scachds

157
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Combien

ilpesc y  Scachés donc qu’en chafque Equation, autant que
avoit de |3 quantité inconnue ade dimenfions, autant peutily
::c?::rq; auoir de diverfes racines, c’eft a dire de valeurs de cete
Equati& quantitd, carparexemple fi on fuppofe x efgale a 2; ou-
bien x-- 2 efgal a rien ; & derechef x 2 3; oubien
% -- 3 20 o;en multipliant ces deux equatioéns x -~ 2 0 0,
& x--3 20, I'vnepar 'autre, onaura xx-- § x -+ 6 20,
oubien xx 20 § x-- 6, quieft vne Equation en laquelle la
quantité x vaut 2 & tout enfemble vaut 3. Que fi dere-
chefon fait x - 4 20 0, & qu’on multiplic cete fomme par
Xx=-§x-t 6200, OD QUra X} == gx x -+-26 X -~-24 D0,
qui eft voe autre Equation en laquelle x ayant trois di-
menfions a aufly trois valeurs,qui font 2, 3, & 4.
Qaclles M aisfounent il arrine, que quelques vnes de cesraci-
faufles ra- Des font fauffes , ou moindres que rien. commefion
cines.  fuppofe que x defigne aufly le defaut d’vne quantit¢,
quifoit s ,onax—+ 500 , qui eftant multiplice par
x3=- 9 XX 26%--24 ofait
Xt gxte-19x%1 106 X--120 00
pour voe equation en laquelle il y a quatre racines , a
{gauoir trois vrayes qui font 2, 3, 4, & vne faufle qui
eft 5.
f:;‘::‘:‘ Et on voit euidemment de cecy, que lafomme d'vne
diminuer equation, qui contient plafieurs racines, peut toufiours
Yenombre eftre diuifce par vn bindme compofe de la quantité in-
menfions connué, moins la valeur de I'vne des vrayes racines, la-
:.::n-‘of " quelle que cefoit; ou plus la valeur de I'voe des faoflés.

lofqu'on Ap moyen de quoy on diminue d’autant fes dimen-
connoift

quel- ons.
u'voe de i g :
ivocde  Etreciproguement que fi la fomme d'vne cquatu:;
Rnes.
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Every equation can have™ as many distinct roots (values of the
unknown quantity) as the number of dimensions of the unknown
quantity in the equation.”™ Suppose, for example, ¥ — 2 or +—2 =0,
and again, ¥ =3, or #—3 =0. Multiplying together the two equa-
tions ¥ —2 =0 and #—3 =0, we have #2—5246=0, or #* = 5x—6.
This is an equation in which x has the value 2 and at the same time™™
z has the value 3. If we next make x—4 =0 and multiply this by
#2—5x46=0, we have 2#*—91?426r—24 — 0 another equation, in
which #, having three dimensions, has also three values, namely, 2, 3,
and 4.

It often happens, however, that some of the roots are false™ or less
than nothing. Thus, if we suppose # to represent the defect™ of a quan-
tity 5, we have 45 = 0 which, multiplied by #*—942+426xr—24 =0,
yields #*—4x%—19224-106x—120 = 0, an equation having four roots,
namely three true roots, 2, 3, and 4, and one false root, 5.

It is evident from the above that the sum™” of an equation having
several roots is always divisible by a binomial consisting of the unknown
quantity diminished by the value of one of the true roots, or plus the
value of one of the false roots. In this way,"™ the degree of an equa-
tion can be lowered.

On the other hand, if the sum of the terms of an equation™ is not
divisible by a binomial consisting of the unknown quantity plus or

U811t js worthy of note that Descartes writes “can have” (“peut-il y avoir”),
not “must have,” since he is considering only real positive roots.

'] That is. as the number denoting the degree of the equation.

%l “Tout ensemble,”—not quite the modern idea.

%71 “Racines fausses,” a term formerly used for “negative roots.” Fibonacci,
for example, does not admit negative quantities as roots of an equation. Scritti de
Leonardo Pisano, published by Boncompagni, Rome, 1857. Cardan recognizes
them, but calls them “zstimationes fals®” or “fictz,” and attaches no special sig-
nificance to them. See Cardan, Ars Magna, Nurnberg, 1545, p. 2. Stifel called
them “Numeri absurdi,” as also in Rudolff’s Coss, 1545.

U 4T e défaut.” If + =—5, —5 is the “defect” of 5, that is, the remainder
when § is subtracted from zero.

%] That is, three positive roots, 2, 3, and 4, and one negative root, — 5.

%1 “Somme,” the left member when the right member is zero; that is, what
we represent by f(#) in the equation f(x)=0.

% That is, by performing the division.

12 “Si la somme d’un équation.”
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minus some other quantity, then this latter quantity is not a root of the
equation. Thus the™ above equation #*—44°—19224-106xr—120 =0
is divisible by #—2, #—3, ¥—4 and x45,"" but is not divisible by »
plus or minus any other quantity. Therefore the equation can have
only the four roots, 2, 3, 4, and 5" We can determine also the num-
ber of true and false roots that any equation can have, as follows:"*
An equation can have as many true roots as it contains changes of sign,
from 4 to — or from — to -+ ; and as many false roots as the num-
ber of times two -+ signs or two — signs are found in succession.
Thus, in the last equation, since +* is followed by —443, giving a
change of sign from + to —, and —1922 is followed by +106x and
-+106x by —120, giving two more changes, we know there are three
true roots ; and since —44? is followed by —192* there is one false root.
It is also easy to transform an equation so that all the roots that
were false shall become true roots, and all those that were true shall
become false. This is done by changing the signs of the second, fourth,

% First member of the equation. Descartes always speaks of dividing the
equation. ‘

0% Incorrectly given as # —5 in some editions.

%1 Where 5 would now be written — 5. Descartes neither states nor explicitly
assumes the fundamental theorem of algebra, namely, that every equation has at
least one root.

%1 This is the well known “Descartes’s Rule of Signs.” It was known how-
ever, before his time, for Harriot had given it in his Artis analyticae praxis, Lon-
don, 1631, Cantor says Descartes may have learned it from Cardan’s writings,

but was the first to state it as a general rule. See Cantor, Vol. II(1) pp. 496
and 725.
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ne peut eftre divifée par vn bindme compofé de la quan- cs ‘;::t

tit€inconnue =~ ou -- quelque autre quantité, cela tef- E“‘::‘liﬂz‘
moigne que cete autre quantité n’eft la valeur d’aucune zsantﬂée
de fesracines. Commecete derniere donnée

X¥4teeg xi-19xx- 106 X--12000 leurd'voe
peut bieneftre diuifée, par x -- 2, & par x-- 3, &par %
x--4, & par x - §; mais non point par x -~ ou-- aucu-
ne autre quantit¢. cequi monftre qu'elle ne peut auoir
que les quatre racines 2,3,4,& 5.

On connoift aufly de cecy combien il peut y auoirde Combien
yrayesracines, & combien de fauffes en chafque Equa- ;luf,f;'z
tion, A fgauoirily enpeutauoir autant de vrayes, que vrayes

, > . ' racinesen

les fignes -+ & -- 5"y trouuent de fois eftre changds ; & chafque
autant de faufles qu’il s’y trouue de fois deux fignes -, Equatid.
oudeux fignes -- qui s’entrefuiuent. Comme en la der-
niere,a caufe qu'aprés - x *il y a -- 4 x),quieft va chan-
gement du figne - en--, & apres - 19 x xilya=+106 %,
& aprds 106 xil ya-- 120 qui font encore deus autres
changemens, onconnoift qu’il ya trois vrayes racines; &
vae faufle,a caufe que lesdeux fignes -, de 4 2, 8 19 %,
s'entrefuiuent.

Deplusileftayféde faire en vne mefme Equation, csmene
que toutes les racines qui eftoient fauffes deuienent on fait
vrayes,& pat mefme moyen que toites celles qui eftoide °5
vrayes deuienent fauffes : a fgauoir en changeant tous Hcincs
les fignes + ou -- qui font en la feconde , en la uation.
quatriefme , en la fixiefme , ou autres places qui fe g:;';::’&&
defignent par les nombres pairs , fans changer ceux les vrayes
de la premiere , de la troifiefme, de la cinquiefme faulles.
& femblables qui fe defignent par les nombres

Aaa impairs.

161



374 La GEOMETRIE.

impairs. Comme fi au lieu de

dx4--4x}--19 XX+ 106X --120 00

on efcrit

- x ¢t 420 19X%--106X--12000

onavne Equation en laquelle il i’y a qu’vne vraye ra-

cine, qui eft 5, &troisfaufles quifont 2,3, & 4.
g:";fl';' Que fi fans connoiftre la valeur des racines d'vne E-
augmen- quation, on la veut augmenter, oudiminuer de quelque
:;ﬁ::cf" quantité connug, il ne fant quau lieu du terme inconnu
lessacines en fuppofer vn autre, qui foit plus ou moins grand de ce-
dvae £ temefine quantité, &le fubftituer par tout en la place

nsles  dupremier.

fomsol  Comme fi on veut augmenterde 3 la racine de cete
Equation
x4t 4x3e= 19X Xa=T106 X=> 12000
il faut prendre ; aulieud’s , & penfer que cete quantite
yeftplus grande qu'x de 3, enforte que y -- 5 eft cfgal
ax, &aulieud’ x x, ilfautmettrele quarre d’y--.3 qui
eftyy--6y+9&au lieud’x # il faut mettre fon cube
quiefty’--gyy-+a7y-27,&enfinauliend’ x + il faue
mettre fon quarréde quarréquiefty 4-- 12y 454 yy
--108y -+ 81. Etainfi defcrinant lafomme precedente
en {ubftituant par tout yaulieud’xona
yto12y5-+s4yy-- 108y + 81
+4)3-~36yy -t 108y--108
~~19yy-t 114y --171
-~ 106y -318
--120

yr=sylm1yy  A-8y° 00
oubien
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sixth, and all even terms, leaving unchanged the signs of the first, third,
fifth, and other odd terms. Thus, if instead of

44t —44°—194°4-1060—120 =0
we write
44 44°+ 1922 — 1065 —120 = 0

we get an equation having one true root, 5, and three false roots, 2, 3,
and 4.7

If the roots of an equation are unknown and it be desired to increase
or diminish each of these roots by some known number, we must sub-
stitute for the unknown quantity throughout the equation, another
quantity greater or less by the given number. Thus, if it be desired
to increase by 3 the value of each root of the equation

A4 1951065 —120 — 0

put y in the place of x, and let y exceed x by 3, so that y—3 = #. Then

for a2 put the square of y—3, or y*—6y+9; for 2* put its cube,

¥*—9y*4-27y—27; and for s* put its fourth power,” or
y*—12y*454y°—108y+81.

Substituting these values in the above equation, and combining, we have
y* — 12y® 4 5442 — 108y + 81

+ 4y* — 36y% 4 108y — 108
— 19y 4+ 114y — 171

— 106y + 318
— 120
y— 8&'— ¥+ 8 =0,"™
or ¥ —8y*—y48=0,

¥ 15 absolute value.

%) “Son quarré de quarré,” that is, its fourth power.

%] Descartes wrote this y* —8y* — 3248y * 20 0, indicating by a star the
absence of a term in a complete polynomial.
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whose true root is now 8 instead of 5, since it has been increased by 3.
If, on the other hand, it is desired to diminish by 3 the roots of the
same equation, we must put y+3 = # andy*-4-6y49 = #*, and so on.
so that instead of #* 4 44® — 1922 — 1064 — 120 =0, we have

y* + 12y* + 54y* 4 108y + 81
+ 4y° 4 36y* + 108y +- 108
— 19y — 114y — 171
— 106y — 318
— 120
¥4 16y* +71y2 — 4y —420=0.

It should be observed that increasing the true roots of an equation
diminishes™” the false roots by the same amount ; and on the contrary
diminishing the true roots increases the false roots; while diminishing
either a true or a false root by a quantity equal to it makes the root
zero; and diminishing it by a quantity greater than the root renders
a true root false or a false root true.” Thus by increasing the true
root 5 by 3, we diminish each of the false roots, so that the root pre-
viously 4 is now only 1, the root previously 3 is zero, and the root
previously 2 is now a true root, equal to 1, since —24-3 ==+4-1. This
explains why the equation y*—8y®*—y+8=0 has only three roots,

- 191 T absolute value.
=4 Eor example, the false root 5 diminished by 7 means —(5 —7)= +2.
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LivRe TROISIESME, 375
oubieny’--8yy.-1y-+820,
ol la vrayeracine qui eftoit § eft maintenant 8, acaufe
dunombre trois qui luy eft aioufté.

Que fi on veut au contraire diminuer de trois laraci-
ne de cete mefme Equation , il faut faire y + 30
&yy-+ 6 y -+ 9 ax. & ainfi des autres de fagon
qu‘au lien de

X4 4qxdee 198X -~ 106X °- 12000
on met '

Yoty t-sayy+ 108y + 81

+4y3-+36 yy—+ 108 y—+ 108

-~ 19 ¥y - 114y = 171
-- 106y =~ 318

- 120

ytt16ys-+71yy-- 4y --420D0.

Etil eft a remarquer qu'en augmentant les vrayes ra- Qu'en
cines d’vne Equation, on diminue les fauffes de la mef- ams les
me quantité; ou au contraire en diminuant les vrayes,on 175"
augmente les fauffes. Et que fion diminue foit lesvnes diminue
foit les autres, d’vne quantité qui leur foit efgale, elles fes ful-
deuicnent nulles, & que fi c'eft d’vne quantit¢ qui les fur- contraire.
paffe, devrayes elles deunienent faufles, ou de fauffes
vrayes. Commeicyenaugmentantde 3 lavrayeracine
qui eftoit §, onadiminuéde 3 chafcune des faufles , en
forte que celle qui eftoit 4 t'eft plus qu's, & celle qui
eftoit 3 eft nulle, & celle quiettoit 2 eft deuenue vraye
& eft 1,a caufe que — 2 -3 fait - 1. C'eft pourquoy
encete Equationy? -. 8y y -1y -+ 8 200ilny a plasque
3 racines, entre lefquelles il y en a deux qui font vrayes,

1. &
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376 La GEoMETRIE.
1, & 8, & vne faufle qui eftaufly 1. & en cete autre

y*+16y'+71yy --4y-- 42000
iln’y enaqu'vne vraye quieft 2, acaufeque 4 5--3 fait
-+ 3, & trois faufles qui font 5,6, & 7.

Or par cete fagon de changer la valeur desracines
fans les connoiftre, on peut faire deux chofes, qui auront
cy aprés quelque vfage: la premiere eft qu'on peuttou-
fiours ofter le fecond terme de'Equation qu'on exami-
ne, a fgauoir en diminuant les vrayes racines, delaquan.
tité connué de ce fecond terme diuifée par le nombre
des dimenfions du premier, fil'vn de ces deux termes
eftant marquédu figne -+,l'autre eft marqué du figne --;
oubien enl'augmentant de la mefme quantite, silsont
tousdeux le figne -1-, ou tousdeux lefigne.-. Comme
pour ofter le fecond terme de la derniere Equatié quieft

ytti16y'+71yy--4y--42000
ayant diuifé 16 par 4, a caufedes 4 dimenfians du terme
y + il vient derechef 4, c’eft pourquoy ie fais 7 -- 4 2y,
& iefcris
gHe=163° + 9633 -~ 2568 + 246
4+ 163'--192%%+ 768 g--1024
+713% -~ §68 3 +1136
‘e 42T 16
~= 420
z' * --a253g--60 3 --36 o
oulavraye racine qui eftoit 2,eft 6, a caufe qu'elle oft
augmentée de 4; & lesfanfles qui eftoient §, 6, & 7,ne
font plus que 1,2, & 3, a caufe qu'elles font diminuces
chafcune de4.

Tout
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two of them, 1 and 8, being true roots, and the third, also 1, being false;
while the other equation y*—16y*+471y2—4y—420 — 0 has only one
true root, 2, since 4+-5—3 = 2, and three false roots, 5, 6, and 7.

Now this method of transforming the roots of an equation without
determining their values yields two results which will prove useful:
First, we can always remove the second term of an equation by dimin-
ishing its true roots by the known quantity of the second term divided
by the number of dimensions of the first term, if these two terms have
opposite signs; or, if they have like signs, by increasing the roots by
the same quantity.” Thus, to remove the second term of the equation
y*+16y*+71y*—4y—420 =0 I divide 16 by 4 (the exponent of y in
'), the quotient being 4. I then make z—4 — y and write

2* — 162° + 9622 — 256z -+ 256
+ 162* — 1922 4 7682 — 1024
+ 7122 — 568z - 1136

— 424 16
— 420
2t — 2522 — 60z — 36=0.

The true root of this equation which was 2 is now 6, since it has been
increased by 4, and the false roots, 5, 6, and 7, are only 1, 2, and 3,

4 That is, by diminishing the roots by a quantity equal to the coefficient of
the second term divided by the exponent of the highest power of x, with the oppo-
site sign.
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since each has been diminished by 4. Similarly, to remove the second

terms of x*—2ax®4 (20°—c?)2*—2¢*r+-a* = 0; since 204 — % awe

1
must put z+§a=x and write

4 3.2,153 1,
Fs +2az’3+2az’+2az+16a

— 2az* — 34%2° —gq"z — %a‘
+2a%8 + 242 + izl-a"
— 2 — actz— -41-a’c’
—2a%2— d
+ 4
z‘+(la’—¢2>2'2—(as+az)z+ia‘—lagfi=0-
2 16 4

Having found the value of z, that of # is found by adding %a. Second,

by increasing the roots by a quantity greater than any of the false
roots™ we make all the roots true. When this is done, there will be
no two consecutive + or — terms; and further, the known quantity
of the third term will be greater than the square of half that of the
second term. This can be done even when the false roots are unknown,
since approximate values can always be obtained for them and the roots
can then be increased by a quantity as large as or larger than is
required. Thus, given,

3 T absolute value.

168



LivkE TROISIESME. 377
Tout de mefme fi on veut ofter le fecond termede

!.?.z‘:‘xx.- 24X +¢4mo’

Xx4-=248%
pourcequedivifant 2 4 par 4il vient 3 4; il faut faire
g+ 38D x8elcrire
z*+2a3'+iaazz+3a' 3+ 3za’t
~243' ~jeezg-je’y .o
+2aa33+28* -+itat
=~ CC - acc --zaacc
=24} Y 2

+-a¢

-

{4

» +%aaz -8 z_2at x4

- CCc -4t - 3F8acc

& fion trouue apres lavaleurde z, enluyadiouftant § 4
on auracellede ». Cémene

Lafeconde chofe, qui aura cy aprés quelque vfage, on peuc
eft, qu'on peut toufiours en augmentant la valeur des coutés
vrayes racines, d’vne quantité qui foit plus grande que !es faufles
weft celle d’aucune des fauffos, faire qu'elles deuienent dane.
toutes vrayes,en forte qu'il 0’y ait point deux fignes -+, Bquation
oudeux fignes -- quis’entrefuiuent, & outre celaquela vaayes,
quantité connué du troifiefme terme foit plus grande, f:;"vg‘;:s
quele quarrédelamoitié¢de celle du fecond. Car en- desienct
core que cela fe face , lorfque ces faufles racines font fanffes.
inconnués, ileft ayf¢ neanmoins deiuger a peu pre. de
leur grandeur, & de prendre vne quantité, quiles fur-
paffe d'autant, ou deplus,qu’il n'eft requis acet effect.

Commefiona

Bbb x
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RO’ - CanxO g J6nxtoc 216242 J129685X --7776 8% Do,
~ enfaifant y -- 6# 0 ¥, on trouuera

ye- ;Cu}yhl-u.onn yé--4120 833y ki 194400 4) yy--466y6n5) Yy 4665606
= n - ;onn} W 360 3 .- 2160 24 e 6480n%] .- 777608
e Enn 14483 - 1296 n¢ o §184 B5 L - 7776 a6

% 36 nd - 643 n¢ e 3888n 54 - 7776n¢

- 216 Ml k291 m | - 777616

J A1296B3) - 77765 ¢

ye-- 358 ySipsoann y* - 3980 n3 yik as120 B4 yro- 27216 2%y * Do,

Ouil.eft manifefte, que so4 nx, qui eft la quantit¢
connué dutroifiefme terme eft plus grande, quele quar-
réde 3’ n, quicht lamoiti¢de celle dufecond. Etiln’y
apoint de cas, pour lequella quantite, dont on augmen-
telesvrayesracines, ait befoina cet effect, d’eftre plus
grande, a proportion de celles qui font donndes , que
pour cetuy cy.

Coment  Mais a caufe que le dernier terme s’y trouue nul, fion
quecou- ne defire pasque celafoit, il faut encore augmenter tant
;ﬁ:::: foit peu la valeur desracines ; Etcene fgauroit eftre de
dvacE- fi peu, que ce ne foit aflés pour cet effe. Non plus que
U298 Jorfqu’on veutaccroiftre le nombre des dimenfions de
semplies. quelque Equacion, & faire que toutes les places de fes
termes foient remplies. Comme fiauliende x s ****
«-6 2 o, on veut auoir vne Equation, en laquelle la
quantitéinconnue ait fix dimenfions, & dont aucun des

termes ne {oit nul, il faut premierement pour

x:* * * *__bxo efcrire
x¢* ¥ x *opx *00
puisayant fait y --4 30, onaura
¥ -6aySpiganyt-- 10 Y315 At yy--6adygar
' ‘ -bypab®0
Quil eft manifefte que tant petite que la quaatite 4 foit
fuppofée
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204 nat—6n2xt4-36m32° — 2160442412960 r —7776n° = 0,

make y—6n = x and we have,

y8—36m) Y5+ 5407) y*—4320n%) y° 1 19440n) 52 —46656n°) y--46656n°
+ nf — 30m*} 4 360m*|” — 2160mt| 4+ 6480w%| — 7776m®
— 6mt) -+ 144m*[ — 1296m*! 4 5184m5| — 7776m°

4 36m*) — 648mt| 1 3888uS[ — 7776m°

— 216w) 4 25923 — 7776n

+ 129n%] — 77760

— 7776n

y*—35ny° +504n2y* —3780n*y* +15120n%y* —27216m%y =O.

Now it is evident that 504n?, the known quantity™” of the third term,
2
is larger than (32571> ; that is, than the square of half that of the sec-

ond term; and there is no case for which the true roots need be in-
creased by a quantity larger in proportion to those given than for this
one.

If it is undesirable to have the last term zero, as in this case, the
roots must be increased just a little more, yet not too little, for the pur-
pose. Similarly if it is desired to raise the degree of an equation, and
also to have all its terms present, as if instead of #°—b =0, we wish
an equation of the sixth degree with no term zero, first, for #° — b=0
write #°— bx =0, and letting y — a = 2 we have

y*—6ay®+15a%y*—20a%y* +15a*y>*— (6a°+b) y+a®+ab = 0.

It is evident that, however small the quantity @, every term of this equa-
tion must be present,

%11 e, the coefficient.
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We can also multiply or divide all the roots of an equation by a
given quantity, without first determining their values.. To do this, sup-
pose the unknown quantity when multiplied or divided by the given
number to be equal to a second unknown quantity. Then multiply or
divide the known quantity of the second term by the given quantity,
that in the third term by the square of the given quantity, that in the
fourth term by its cube, and so on, to the end.

This device is useful in changing fractional terms of an equation,to

whole numbers, and often™ in rationalizing the terms. Thus, given
g

26 8 3 .
p— —_— — - t
P2— N34 27 % —_— =0, let there be required anothgr equation

in which all the terms are expressed in rational numbers. Lety= 3

and multiply the second term by +/3, the third by 3, and the last by

343, The resulting equation is y’—3y"+-29§y— g =0. Next let it be
required to replace this equation by another in which the known quanti-
ties are expressed only by whole numbers. Let z=3y. Multiplying

3 by 3 by 9, and ; 8 by 27, we have

' 9
28—9224-262—24 = 0.

The roots of this equation are 2, 3, and 4; and hence the roots of the

(205 But not always. Compare the case mentioned on page 175.

172



Livre TrotstzsmE, 379

fuppofee toutes les places de 'Equation ne laiffent pas
d’eftre remplies.

De pluson peut, fans connoiftre la valeur des vrayes Commée
racinesd'vne Equation, les multiplier, ou diuifer tou- m}ﬁa.
tes, par telle quantité connué qu on veut. Cequi fe fait Plictos
enf{uppofant que la quantité inconnué eftant multiplice, racines
oudiuifée, par celle qui doit multiplier, ou divifer les f:‘f:jf_
racines, eft efgalea quelque autre. Puis multipliant, ou fire.
divifant la quantité connué du fecond terme, par cete
mef{me qui doit multiplier, ou diviferles racines; &par
fon quarré,celle dutroifiefme; & par fon cube, celle du
quatriefme; & ainfi iufques au dernier. Ce qui peut fer- SoReE,
uir pour reduire a des nombres entiers & rationauz, les les nom-
frattions, ou fouuent auffy les nombres fours , qui f€ pus drvne
trounent dansles termes des Equations. Comme fi on a quation

%3 ¥3 xx+3xe Lo, siers.
& quonveuille enauoir vne aucre en fa place, dont tous
lestermes s’expriment par des nombresrationaux; il faut
fuppofer y x ¥ 3, & multiplier par ¥3 la quantité
connué dufecondterme, qui eft aufly ¥73, & par fon
quarré quieft 3 celle dutroifiefme qui eft 2§, & par fon
cube qui eft 3773 celle du dernier,, quieft 3,7 scequi
fait

yi=3yy+3f y-§mo
Puis fi onen veut auoirencore vne autre en la placede
celle cy, dont les quantites connués ne s'expriment que
par des nombres entiers; il faut fuppofer 7 2 3y ,&mul-
tipliant 5 par3, 3 parg, & ¥ par 27 on trouue

3} --933+262--2400, ol les racines eftant 2,3,

& 4,0n connoift de 1 que celles de I'autre d'auparauant

Bbb a cftoient
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eftoient 3, 1, & %, & que celles de la premiere eftoient
573,35V 3,& %3,

Cdment ; .
Cémene,  Cete operation peut aufly feruir pour rendre la quan-

quandicé titéconnué de quelqu'andes termes de 'Equatid efgale
Cres  aquelque autre donnée, comme fi ayant

des ter- xy * . bbx—4c3i00

;‘;ﬁ:t;’;f On veut auoiren fa place vne autre Equation, en laquel-
efpalea  le la quantité connué, du terme qui occupe la troifiefime
;‘uff,:“‘” place,af Gauoir celle quieft icy 4 4,foit 32 4,il faut fuppo.
veuat.

fery ox V%’; puisefcrirey ** -- 3aay +%;’V'3 o,

Que ls  Aurefte tant les vrayesracines quelesfaufles ne font
GacvEs- pas toufiours reelles; mais quelquefois feulement imagi-
yesque  naires; C’eft adire qu'on peut bien toufiours enimaginer
k;:m?m autant que iay dit en chafque Equation; mais quil n’y a
;’2‘“:;‘” quelquefoisaucune quantite, qui correfponde a celles
imaginai- qU'on imagine. comme encore qu'on en puiffe imagi.
es. nertroisencellecy, #* -~ 6*¥¥~+ 13 x--1000, il ny
enatoutefois qu'vne reelle, quieft 2, & pour les denx
autres, quoy qu’on lesaugmente,ou diminue, ou multi-
plie enlafagon queie viensd’expliquer, on ne fgauroit
les rendre autres qu'imaginaires.
Lacde-  Or quand pour trouuer la conftru@ion de quelque
&iondes broblefme,on vient avne Equation, en faquelle la quan-
cubiques tit€ inconnué a trois dimenfions ; premierement fi les

gﬁfﬁ;’j}c quantite$s connués , quiyfont , contienent quelques
meet  nombres rompus, illes faut reduire ad'autresentiers, par
plao gy multiplication tantoft expliquée ; Ets'ils en contie-
nentdefours , il fant aofly lesreduire ad’autres ratio-

naux, autant qu’il fera poflible,tant par cete mefme mul-
tiplication,
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preceding equation are %, 1 and %, and those of the first equation are

gﬁgﬁandgﬁ

This method can also be used to make the known quantity of any
term equal to a given quantity. Thus, given the equation

P—b*r+4c* =0,
let it be required to write an equation in which the coefficient of the
third term.” namely b2, shall be replaced by 3a®. Let

3a*
r=e

3a32
J"_Sazy"“ c;a

and we have

V3 =0.

Neither the true nor the false roots are always real; sometimes
they are imaginary ;™™ that is, while we can always conceive of as many
roots for each equation as I have already assigned,™ yet there is not
always a definite quantity corresponding to each root so conceived of.
Thus, while we may conceive of the equation +*—6?+13x—10—=0
as having three roots, yet there is only one real root, 2, while the other
two, however we may increase, diminish, or multiply them in accord-
ance with the rules just laid down, remain always imaginary.

When the construction of a problem involves the solution of an
equation in which the unknown quantity has three dimensions,™ the
following steps must be taken:

First, if the equation contains some fractional coefficients, ™ change
them to whole numbers by the method explained above ;™ if it con-

2 Descartes wrote this equation x * —bbxr+¢% 20 0, the star showing, as
explained on page 163, that a term is missing. Hence, he speaks of — b%# as the
third term.

®7 “Mais quelquefois seulement imaginaires.” This is a rather interesting
classification, signifying that we may have positive and negative roots that are
imaginary. The use of the word “imaginary” in this sense begins here.

™% This seems to indicate that Descartes realized the fact that an equation of
the nth degree has exactly » roots. Cf. Cantor, Vol. 11(1), p. 724.

2% That is, a cubic equation.

19 “Nombres rompues,” the “numeri fracti” of the medieval Latin writers and
“numeri rotti” of the Italians. The expression “broken numbers” was often used
by earliy English writers.

"7 That is, transform the equation into one having integral coefficients.
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tains surds, change them as far as possible into rational numbers, either
by multiplication or by one of several other methods easy enough to
find. Second, by examining in order all the factors of the last term,
determine whether the left member of the equation is divisible™™ by a
binomial consisting of the unknown quantity plus or minus any one of
these factors. If it is, the problem is plane, that is, it can be constructed
by means of the ruler and compasses; for either the known quantity
of the binomial is the required root™ or else, having divided the left
member of the equation by the binomial, the quotient is of the second
degree, and from this quotient the root can be found as explained in
the first book.™

Given, for example, y*—8y*—124y2—64 = 0. The last term, 64,
is divisible by 1, 2, 4, 8, 16, 32, and 64 ; therefore we must find whether
the left member is divisible by y*—1, y2+41, y2—2, y*+2, y>—4, and
so on. We shall find that it is divisible by ¥*—16 as follows:

4+ 9* — 8yt — 12492 — 64 =0
—yt— 8yt— 4y
0 "6y — 18y 10
—16 — 16
T 7+ & F §=0

Beginning with the last term, I dividle —64 by —16 which gives 44;
write this in the quotient ; multiply +4 by +3* which gives +44* and
23 “Qui divise toute la somme.”
M2 That is, the root that satisfies the conditions of the problem.

34 See page 13,
=% Descartes considers this equation as a function of y2.
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tiplication, que par diuers autres moyens, quifont affés
facilesatrouuer. Puis examinant par ordre toutes les
quantités , qui peuuent diuifer fans fration le dernier
terme, il faut voir, fi quelqu’vne d’elles, iointe auec la
quantit¢inconnuéparle figne + ou --, peutcompofer
vn binome , qui divife toute lafomme; & fi celaeftle
Problefmeeftplan , c'eft adireil peut eftre conftruit
aucc la reigle & de compas ; Car oubien la quantité
connué de ce binofme cft Ia racine cherchee ; oubien
FEquation eftant diuifée par luy, fe reduift a deox di-
menfions, en forte qu'on en peut trouuer aprésla racine,
par ce qui a efté dit au premierliure,

Parexemplefiona
yé=8y+--124y*-~6400.
le dernierterme, quieft 64, peut eftre diuifc fans fra-
Gionparr, 2,4, 8,16, 32, & 64; C'eft pourquoy il faut
cxaminer par ordre fi cete Equation ne peut point
eftre dinifée par quelquvn des binomes , yy - 1 ou
Yy+ryy--2ouyy-+z2,yy--4&c.&ontrouue qu'el-
lepeutl'eftre pary y ~ 16, en cete forte,
+ yf--8y+e-124yy--64 o
1y Byt 4y -
o - 16yt-nlyy
16 16
+ y++8yy +4 o ,
Ie commence par lederniér terme, & diuife -- 64 par f;: f;f:l"ﬁt
- 16, cequifait -+ 4, quei'efcris dansle quotient , pris vacEqua-
ic multiph'e “+ 4par-+ yy.cequ ifait - 4y¥; Ceft POUf':fgi‘;t
quoyi‘efcris-- 4 yy en lafomme, qu'il faut divifer.car ity me qui
Bbb faut oo
; racine.
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tauc toufiours efcrire le figne =~ ou -- tour contraire a
celuy que produift la multiplication. & icignant .- 124 yy
auec — 4yy, iay -- 128 yy, queie divife derechefpar -- 16,
& iay -+ 8 yy, pour mettre dans le quotient & en le mul-
tipliant paryy,iay -- 8 y ,pour ioindre auec le terme qu'il
faut diuifer, quieft aufly -- 8 y+, & ces deux enfemble
font--16y ¢+, queie divife par --16, cequi faic + 1 y+
pour fe quotient, & -- 1 y , pourioindre auec +1y ¢, ce-
qui fait 0, & monftre que la divifion eft achcuce. Mais
s'il eftoit reft¢ quelque quantit¢, oubien qu'on w'eutt pit
diuifer fans fration quelqu’vn des termes precedens, on
euft par la reconnu,quelle ne pouuoit eftre faite.

P
Toutdemefmefionay¢* %y Caaayy et o,

L Y IAl

le dernier terme fe peut diuifer fans fraGtion par
a,aa, aa-+-cc,a’ + acs, & femblables. Mais il n’y ena
que deux quonait befoin de confiderer, afgauoir 24 &
aa + cc;car les autres donnant plus ou moins de dimen-
fions dans le quotient, qu'iln’yen a2 en la quantité con-
nué€ du penultiefme terme, empefcheroient que la diui-
fionnes’y puft faire. Etnotés, queieneconte icy les
dimenfionsd’y ¢, que pous trois, a caufe qu'il ny a point
d’y+,nyd’y’, nyd’yentoutela fomme. Or en exami.
nant le binéme yy -- 44 =¢¢ 30 0,0n trouue que Iz divifion
fe peut faire par luy en cete forte.

R4 —af

y E iyt aeryy-ratic o,

--aacH
e gy §--248 --A%t
_Z. kee - RACC -- AA--cCC
0 ———

- AR(C ~-AA--(C

244 at
+]"!:~cc X jasce PO Ce-
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write in the dividend (for the opposite sign from that obtained by the
multiplication must always be used). Adding —124y? and —4y2 1
have —128y?. Dividing this by —16 I have 48y in the quotient, and
multiplying by 42 I have —8y* to be added to the corresponding term,
—8y*, in the dividend. This gives —16y* which divided by —16 yields
+y* in the quotient and —y* to be added to +3°® which gives zero, and
shows that the division is finished.

If, however, there is a remainder, or if any modified term is not
exactly divisible by 16, then it is clear that the binomial is not a
divisor.™

Similarly, given

yo+ az}y4_a4}yz — at }
— 2%y 4 —2atc?l =0,
— a%ct
the last term is divisible by @, 62, 6*4-c?, a®+ac?, and so on, but only
two of these need be considered, namely a? and a*+c?. The others give
a term in the quotient of lower or higher degree than the known quan-
tity of the next to the last term, and thus render the division impos-
sible.™ Note that I am here considering ¥® as of the third degree,
since there are no terms in 3%, 3%, or y. Trying the binomial

Yy —a?— =0
we find that the division can be performed as follows:
AR AV AP

—}’6—262 +£‘ _244 =0
9,2 o SR
0+2¢:2}y4_22£2 }y"’ a’t

R

—F—z 2=z~ ,

+ +24° + at =
- tz}yz+a2tz }_O’

™4 This is evidently a modified form of our modern “synthetic division,” the
basis of our “Remainder Theorem,” and of Horner’s Method of solving numericai
equations, a method known to the Chinese in the thirteenth century. See Cantor,
Vol. II(1), pp. 279 and 287. See also Smith and Mikami, History of Japanese
Mathematics, Chicago, 1914; Smith, I, 273.

™1 This is not a general rule.
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This shows that a?-4-¢? is the required root, which can easily be proved
by multiplication.

But when no binomial divisor of the proposed equation can be found,
it is certain that the problem depending upon it is solid,”™ and it is then
as great a mistake to try to construct it by using only circles and straight
lines as it is to use the conic sections to construct a problem requiring
only circles; for any evidence of ignorance may be termed a mistake.

Again, given an equation in which the unknown quantity has four
dimensions.™™ After removing any surds or fractions, see if a binomial
having one term a factor of the last term of the expression will divide
the left member. If such a binomial can be found, either the known
quantity of the binomial is the required root, or,”™ after the division is
performed, the resulting equation, which is of only three dimensions,
must be treated in the same way. If no such binomial can be found,
we must increase or diminish the roots so as to remove the second term,
in the way already explained, and then reduce it to another of the third
degree, in the following manner: Instead of

#MEprtrgrtr—0
write
¥ = 2py* + (p* £ 4r)y* — ¢* = 0.7

8] That is, that it involves a conic or some higher curve.

1) A biquadratic equation.

0] “Fither, or,” as in the original. It is like saying that the root of x#2>—a?>=0
is either x =g or r = —a.

=1 Descartes wrote substantially “Instead of

+ 2t* prr.gr.r 00
+38.2pyt+ (pp.4r) yy —aq 20 0"
The symbolism is characteristic of Descartes.

write
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Ce qui monftre que la racine cherchek eft aa—+ce.
Et lapreuue eneft ayféea faire par la multiplication.

Mais lorfqu'on ne troune aucun bindme, qui puiffe Qucls
ainfi divifer route lafomme de I'Equation propofee, il fncs font
eft certain que le Problefme qui en depend eft folide. Et fgt’r‘;:se
ce n'eft pas vne moindre faute aprés cela, de tafcher ale requs.-
conftruire fans y employer que des cercles & des lignes {/% ;S‘e
droites, que ceferoit d employer des fections coniques
aconftruire ceux aufquelsonn’a befoin que de cercles.
carenfin tout ce qui tefinoigne quelque ignorance s'ap-

pele faute.

Que fi on avne Equation dont la quantité inconnué |, |,
ait quatre dimenfions, il faut en mefine fagon, aprs en @ion des
auoir oft¢les nombresfours, & rompus, s'ily ena, voir fi fif}::'qui
on pourratrouuer quelque binéme, qui divife toute la ont gua-
fomme, en le compofant del'vne des quantités, qui di- megons,
uifent fans fration le dernier terme. Et fi onentrouye lorfyue le
vn, oubien Ia quantite’connue de ce binéme eft laracine B ot
cherchée; on du moins aprés cete dinifion, il ne refte en plan- B
IEquation, que troisdimenfions , enfuitedequoyil ceux qui

faut derechef I'examiner en la mefme forte. Mais lorf- 20t foi-
qu'il nefetroune point de tel binéme , il faur en au-
gmentant, ou diminuant la valeur de la racine, ofterle

fecond rermedelafomme , en lafagon tantoft expli-

quée. Etapréslareduire a vneauntre , qui ne contie-

ne que trois dimenfions. Cequi fe fait en cete forte.

Auliende--x+ ".pxx . qx .7 o,
ilfaut efcrice + y¢.2py4 ¥ P yy - 44 0.
Et pour les fignes -+ ou -- que iay omis, sil y a
en
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eu -+ p en laprecedente Equation, il faut mettre en cel-
lecy +-2p,ous’ilyaeu -p, ilfaut mettre-- 2 p. & aa
contraire 8'il yaeu 4 7, il faut mettre --4 7, ou s’ilyaeu
--7, il faut mettre -+ 4 7. &foitqu'il y ait eu 4+ 4, on
-- g, il faut toufiours mettre -- 44,& ~+ pp. au moins fi
onfuppofe que x+, & y ¢ font marqués du fignes +,
car ce feroit tout le contraire fi on y fuppofoit le fi-
gue --.

Parexemplefion a—+ x *¥—-4xx-- 8 x + g5 20
ilfautefcrireenfonlieny®--8y* - 1247y--64 ©o. car
la quantit¢'que iay, nomm¢e p eftant .- 4, il faut metre
--8y*pourzpy*. &celle, queiay nommee reftant 35,

. 16 » . .
ilfaut mettre ~ |, 9y, C'eft a dire - r24yy, au licu de

%22 4y, & enfin g eftant 8, il faut mettre -- 64, pour -- g4,

Toutdemefme au lieude -+ x 4™ -- 17 2% -- 20 ¥-- 600,
il faut efcrire -y €34y 4+ 315)) - 400,

Car 14eft double de 17, & 313 en eft le quarr€ ioint an
quadruplede s, & gooeftle quarré de zo.

Tout de mefme aufly aulieude
o %aa —a' 50t
3t --z ceXR -acc{--f;:aca

11 faut efcrire

o,

<
.t
--A4

6 FAn "
Y --2¢¢ Y et y}' —-2a%cc00.
-~

--Aact
Carpeft+faz--cc, &pp,cttfate-aacc +¢*, &ar
eft-- $a 4+ aace, &enfin -- gqeft--a*.- 2 a%cc --dac *.
Aprés que 'Equationeft ainfi reduite a trois dimen-
fions, il faut chercherla valeur d’yy par la methode defia

expliquee; Et fi celle ne peut eftre trouuce , on n'a point
befoin
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[283]

For the ambiguous™ sign put 42p in the second expression if +p
occurs in the first; but if —p occurs in the first, write —2p in the sec-
ond; and on the contrary, put —4r if -7, and 447 if —r occurs; but
whether the first expression contains +q or —q we always write —q?
and +-p* in the second, provided that #* and ¥® have the sign + ; other-
wise, we write ¢ and —p®. For example, given
2t — 422 —82r 4+ 35=0
replace it by
y® — 8y* — 124y — 64 =0.

For since p = —4, we replace 2py* by —8y*; and since r =35, we
replace (p*—4r)y* by (16—140)y? or —1244?; and since ¢ — 8, we
replace —g* by —64.
Similarly, instead of
xt — 1722 — 20 —6=0
we must write

y8 — 3444 4+ 31347 — 400 =0,

for 34 is twice 17, and 313 is the square of 17 increased by four times 6,
and 400 is the square of 20.
In the same way, instead of

1 . — (8 NIV PP
+x‘+(2a cz)zz (a® + ac?) =z 6% 4acz—0,
we must write

¥+ (a2 —22)0 + (A —at)y2 — a® — 2a%2 — 224 = (;
for

P = %az—cz,pz=%a‘—azcz+c‘, 4r=—%a‘+a2cz.

And, finally,
_ qz = — a% — 2a*c? — a’ct.

When the equation has been reduced to three dimensions, the value
of y? is found by the method already explained. If this cannot be

3 Descartes wrote “pour les signes + ou — que j’ai omis.”
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done it is useless to pursue the question further, for it follows inevit-
ably that the problem is solid. If, however, the value of ¥* can be
found, we can by means of it separate the preceding equation into two
others, each of the second degree, whose roots will be the same as
those of the original equation. Instead of 4 #* == p* + gx + r =0,
write the two equations

—_ _1_ 2+_1_ +l_
+ 2* yx+2y-—2ﬁ—2y—0
and +12+J/x+‘y2i%pi-g;=0.

For the ambiguous signs write + % p in each new equation, when 2
i . 1 . . .
has a positive sign, and — 5 p when  has a negative sign, but write

+ 2—7.; when we have —yx,and — % when we have + yx, provided ¢ has

a positive sign, and the opposite when ¢ has a negative sign. It is then
easy to determine all the roots of the proposed equation, and conse-
quently to construct the problem of which it contains the solution, by
the exclusive use of circles and straight lines. For example, writing
4% — 34y* 4 31392 — 400 — O instead of #* — 1742 — 205 — 6 =0 we
find that y* — 16; then, instead of the original equation
st — 172 — 200 —6=0
write the two equations - 42 —4x — 3 =0 and 44’442 4-2=0.

For,y=4,%y2=8,p=17,9=20, and therefore
1, 1, ¢ _ _
t YT g, =8

and 1, 1 g _
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befoinde pafferoutre; caril fuit de 1a infalliblement,
que le problefme eft folide. Mais fi on la trouve , on
peut diuifer par fon moyen la precedente Equationen
deuxantres, enchafcune defquelles la quantit€ incon-
nuén auraque deuxdimenfions, & dont les racines fe-
ront les mefmes que les ficnes. A fcauoir,anlieude
+x+tpxx.qx. r 00,
il fautefcrire ces deux autres

1

+xx--yx4zyy.3p. 2y 00, &

N

’ —i—xx+yx+§yy.‘;p.f—j- 0.

Et pour les fignes -+ & -- que iay omis, silya-+ pen
I'Equation precedente, il faut mettre 4~ % p en chafcune
decellescy; &-- 3 p,s'ilyaen lautre -- p. D ais il faut
mettre + zi] sencelleodily a--y x; & -- f;, encelle oi il
ya-+yx,lorfquiily a 4 genlapremiere. Et au con-

., . q ..
traire sl y a-- ¢, il faut mettre -- - celle.or il y 2

-y x; & + q;;, encelleodtilya -+yx. Enfuite dequoy
il eft ayf€ de connoiftretoutes les racines de 'Equation
propofée, & par confequent de conftruire le problefme,
dont elle contient la folution, fans y employer que des
cercles, & deslignes droites.

Par exemple a caufe que faifant

¥ =34y* 4313y~ 400 2 o, pour
%, *--17%%--20%--6 200, ontrouue queyy eft 16, on-
doii aulicu de cere Equation
+ x4 e 17 %x0- 20% - 20X -- 6 D0, efcrire ces deux

Ccc autres

185



38s LAGEOMETRIE
antres -+ xx--4 x--300. Et+xx--4x-+220.
caryelt4,zyyelt8,peft 17, & g eft 20, de fagonque
gy - 3p-- 3y fait-3, &+ Yyy - £p - fait+ 2 Ee
tirantlesracines de ces deux Equations, on trouue tou-
tesles mefmes , que fionles tiroitde celle o eft x4, a
{gauoir onentrouue vne vraye, quieft ¥/ 7 -+ 2,& trois
faufles, quifont 7/ 7--2, 3+ 72, & 2+- /2.
Ainfiayantx+-- 4 xx -- § x+ 35 %0 o,pourceque laracine
dey®--8y* 1245y +-640,elt derechef 16 » il faut
efcrire
Xx-<4x 1 5§00, &xx-+ 45+ 700,
Caricy +3yy-3p- Jfait 5, &+ 4 gy - p +1
fait7. Et pourcequ’on ne trouue aucune racine, ny
vraye,ny faufle ,en ces deux dernieres Equations , on
connoiftde 12 que les quatre de I'Equation dont elles
procedent font imaginaires; & que le Problefine , pour
lequelonla trounée, eftplande fanature ; mais qu’il
ne fgauroit en aucune fagon effre conftruit,a caufe que
les quantit¢s donncesne peuuent fe joindre.,
‘Tout de mefme ayant
o308

a3 o= 54

R e } K{'-: cc}'{ f ;—Z‘Zc 00,

pourcequ’on trouue &4 -+ ¢¢ pour yy, il fant efcrire

2R - vV aa+cc g+z80 -« 3a V_é:;b 00, & .

R+ aa+cc3+Las+3a v aa+cs 0.

Car y eft Va'a +oe, &+ Ly -+ tpettiaa, &%

eft 34 ¥ aa+cc, D'odlonconnoift que la valeurde z
eft.
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Obtaining the roots of these two equations, we get the same results as
if we had obtained the roots of the equation containing #*, namely, one
true root, N7+ 2, and three false ones, N7 — 2,24 \/?, and2 — V2,
Again, given #*—4x2—8x435 =0, we have y*—8y*—124y2—64 =0,
and since the root of the latter equation is 16, we must write
#*—4x+5=0and 4?442r4+7 =0. For in this case,

1, 1, 9 _
t YTy, =5

and 1 1 q
t¥y gty =T
Now these two equations have no roots either true or false,™ whence
we know that the four roots of the original equation are imaginary;
and that the problem whose solution depends upon this equation is
plane, but that its construction is impossible, because the given quanti-
ties cannot be united.™
Similarly, given

1. — (2 Sl o2

A+ (30— @) F— (@t ad)z + at— T i =0,

since we have found y> — @ + ¢%, we must write
zz—Vaz+¢zz+%az——;—aVa2+cz=0,

and

24V 432+ ~%az+ —zl—a\la2+¢2=0.

=1 That is, all its roots are imaginary.
4 That is, the given quantities cannot be taken together in the same problem.
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For y = Va2 + Z and +—;v+ P-—ﬁ , and 21 aVa?+c, then

we have

1
z=5 ”az+g+\/~—;—a2+%cz+']2:a\la2+cz

or

1
Z='2_‘/a2+52_ ——;—a2+%t2+-21—a &+ 2

1 I
Now we already have z + Sa=x and therefore x, the quantity in

the search for which we have performed all these operations, is

1
+'2‘a+\/%a’+ %Lz—\/%cz——;—a2+ —;—am

To emphasize the value of this rule, I shall apply it to a problem.
Given the square AD and the line BN, to prolong the side AC to E, so
that EF, laid off from E on EB, shall be equal to NB.

Pappus showed that if BD is produced to G, so that DG = DN, and
a circle is described on BG as diameter, the required point E will be
the intersection of the straight line AC (produced) with the circum-
ference of this circle.”™

Those not familiar with this construction would not be likely to dis-
cover it, and if they applied the method suggested here they would
never think of taking DG for the unknown quantity rather than CF
or FD, since either of these would much more easily lead to an equa-

=) Pappus Lib, VII, Prop. 72, Vol. II, p. 783. The following is in substance
the proof given by Pappus. He first gives an elaborate proof of the following
lemma: Given a square ABCD, and E a point in AC produced, EG perpendicular
to BE at E, meeting BD produced in G, and F the point of intersection of BE and
CD. Then CD? + FE?=DG.’ Then he proceeds as follows: By the construc
tion given in the problem, DN’==BD?+ BN®. By the lemma, DG2=CD+FE’.
By construction, BD = CD and DG = DN. Therefore, FE = BN.
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eﬁ-;—'_Vaa—l-w"i‘ ‘V--Jiaa—l—%cc -+ ‘;d vV aa - cor

oubien 3 7 aa -+ cc --V..-,gaa—l—i- ¢c -+ $av aace.
Et pourceque nous auions fait cy deflus g + La2x,
nous apprenons que laquantite'x, pour la connoiffance
delaquelle nous auons fait toutes ces operations, eft

JR—— 2
“Fia V—f;aa-f-%_-cc-. Vi-tc--;;aa—i—‘ia v aa -+ cc.

L

B D G

Mais affin qu'on puiffe micux connoiftre I'vtilit¢ de 5 :;c

cete reigle il faut que ie'applique a quelg; Problefine. de cosre-

Silequarré A D, &la ligne B N eftant donnés, il fant *°°*
prolongerle coftc'A Ciufquesa E,en forte qu’E F, tirce
&’E versB, foit efgale a NB. On apprent de Pappus,
qu'ayant premierement prolong¢BD iufquesdG , en
forte que D G foitefgale 2 D N, & ayant defcrit vn cer-
cledont le diametre foit BG, fi on prolonge la ligne
droite A C, elle rencontreralacirconference de ce cer-
cle aupoint E, qu'ondemandoit. Maispour ceux qui ne
fcauroiet point cete céftruction elle feroit afésdifficile
1 rencdtrer, & enla cherchat par la methode icy propo-
{ée, ilsne s'aviferoict iamais de prédre D G pour laqua-
tité inconnué€, maisplutoft CF, ou ¥ D, a caufe que ce
Ccc2 font
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font elles qui conduifent le plus ayfement a'Equatié: &
lorsils en trouveroiét vne qui ne feroit pas facile a deme-
fler, fansla reigle que ie viens d’expliquer. Carpofanta
pourBDouCD,&¢pour EF ,& xpour DF,onaCF
©a--x,8come CF oug--*,eft AT Eouc,ainfiF Doux,

. cx . .
efta BF,quiparconfequent eft /—. Puisacaufedutri-

angle rectangle B D F, dont les coftés font I'vn x & Fau-
tre a, leurs quarrés,'qui font x x -+- a 2, font efgaux ace-

. ccxx .

luy de labaze; quieft 7= ,de fagon que multi-
pliantle tout par xx-—-24x-+ 44, on trouue que I'E-
quationeft x*~-28%5* 4+ 2a8xx--283x+a*2ccxx,

oubien x*—-28x¥' " xx.c2a35%-+a *®e. Eton
connoift par les reigles precedentes,que fa racine, qui
eftlalongeurdelaligne DF eft S 4 -+ ¥/ L4 “’Ff“’

4
- T/%cc--.’i aat+%a vV aa+t ce.

Quefion pofoit BF, ou CE, cuBE pour la quantitd
inconnué, on viendroit derechef3 voe Eqaation, en Ia.
quelleil y auroit 4 dimenfions, mais qui feroit plas ayfee
a démefler, & ony viendroit affés ayfement ; au lieu que
fic’eftoit D G quon fuppofaft, on viendroit beducoup
plus difficilement a PEquation, mais aufly elle feroit tres
fimple. Cequeie metsicy pourvous auertir, que lorfe
que le Problefme propofén’eft peint folide, fi enle cher-
chant par vn chemin on vient avne Equation fort com.
pofee,on peut ordinairement venir a2 vneplus fimple, en
le cherchant parvn autre.

Ie pourrois encore aioufter diverfes reigles pour de-
meller les Equations, qui vont an Cube , ou au Quarre

de
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tion. They would thus get an equation which could not easily be solved
without the rule which I have just explained.

For, putting @ for BD or CD, ¢ for EF and x for DF, we have
CF = a—z, and, since CF is to FE as FD is to BF, we have

a—zx:c=ux:BF,

whence BF — %, Now, in the right triangle BDF whose sides are
a—x
# and a, #24a?, the sum of their squares, is equal to the square of the

cx?

o ) Multiplying both sides by

hypotenuse, which is

x?—2ax+a*
we get the equation,
#*—2ax’+-2a252—2a3r -0t = c%4?,
or
r*—2ax°4 (20 —c*)x*—2a%x+-6* =0,

and by the preceding rule we know that its root, which is the length of
the line DF, is

—;;a+ -i- a2+ %cz - \/%62— %a’+ %a 1/;’4-_3

If, on the other hand, we consider BF, CE, or BE as the unknown
quantity, we obtain an equation of the fourth degree, but much easier
to solve, and quite simply obtained.”™

Again, if DG were used, the equation would be much more difficult
to obtain, but its solution would be very simple. I state this simply to
warn you that, when the proposed problem is not solid, if one method
of attack yields a very complicated equation a much simpler one can
usually be found by some other method.

] Taking BF as the unknown quantity, the resulting equation is
24 + 2cx% + (c2 —2a2) 42 — 2a%cx — a%c2 = 0.

Rabuel, p. 487.
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I might add several different rules for the solution of cubic and
biquadratic equations but they would be superfluous, since the con-
struction of any plane problem can be found by means of those already
given.

I could also add rules for equations of the fifth, sixth, and higher
degrees, but I prefer to consider them all together and to state the
following general rule:

First, try to put the given equation into the form of an equation
of the same degree obtained by multiplying together two others, each
of a lower degree. If, after all possible ways of doing this have been
tried, none has been sucessful, then it is certain that the given equation
cannot be reduced to a simpler one; and, consequently, if it is of the
third or fourth degree, the problem depending upon it is solid; if of
the fifth or sixth, the problem is one degree more complex, and so
on. I have also omitted here the demonstration of most of my state-
ments, because they seem to me so easy that if you take the trouble
to examine them systematically the demonstrations will present them-
selves to you and it will be of much more value to you to learn them
in that way than by reading them.
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de quarré, maiselles feroient foperflucs; car lorfque les
Problefmes font plans ,onen peut toufiours trouuer la
conftruction par cellescy.

Ie pourrois aufly enadioufter d autres pour les Equa- Regle
tions qui montent quues au furfolide, ou au Quarré de gf,‘:,‘;’f:f
cube, ou au dela, mais i'ayme mieux les comprendre duielcs
toutes en vine, & dxre en general, que lorfqu’on atafche¢ E‘?l“;:}f’ :
de les reduire a mefme forme, que celles d’antant de di- fon te 4
menfions, qui vienent dela multiplication de densx au- dgye.
tresquien ont moins, & qu'ayant dénombré tous les
moyens, par lefquels cete multiplication eft poffible, la
chofe n’a pii fucceder par aucun, on doit s’affurer qu’el-
lesne fgauroient eftre reduites a de plusfimples. En for-
te que fila quantit€ inconnué a 3 on 4 dimenfions, le Pro-
blefme pourlequel on la cherche eft folide; & fielle en a
5,0n6,il eft d'vn degré plus compofé; & ainfi des autres.

Aurefte i'ay omis icy les demonftrations de laplus
part de ce que iay dit a caufe qu'elles m’ont femblé fi fa-
~ ciles,que pourviique vous prenics la peine d’examiner
methodiquement fiiay failly, elles fe prefenteront avous
d’elles mefme: & il feraplus vtile de lesapprendre en ce-
te fagon, quenles lifant.

Or quand on eft affuré, que le Problefme propof€ eft Faconge-
folide, foit que Ir Equatxon par laquelle on le cherche pourcon-
monte au quarré de quarré,, foit qu elle ne monte que e Jes
iufques an cube, on peut toufiours en trouuer la racine problel.
par I'voe des trois fections coniques, laquelle que ce foit oo te
ou mefme par quelque partie del'vae d'elles, tant petite duits &
qu'elle puiffe eftre; en ne fe feruar aurefte que de lignes qﬁm de
droites, & de cercles. Mais ie me contenteray icy de troisou

uatredi-
Ccc 3 donner meafoos.
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donner vne reigle generale pourles trouuer toutespar le
moyend’vne Parabole, a caufe qu'elle eft en quelque fa-
gonla plus fimple.

Premierement il faut ofter le fecond terme de 'Equa-
tion propofée, s'’il n'eft defia nul, & ainfi la reduire a tel-
leforme, 3 20™*. ap 3. a aq, filaquantite inconnué n'a
que trois dimenfions; oubienatelle, 3* 0™ ap33. aaqz.
a1 r,fielie enaquatre;oubien en prenant 4 pour I'vaité,
atelle,3 ' 0" pz. ¢, &atelle

10" PR3 43 1

Aprés
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Now, when it is clear that the proposed problem is solid, whether
the equation upon which its solution depends is of the fourth degree or
only of the third. its roots can always be found by any one of the three
conic sections, or even by some part of one of them, however small,
together with only circles and straight lines. I shall content myself
with giving here a general rule for finding them all by means of a para-
bola, since that is in some respects the simplest of these curves.

First, remove the second term of the proposed equation. if this is not
already zero, thus reducing it to the form 2® — +apz-+aq, if the given
equation is of the third degree, or 2* — +apz?=+a*qz+a’r, if it is of the
fourth degree. By choosing a as the unit, the former may be written
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2% == =+ pz+q and the latter 2*== +ps*+gz=xr. Suppose that the para-
bola FAG (pages 194-198) is already described; let ACDKL be
its axis, a, or 1 which equals 2AC, its latus rectum (C being within the
parabola), and A its vertex. Lay off CD equal to }p so that the points
D and A lie on the same side of C if the equation contains +p and on
opposite sides if it contains —p. Then at the point D (or, if p =0, at
C), erect DE perpendicular to CD, so that DE is equal to iq,
and about E as center with AE as radius describe the circle FG, if the
given equation is a cubic, that is, if 7 is zero.
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Aprés cela fuppofant que la Parabole FA G eft defia
defcrite, & quefonaiffien eft A C DKL, & que fon co-
fté droiteft 2, ou 1, dont A Ceft lamoiti¢, & enfin que
Ie point Ceft au dedans de cete Parabole, & que A eneft
le fommet; 11 faut faire C D20 % p, & laprendre du mef-
me cofté, yu'eftle point A auregard du point C, silya
~+ p en'Equation; mais s'il y a-- p il faut la prendre de
autre cofte. Et du point D, oubien, fi la quantité

p eftoirnulle,du point Cil faut efleuer vne ligne 2 an-
gles droits infques aE, en forte qu'elle foit efgale aj ¢.

Er enfin du centre E il faut defcrire le cercle FG, dont
le
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le demidiametre foit
AE, fi I'Equation
n'eft que cubique, en
forte que la quanti-
tér foit nulle, Mais
quand il ya == ril
faut dans cete ligne
A E prolongee, pren-
dre d'vn cofté A R
efgalear, & del'autre
A'S efgale au cofté
droit de la Parabole
qui eft 1, & ayantde-

{crit vn cercle dont le diametre foit R S, il faut faire A H

198

perpédiculaire fur
AE,laquelleA H
rencontre ce cer-
cleRHS au point
H,qui eft celuy par
ol lautre cercle
F H G doit paffer.
Etquandily a -7
il faut aprés auoir
ainfi trouudlaligne
AH, infcrire AT,
qui luy foitefgale,
dans vn autre cer-
cle, dont A Efoit
le diametre, & lors
C'eft par le pointT,

que
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If the equation contains + 7, on one side of AE produced, lay off
AR equal to 7, and on the other side lay off AS equal to the latus
rectum of the parabola, that is, to 1, and describe a circle on RS as
diameter. Then if AH is drawn perpendicular to AE it will meet the
circle RHS in the point H, through which the other circle FHG must
pass.

If the equation contains — 7, comstruct a circle upon AE as
diameter and in it inscribe Al, a line equal to AH ;" then the first
circle must pass through the point I.

=7 That is, draw a chord equal to AH.
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Now the circle FG can cut or touch the parabola in 1, 2, 3, or 4
points; and if perpendiculars are drawn from these points upon the
axis they will represent all the roots of the equation, both true and
false. If the quantity g is positive the true roots will be those perpen-
diculars, such as FL, on the same side of the parabola, as E,” the
center of the circle; while the others, as GK, will be the false roots.
On the other hand, if ¢ is negative, the true roots will be those on the
opposite side, and the false or negative roots™ will be those on the
same side as E, the center of the circle. If the circle neither cuts nos
touches the parabola at any point, it is an indication that the equation
has neither a true nor a false root, but that all the roots are imagi-
nary.™”

This rule is evidently as general and complete as could possibly be
desired. Its demonstration is also very easy. If the line GK thus con-
structed be represented by 2z, then AK is 2%, since by the nature of the
parabola, GK is the mean proportional between AK and the latus rec-
tum, which is 1. Then if AC or 1, and CD or }p, be subtracted from
AK, the remainder is DK or EM, which is equal to 22—}p—3 of which
the square is

., 1 5 1 1
F—pz’—2t 22t 2 b+
And since DE =KM =+ ¢, the whole line GM =2+ ¢, and the square
of GM equals 2>+ ¢z+ %gz. Adding these two squares we have
1, 1, 1, 1
A—pPtez+ g I+ O+ g+

] That is, on the same side of the axis of the parabola.

291 “] es fausses ou moindres que rien.” This is the first time Descartes has
directly used this synonym.

%9 Tt may be noted that Descartes considers the cubic as a quartic having zero
as one of its roots. Therefore, the circle always cuts the parabola at the vertex.
It must then cut it in another point, since the cubic must have one real root. It
may or may not cut it in two other points. It may cut it in two coincident points
at the vertex, in which case the equation reduces to a quadratic.
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quedoit paffer F1G le premier cercle cherché. Orce
cercle F G peut coupper, ou toucher la Paraboleen1,
ou 2, 0u 3, ou 4 poins, defquels tirant des perpendiculai-
res {ur laiflieu, on atoutesles racines de I'Equation tant
vrayes, que faufles. A {gauoir fila quantite’q eft marquee
du figne -, les vrayes racines feront celles de ces per-
pendiculaires , qui fe trouueront du mefmecoftd dela
parabole, que E le centredu cercle, comme FL ; &les
autres, comme G K, feront faufles : Mais au contraire fi
cete quantité g eft marquee du figne -- les vrayes feront
cellesde antre cofté; & les fauffes, ou moindres que
rien ferontdu coft¢oueft E le centre du cercle. Eten-
fin fice cercle ne ccuppe,ny ne touche la Parabole en au-
cun point, cela tefmoigne qu’il n’y a aucune racine ny
vraye ny faufle en 'Equation, & qu'elles fonttoutes
imaginaires. Enforte que cetereigle eft la plus genera-
le, & la plus accomplie qu'il foit poffible de fou-
haiter.

Etlademonftration eneft fort ayfée. Cat fi la ligne
G K, trouuée par cete conftruction , fenomme z, AK
fera g 2, acaufedelaParabole , en laquelle GK doit
eftre moyene proportionelle,entre A K, & le cofi¢ droit
quieft 1. puisfide A Ki'ofte A C, quieft 3, & CD qui
eft 3p,ilrefte DK,ouEM, quieft 33~ 39~ 3, dont le
quarréeft
gt pRy~-33+Epp +ip+% &acaufequeDE, ou
KMeft;q,latouteG Meftz -+ 3 ¢, dont le quarré eft
23+ 93+ ¥ 94, &aflemblant ces deux quarrés, ona
3*=pRt Xty g AP T

Ddd pour
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pourle quarréde laligne G E, acaufequ'elleeft 1a baze
dutriangle retangle EM G.

Maisa caufe que cete mefme ligne GE eft le demi-
diametre du cercle F G, elle fe pene encore expliquer en
d’autres termes,a fgauoir E D eftant 24, & AD eftant
2p+3EAet v 349+ pp-3p -+ Facaufedel'an-
gledroit ADE, puss H A eftant moyene proportionelle
entre A Squieft : & ARquieft relleeft 777~ &2 cau-
fede'angledrot EAH, le quarrdde HE , on E G eft
299+ 5pp +3p =i § -+ r: fibienque il y a Equation

entre
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for the square of GE, since GE is the hypotenuse of the right triangle
EMG.
But GE is the radius of the circle FG and can therefore be expressed

in another way. For since ED=1g¢, and AD=1} p4 4, and ADE is
a right angle, we have

1 1 1 1
EA=,/— — 52 el =
\/4q2+41>+2;>+4.

Then, since HA is the mean proportional between AS or 1 and AR or 7,

HA= 47; and since EAH is aright angle, the square of HE or of EG is
1, 1, 1 1
49+ 4P+ 215+4 +7,

and we can form an equation from this expression and the one already
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obtained. This equation will be of the form 2! = pz*—gqz-}7, and there-
fore the line GK, or 2, is the root of this equation, which was to be
proved. If you will apply this method in all the other cases, with the
proper changes of sign, you will be convinced of its usefulness, without
my writing anything further about it.

Let us apply it to the problem of finding two mean proportionals

between the lines a and g. It is evident that if we represent one of the

2 2 3

. 2 2
mean proportionals by 2, then a: 2=2: 2= i Thus we have an

QN

3
equation between ¢ and z—,, namely, Z=adlg.

Describe the parabola FAG with its axis along AC, and with
AC equal to } a, that is, to half the latus rectum. Then erect CE
equal to } ¢ and perpendicular to AC at C, and describe the circle AF
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entre cete fomme & la precedente. cequieft le mefme
que 3 * 20" p3Z -- 4 3+ r.8& par confequent [a ligne trou-
uee GK qui a efté nommeke 3 eft la racine de cete Equa-
tion. ainfi qu'il falloit demonftrer. Et fivous appliqués
ce mefme calcul a tous les autres cas de cete reigle, en
changeant les fignes -+ & -- felon 'occafion , vous y
trouuerés voftre conte en mefme forte,fans qu'il foit be-

tfoin que ie m’y arefte.

Si on veut donc fuiuant cete reigle trouuer devx mo-
yennesproportionelles entre les lignes 2 & g; chafcun

fgait que pofant g pourI'vne, comme aeft 2 g, ainfi

Zﬁ'&:, &:z;z a -:i;de fagonqu'il y a Equationentre g & Linuen-

tionde
zy . -
= C'eftadire, 3’ 0* *244.EtlaParabole F A Geftant ‘;::f_s';‘; - ‘
ortio- ‘
Ddd 2 de- Encllcs.
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defcrite, auec la partic de fon aifieu A C, quieftiala
moiti¢du coftd droit ; il faut du point C eflever laper-
pendiculaire C E efgale 2 } 4,&ducentre E, par A, de-
fcrinant lecercle AF, ontrouve FL, & LA, pour les
deux moyennes cherchees.

T'out de mefme fi on veut dinifer 'angle NOP, ou-
,Ij: d,f:ffzf bienl'arc, ou portion decercle N QT P, en trois par-
vaangle tieefgales; faifant N O 20 1, pourle rayondau cercle, &
HEE NP ¢, pour la fubtendue deI'arc donné, & N Q oz,
pour la fubtendue du tiers de cet arc ; I'Equation

vient,
3320 *3%-- 4. Car ayant tiré les lignes NQ, OQ,
O T; & faifant QS parallelea T O, onvoit que comme
NOeftaN Q,ainfiNQaQR,&QRaRS; en forte

que
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about E as center, passing through A. Then FL and LA are the
required mean proportionals.”™

Again, let it be required to divide the angle NOP, or rather,
the circular arc NQTP, into three equal parts. Let NO =1 be
the radius of the circle, NP = g be the chord subtending the given arc,
and NQ =z be the chord subtending one-third of that arc; then the
equation is 2* =32—q. For, drawing NQ, OQ and OT, and drawing
QS parallel to TO, it is obvious that NO is to NQ as NQ is to QR as
QR is to RS. Since NO = 1 and NQ — z, then QR — 2% and RS — 2°;
and since NP or g lacks only RS or 2® of being three times NQ or 2, we
have g = 3z—2z® or 5% = 32—¢q."™"

Describe the parabola FAG so that CA, one-half its latus rectum,

: 1
shall be equal to %; take CD= %and the perpendicular DE= PR4

then describe the circle FAgG about E as center, passing through A.
This circle cuts the parabola in three points, F, g, and G, besides the

vertex, A. This shows that the given equation has three roots, namely,
the two true roots, GK and gk, and one false root, FL.** The smaller

"1 This may be shown as follows: Draw FM L to EC; let FL=z. From
—_— 2 J— — U —
the nature of the parabola, FL'=g . AL; AL= %; EC’4+CA’=EAY; EM*4+FM?

2 2 [ J—
=EF; EA'= ¥ + 4 EM’=(EC — FLy'= (% q—z) ; FM’=CL’= (AL—AC)?

b J— 2 2
= -‘;—%);EF’=%—qz+z’+£,-—ﬁ+ 2 . But EF=EA.

R L S o

whence 28 = a%q.
ANOQ is measured by arc NQ;
£ QNS is measured by % arc QP or arc NQ;
ASQR— / QOT is measured by arc QT or NQ;
ZOQN— LNQR— / QSR.
NQ=NQ : QR = QR RS.
QR—z2 RS = 23 Let OT cut NP at M.
NP = 2NR+ MR =2NQ+

=2NQ+MS—R
=2NQ+QT—R
=3NQ —RS.
Org=3z—2
Rabuel, p. 534.

G and g being on the opposite side of the axis from E, and F being on the
same side.
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of the two roots, gk, must be taken as the length of the required line
NQ, for the other root, GK, is equal to NV, the chord subtended by
one-third the arc VNP, which, together with the arc NQP consti-
tutes the circle; and the false root, FL, is equal to the sum of QN and
NV, as may easily be shown.”™

It is unnecessary for me to give other examples here, for all prob-
lems that are only solid can be reduced to such forms as not to require
this rule for their construction except when they involve the finding
of two mean proportionals or the trisection of an angle. This will be
obvious if it is noted that the most difficult of these problems can be’

4] For proof, see Rabuel, page 535.

17et AB=b; EB==MR=mk=NL=¢; AK=1t; Ak=3s; AL=¢;
KG=y; kg=2z FL=v.Then GM=y-t¢, gm=z+c, FN=v—c, GK’:a.AK,
2 2 2
at=y?, 1=%,gk2=a.Ak, as=2%, s=%, FL'=a.AL, ar=17, r=%—,
y?
ME=AB— AK=6— o

2

2 —_— P— —_—
mE=6—% EN="’z —b EG’=EM?+ MG?
EA’=AB’+ BE?

—_— 2
EG'== " 4 Lty oyt
2ab— 338 +Za;c+azy 2ab =|33 +2a2¢+ a2z
z
¥3+2e%c+a?y _ #8+20%c+a22
AL LA ALEL A AL
20%c = 22y + 2y?
Similarly, =
2a%c = v?y — vy?
22y 4+ 2y? — 02y — vy? 22— 22 =ovytay
v—z=y v=y+z FL =KG+4¢
Rabuel, p. 540.
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que N Oeftant 1,& N Qeftant 3, QReft 33, &R Seft
z’: Etacaufe quiils’en faut feulement R S, ou g+, quela
ligne NP, qui eft 4, ne foit triple de N Q, quieft g, on
143013 3--3} oubien,
g0 *33-q.
Puis laParabole F A G eftant defcrite , & C A lamoi-
ti¢de fon cofté droit principal eftant £, fion prent CD
0%, & laperpendiculaire DE 01 4, & que du centre E,
par A, ondefcrine lecercle FA g G, il couppe cete Pa-
raboleaux troispoins F, g,8 G, fans conter le point A
qui eneftle fommet. Ce qui monftre qu'ily atrois raci-
nesen cete Equation, 2 fganoirlesdeux G K, & g &, qui
font vrayes; & latroifiefine qui eft faufle, 4 fcauoir F L.
Etdeces deuxvrayes C’eft g £ laplus petite quil faue
prendre pourlaligne N Q qui eftoit cherchée. Carl'au-
treGK, eftefgalea NV, lafubtendue de la troifiefme
partic delarc N V P, qui auec I'autre arc N QP acheue
lecercle. Etlafaufle F L eft efgale aces deux enfemble
QN & NV, ainfi qu’il eft ayfé a voir parle calcul.
1lferoit fuperflus que iem’areftaffe a donner icy d’au- Que rous
tres exemples; car tous les Problefmes qui ne font que {,‘,i{,’,’,‘;
folides fe peuvent reduireatel point,qu'on n'aaucun be- flides fe
foinde cetereigle pour les conftruire finon entant qu’el- P duirea
le fert atrouner deux moyennes proportionelles,oubien :’:;g::’:
adivifer vn angle en trois partiesefgales. Ainfi que yous tions.
connoiftres en confiderant, que leurs difficultes peuuent
toufiours eftre comprifes en des Equations, quine mon-
tent que iufque au quarré de quarré, ouau cube : Erque
toutes celles qui montent au quarré de quarré, fe redui-
fent au quarrd, parle moyen de quelques autres , qui ne
Ddd 3 montent
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398 LA GEOMETRIE,
montent que iufques au cube: Et enfin qu'oh peut ofter
le fecond terme de cellescy. Enforte qu'iln’y ena point
quine fe puiflereduire a quelq; vne de cestrois formes.
320Y - prtg.
PPoF4pg+gq.
R0 +pz - q.

Orfionaz’xo™*.-pz-+gq, lareigle dont Cardan at-
tribue l'inuentiona vn nommé Scipio Ferreus , nous ap-
prent quelaracine eft,

VCryg+ ¥ 500+ 50 ¥ Ckig+ v yeq+5p

Commeaufly lorfqu'onaz* 0*+pz+4, & quele
quarrddela moiti¢du dernier terme eft plus grand que
le cube du tiers de la qoantite connué du penultiefme,
vne pareille reigle nous apprent que la racine eft,

Coiq+ V59q-5p + ¥V Ch g Vig—5p>

D’ou il paroift qu'on peut conftruire tous les Problef
mes, dont les didicultes {e reduifent al’'vne de ces deux
formes, fans auoir befoin des fe@ions coniques pour au-
tre chofe, que pour tirer les racines cubiques de quel-
ques quantité, données, C’eft a dire, pour trouuer deux
moyennes proportionelles entre ces quantites & I'vnité,

Puisfionag’o*+pz+4, & que le quarrd de la
moiti¢ du dernier terme nefoit point plus grand que le
cube du tiers de la quantit¢ connué du penultieflme, en
fuppofant le cercle N Q P V,dont le demidiametre NO
foit 75 p, ceftadire la moyenne proportionelle entre
le tiers dela quantité donnée p & I'vnité; & fuppofant

aufly Ia ligne N P iufcrite dans ce cercle qui foit 3-;—'

ceft
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expressed by equations of the third or fourth degree; that all equa-
tions of the fourth degree can be reduced to quadratic equations by
means of other equations not exceeding the third degree; and finally,
that the second terms of these equations can be removed; so that every
such equation can be reduced to one of the following forms:

2= —pztq 2= +pztq 2= +pz—q
Now, if we have 22 = —pz-}-q, the rule, attributed by Cardan™" to one
Scipio Ferreus, gives us the root

sl 1 1 d l 1 1 21,
29+ \/;9’+2—7P3— AR b s 5

Similarly, when we have 2* = | pz-}-g where the square of half the
last term is greater than the cube of one-third the coefficient of the
next to the last term, the corresponding rule gives us the root

.1 1 1 ./ 1 1 1
\/?q"'\/—‘{q’—ﬁﬁ3+ “2“9_\119?—ﬁ153-

It is now clear that all problems of which the equations can be
reduced to either of these two forms can be constructed without the
use of the conic sections except to extract the cube roots of certain
known quantities, which process is equivalent to finding two mean pro-
portionals between such a quantity and unity. Again, if we have
3*=-pz+}q, where the square of half the last term is not greater
than the cube of one-third the coefficient of the next to the last term,

describe the circle NQPV with radius NO equal to \/% 2, that is to
the mean proportional between unity and one-third the known quantity
p. Then take NP ==3;q, that is, such that NP is to g, the other known

¢ Cardan; Liber X, Cap. XI, fol. 29: “Scipio Ferreus Bononiensis iam annis
ab hinc triginta fermé capitulum hoc inuenit, tradidit uero Anthonio Mariz Flor~
ido Veneto, qui cii in certamen cit Nicolao Tartalea Brixellense aliquando uenisset,
occasionem dedit, ut Nocolaus inuenerit & ipse, qui cum nobis rogantibus tradidis-
ser, suppressa demonstratione, freti hoc auxilio, demonstrationem quzliuimus,
eamque in modos, quod diffcillimum fuit, redactam sic subjecimus.”

See also Cantor, Vol. IT (1), p. 444; Smith, Vol. II, p. 462.

71 Descartes wrote this :

\/c.+%q+\/{—qq+2’7pa+\/ RN
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quantity, as 1 is to % 2, and inscribe NP in the circle. Divide each of

the two arcs NQP and NVP into three equal parts, and the required
root is the sum of NQ, the chord subtending one-third the first arc, and
NV, the chord subtending one-third of the second arc.”™”

Finally, suppose that we have 2* = pz—¢. Construct the circle NQPV

whose radius NO is equal to\/ —;—p, and let NP, equal to 3—:, be in-

scribed in this circle; then NQ, the chord of one-third the arc NQP,
will be the first of the required roots, and NV, the chord of one-third
the other arc, will be the second.

An exception must be made in the case in which the square of half
the last term is greater than the cube of one-third the coefficient of the
next to the last term;®” for then the line NP cannot be inscribed in
the circle, since it is longer than the diameter. In this case, the two

9 [t may be noted that the equation 23 = 33— q may be obtained from the
equation 3 = 32+ g by transforming the latter into an equation whose roots have
the opposite signs. Then the true roots of 53 =23z— g are the false roots of
23 = 32+¢q and vice-versa. Therefore FL. = NQ + NP is now the true root.

129] The so-called irreducible case.
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c'eft adire quifoit 2 l'autre quantité donnée 4 comme
Pvnitéeft autiers dep; il nefaur que dinifer chafcun des
deuxarcs N Q P & N V Pen trois parties efgales, &on
aura N Q, la fubtendue dutiers de I'vn, & NV lafub-
tendue du tiers de F'autre, quiiointes enfemble compo-
feront laracine cherchee.

Enfinfiona 3} 20*p 3¢, en fuppofant derechef le

cercle N Q PV, dont le rayon N O foit 7 ;;3_,- & l'infcri-

te NP{oit 5{ , NQlafubtendu du tiers de 'arc NQP fe-

ral'voe desracinescherchées, & NV la fubtendue du
tiersde Pautre arc feral'autre. Aumoinsfi le quarré de
1a moitic du dernier terme, n’eft point plus grand,quele
cube dutiers de la quantité connué du penultiefme. car
s'il eftoit plus grand,laligne N P ne pourroit eftre infcri-
tedanslecercle , acaufe quelle feroit pluslongue que

fon diametre: Ce quiferoit caufe que lesdeux vrayes ra-
cines
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400 1A GEOMETRIE.
cines de cete Equation ne feroient qu'imaginaires , &
quilny en auroit de reelles que la faufle, qui foivant la

reigle de Cardan feroit,
vt £ 4 3 ’ 1.y Y
L VCqgH Vi + VO - Vg5
depr. Aurclteileftaremarquer que cete fagon d’exprimer
e ‘3 va- Ja valeur des racines par lerapport qu’elles ont aux co-
cur €¢ ftés de certains cubes dontil n’y a'quele contenu qu’on

toutes les

rcines  connoiffe, n'eft enrien plusintelligible, ny plus fimple,
quations que de les exprimer par le rapport quelles ont aux fub-
;f‘;;qr‘;ffé tendués de certains arcs, onportions de cercles , dont
de roures [e triple eft donné, Enforte quetoutescelles des Equa-
celles qui - ons cubiques qui ne peuuent eftre exprimées par les
wencque pejgles de Cardan, le penuent eftre autant ou plus claire-

iufquesau . (&
quarsé de ment par la fagonicy propolce.

W o fi par exemple , on penfe connoiftrela racine de
cete Equation, 330 * -- g3+p. 3 caufe qu’on fgait
quelleeft compofee de deux lignes. dont 'voe eft le
cofté d'vn cube, duquel le contenu eft % ¢, adioufte au
coft¢ d'vn quarr¢ , duquet derechef le contenu eft
Igq--z3p s Etlantreeftle coft¢d’vn autre cube, dont
fe contenu eft la difference ,"qui eft entre § ¢, & lecofte
de ce quarrédont le contenu eft? 49-- 2 p*, quieft rout
ce quon enapprent par larei gle de Cardan.1lny apoint
de doute qu'on ne connoifle autant ou plus diftincte-
ment laracine de celle cy, g* ©*-+¢-- p, enla confi-
derant infcrite dans va cercle, dont ledemidiametre eft

¥ £p, & fgachant quelle y eft 1a fubtendu€ d'va arc

dont le triple a pour fafubtendue 3;2. Mefme ces ter-
mes
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roots that were true are merely imaginary, and the only real root is the
one previously false, which according to Cardan’s rule is

[rotyEr—ar+iro-yToip

Furthermore it should be remarked that this method of expressing the
roots by means of the relations which they bear to the sides of certain
cubes whose contents only are known™" is in no respect clearer or
simpler than the method of expressing them by means of the relations

which they bear to the chords of certain arcs (or portions of circles),
when arcs three times as long are known. And the roots of the cubic
equations which cannot be solved by Cardan’s method can be expressed
as clearly as any others, or more clearly than the others, by the method
given here.

For example, grant that we may consider a root of the equation
2 == —qz-}p known, because we know that it is the sum of two lines

of which one is the side of a cube whose volume is —l,- q increased by the
side of a square whose area is % &— % 2#°, and the other is the side of
another cube whose volume is the difference between %— q and the side

of a square whose area is %q’— 2—17 2. This is as much knowledge of

the roots as is furnished by Cardan’s method. There is no doubt that
the value of the root of the equation 2® = 4-gz—p is quite as well
known and as clearly conceived when it is considered as the length of a

chord inscribed in a circle of radius 4 }% 2 and subtending an arc that

is one-third the arc subtended by a chord of length :%

%4 Descartes here makes use of the geometrical conception of finding the cube
root of a given quantity.
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Indeed, these terms are much less complicated than the others, and
they might be made even more concise by the use of some particular

[241)

symbol to express such chords,™” just as the symbol ¥ ™ is used to
represent the side of a cube.

By methods similar to those already explained, we can express the
roots of any biquadratic equation, and there seems to me nothing fur-
ther to be desired in the matter; for by their very nature these roots
cannot be expressed in simpler terms, nor can they be determined by
any constuction that is at the same time easier and more general.

It is true that I have not yet stated my grounds for daring to declare
a thing possible or impossible, but if it is remembered that in the method
I use all problems which present themselves to geometers reduce to a
single type, namely, to the question of finding the values of the roots
of an equation, it will be clear that a list can be made of all the ways of
finding the roots, and that it will then be easy to prove our method the
simplest and most general. Solid problems in particular cannot, as I
have already said, be constructed without the use of a curve more com-
plex than the circle. This follows at once from the fact that they all
reduce to two constructions, namely, to one in which two mean pro-

211 This is another indication of the tendency of Descartes’s age toward sym-
bolism. This suggestion was never adopted.

12431 [ Descartes’s notation, 1 C.
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mes font beaucoup moins embaraflés que les autres , &
ils fe trouueront beaucoup plus cours fi on veut vier de
quelque chiffre particulier pour exprimer ces fubten-
dués, ainfiqu’on fait duchiffre #"C. pour exprimer le
cofté des cubes.

Eton peutaufly en fuite de cecy exprimer les racines
de toutes les Equations qui montent iufques au quarré
de quarré, par lesreigles cy deflus expliquées. En forte
queie ne fgache riende plus a defirer en cete matiere.
Careafin la nature de ces racines ne permet pas qu'on
les exprime en termes plus fimples, ny quon les deter-
mine paraucune conftrution qui foit enfemble plus ge-
nerale & plus facile.

1l eft vray queie n’ay pas encore dit fur quelles raifons Pour-
ie me fonde, pour oferainfi affurer, fi vne chofe eft poffi- q,,?:by]:?
ble, ounel'eft pas, Mais fi on prent garde comment,par res foli-
lamethode dont iemefers, tout ce qui tombe fous Ia peauent
confideration des Geometres, fe reduift a vn mefme f‘l‘r‘;‘i’;"“'
geare de Problelmes , qui eft de chercher la valeur des Guslesfe-
racines de quelque Equation ; on iugera bien qu'iln’eft fﬁ‘;’;"m,
pasmalayféde faire vn dénombrement de toutes les vo- ny ceux
yespar lefquelles on les peut trouuer, qui foit fuffifant g{":sf;",f,_
pour demonftrerqu’ona choifi la plus generale, & la plus pofés ans
fimple. Et particulicrement pour cequi eft des Problefz 16/9°5%
mes folides, que 1ay dit ne pouuoireftre conftruis, fans gnes plus
qu'on y employe ‘quelque ligne plus compofée que la fees.
circulaire, c’eft chofe qu’on peut affés trouuer, de ce

quilsfe reduifent tous adeux conftrn@ions ; en I'vne
defquelles il faut auoir tout enfembleles deux poins,qui
determinent deux moyenes proportionelles entre deux

Eee lignes
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lignes donnees, & en l'autre les deux poins,, qui divifent
en trois parties efgales vn arc donné: Car d’autant que la
courbure du cercle ne depend , que d’vn fimple rapport
de toutes fes parties, au point qui eneft le centre ; on ne
peut aufly s’en feruir qu a determiner vn feul point entre
deux extremes,comme atrouuer vie moyenne propor-
tionelle entre deux lignes droitcs données, oudiuifer en
deux vnarc donné: Aulieu que fa courbure des fe@ions
coniques, dependant toufioursde deux dinerfes chofes,
peut aufly feruir a determiner deux poins differens.

Mais pour cete mefme raifonil eft impofible , qu'au-
cundes Problefmes qui font d’'vn degré plus compofes
quelesfolides, & qui prefuppofent I'inuention de quatre
moyennes proportionelles,oula divifion d'vn angle en
cinq parties efgales, puiffent eftre conttruits paraucune
desfections coniques. C'eft pourquoy ie croyray faireen
cecy tout le micux qui fe puiffe,fi ie donne vne reigle ge-
nerale pout les conftruire, eny employant!la ligne cour.
be qui fe defcrit par 'interfectic d'vne Parabole & d’vne
ligne droite en lafagon cy deffus expliquée. car i’ofe af-
furer qu'ilny ena point de plus fimple en la nature, qui
puiffe feruirace mefme effet ; & vous aude v(i comme
elle fuitimmediatement les feGtions coniques, en cete
queftion tant cherchée par lesanciens, dontlafoldtion
eafeigne par ordre toutes les lignes courbes, qui doivent

Facony, e€ftrereceués en Geometrie.

;;’:::on_ Vousfgaues defiacomment, lorfqu'on cherche les
fiwaire  quantités qui font requifes pour la conftru@ion de ces
rousles  problefmes, on les peut toufiours reduire a quelque E-

problel

mes re- quation,qui ne monte que iufquesau quatrdde cube, ou
duits 2
au
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portionals are to be found between two given lines, and one in which
two points are to be found which divide a given arc into three equal
parts. Inasmuch as the curvature of a circle depends only upon a sim-
ple relation between the center and all points on the circumference, the
circle can only be used to determine a single point between two
extremes, as, for example, to find one mean proportional between two
given lines or to bisect a given arc; while, on the other hand, since
the curvature of the conic sections always depends upon two different
things,™™ it can be used to determine two different points.

For a similar reason, it is impossible that any problem of degree more
complex than the solid, involving the finding of four mean proportion-
als or the division of an angle into five equal parts, can be constructed
by the use of one of the conic sections.

I therefore believe that I shall have accomplished all that is possible
when I have given a general rule for constructing problems by means
of the curve described by the intersection of a parabola and a straight
line, as previously explained ;" for I am convinced that there is noth-
ing of a simpler nature that will serve this purpose. You have seen,
too, that this curve directly follows the conic sections in that question
to which the ancients devoted so much attention, and whose solution
presents in order all the curves that should be received into geometry.

31 As, for example, the distance of any point from the two foci. Descartes
does not say “all points on the circumference,” but “toutes ses parties.”
4] See page 84.
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When quantities required for the construction of these problems are
to be found, you already know how an equation can always be formed
that is of no higher degree than the fifth or sixth. You also know how
by increasing the roots of this equation we can make them all true, and
at the same time have the coefficient of the third term greater than the
square of half that of the second term. Also, if it is not higher than
the fifth degree it can always be changed into an equation of the sixth
degree in which every term is present.

Now to overcome all these difficulties by means of a single rule, I
shall consider all these directions applied and the equation thereby
reduced to the form:

¥ —py*+qyt—ry*+sy*—ty+u =0

in which ¢ is greater than the square of § p.
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aufurfolide. Puis vous {gaucsaufly comment, enaug- yncgqus.
mentant Ia valeus desracines de cete Equation , on peut :::,. o?::
toufiours faire qu'elles deuienent toutes vrayes; 8 auec plug de
celaquela quatité connué dutroificfime terme foit plus fix di-
grande quele quarré de la moitié de celle du fecond:Et )
enfin comment, fi elle ne monte que infquesau furfoli-

de, onlapeut hauflerinfques au quarréde cube ; & fai-

te quela placed’aucun defes termes ne manque d'eftre
remplie.  Or affin que toutes les difficulteés, dontil eft

icy queftion, puiffent eftre refolués par vne mefmerei-

gle, ie defire qu'onface toutes ces chofes, & par ce
moyen qu'on les reduife toufiours a vne Equation de

telle forme,

yo-pyiraytery’tayy--ty-t-v0o,

& en laquelle la quantité nommde 4 foit plus grande

quele quarré de la moiti€de celle qui et nommée p.

Eec 2 Puis
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D

/ |

EED

Puis ayant fait a
ligne B K indefi-
nicment longue
des deux coftes;
& du point B
ayant tiré la per-
pendiculaire A B,
dontla longueur
foiry p;il faurdans
vn plan feparé€ de-

~ {crite vne Para-

bole, comme C
D F dont Ie cofté
droit principalfoit

—
V-V-u—-!- 9"% Vi d
queie nommeray

7 pour abreger.
Aprés cela il faut

pofer le plan dans

lequel eft cete Parabole fur celuy oufont leslignes AB &
BK, enforte que fonaiffiecu D E fe rencontre juftement
au deflus de la ligne droite BK : Et ayant pris la par-

tiede cet aiffien, qui eft entre lespoins E & D, efgale 2
aVao | . . .
~ »ilfaut appliquer fur ce point E vne longue reigle,

en telle fagon queftantaufly appliquee fur le point A
du plande deffous , elle demeure toufiours iointe a ces
deux poins, pendant qu'on haufleraon baiffera la Para-
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Produce BK indefinitely in both directions, and at B draw
AB perpendicular to BK and equal to $p. In a separate plane™
describe the parabola CDF whose principal parameter is

¢ 1
N7+ 5
which we shall represent by .

Now place the plane containing the parabola on that containing the
lines AB and BK, in such a way that the axis DE of the parabola falls

2
along the line BK. Take a point E such that DE = p—i; and place a

ruler so as to connect this point E and the point A of the lower plane.
Hold the ruler so that it always connects these points, and slide the
parabola up or down, keeping its axis always along BK. Then the

4 This does not mean in a fixed plane intersecting the first, but, for exam-
ple, on another piece of paper.
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point C, the intersection of the parabola and the ruler, will describe
the curve ACN, which is to be used in the construction of the proposed
problem.

Having thus described the curve, take a point L in the line BK on the

’ 2
concave side of the parabola, and such that BL = DE= pin;; then lay

4
off on BK, toward B, LH equal to N and from H draw HI

perpendicular to LH and on the same side as the curve ACN. Take
HI equal to

o Nu P

Z Al v

which we may, for the sake of brevity, set equal to % Join L and I, and

describe the circle LPI on LI as diameter; then inscribe in this circle

the line LP equal to \/ ﬂ%’z Finally, describe the circle PCN about
n

I as center and passing through P. This circle will cut or touch the
curve ACN in as many points as the equation has roots ; and hence the
perpendiculars CG, NR, QO, and so on, dropped from these points
upon BK, will be the required roots. This rule never fails nor does it
admit of any exceptions.

For if the quantity s were so large in proportion to the others, p, g,
7, t, u, that the line LP was greater than the diameter of the circle
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boletout lelong de laligne BK , furlaquelle fon aiffien
eft appliqué au moyen dequoyl'interfe¢tionde cete Pa-
rabole, & de cete reigle, qui fe feraaupoint C , defcrira
laligne courbe A C N, quieft celle dont nous auons be-
foinde nous feruir pour la conftrution du Problefme
propofé. Carapres qu'élle eft ainfi defcrite, fi on prent
lepoint L enlaligne B K, du cofte vers lequel eft tourné
lefommetdela Parabole & qu’on face BL efgale 2 D

E,ceft hdxrcé : Puis du point L , vers B , quon
prene en la mefme ligne BK , Ia hgnc LH, efgale 2

vas & quedupoint H ainfi trouné, on tire 2 angles
droits, du coft¢ queft la courbe A CN,laligneHI,

dontla longcur foit ~—l- +

quipour abreger

4nn V‘u’

fera nommée : Etaptés, ayantioint lespoins L & I,

qu'ondefcriuele cercle L PI, dont I L foit le diametre;
& qu'on infcrive en ce cercle la ligne L P dont la lon-

V'v

geur foit : Puis enfin du centre I, parle point P

ainfitrouué, qu'ondéfcriuve lecercleP CN. Ce cercle
couppera ou touchera laligne courbe A CN, enautant
de poins qu'il y aurade racines en I'Equation : Enforte
que les perpendiculaires tirées de cespoins furlaligne
BK,commeC G, N R, QO, & femblables, ferontles
racinescherchees. Sans quiily ait aucune exceptionny
aucondeffaut en cete reigle. Car fi la quantité s cftoit
figrande, 2 proportion des autres p, ¢, 7, ¢, & v, que lali-
gne L P fe trouuaft plus grande quele diametre du cer-

Eece 3 cle
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cleI L,enforte quelle n'y puft eftre infcrite, il ny auroit
aucune racine enl’Equation propofee qui.ne fuft imagi-
naire: Non plus que file cercle I P eftoit fi petit, qu'ilne
coupaft la courbe A C N enaucunpoint. Etillapeut
couper en fix differens , ainfi qu'il peut y auoir fix
diuerfes racines en 'Equation. Mais lorfqu'il la coupe
enmoins , cela tefmoigne qu’il y a queloues vnes de
ces racinesquifont efgales entre elles , oubien quine
font qu'imaginaires.

it

3v
/ o° T

2V

A<oT W

/()

Que
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LI™ so that LP could not be inscribed in it, every root of the pro-
posed equation would be imaginary ; and the same would be true if the
circle IP*"? were so small that it did not cut the curve ACN at any
point. The circle IP will in general cut the curve ACN in six differ-
ent points, so that the equation can have six distinct roots.™ But if
it cuts it in fewer points, this indicates that some of the roots are equal
or else imaginary.

1%1That is, the circle IPL, of which the diameter is ¢, page 222.

%11 That is, the circle PCN.

4 The points determining these roots must be points of intersection of the
circle with the main branch of the curve obtained, that is, of the branch ACN.
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If, however, this method of tracing the curve ACN by the transla-
tion of a parabola seems to you awkward, there are many other ways
of describing it. We might take AB and BL as before (page 226), and
BK equal to the latus rectum of the parabola, and describe the semi-
circle KST with its center in BK and cutting AB in some point S.
Then from the point T where it ends, take TV toward K equal to BL
and join S and V. Draw AC through A parallel to SV, and draw SC
through S parallel to BK; then C, the intersection of AC and SC will
be one point of the required curve. In this way we can find as many
points of the curve as may be desired.
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Quefila'fagon detracerlaligne A C N par le mouue-
ment d'vne Parabole vous femble incommode, il eft ay-
f¢de trouuer plufieurs autres moyens pour la defcrire.
Comme fiayant les mefmes quantités que deuant pour
AB &B L;& lamefme pour B K,qu’on auoit pofée pour
le coft¢droitprincipal de la Parabole;on deferit le demi-
cercle KS T dont le centre foitpris a difcretion dansla
ligne BK, enforte qu'il couppe quelg; part laligne A B,
comme aupoint S, & quedu point T, ou il finift,on pre-
nevers K la ligne T V, efgale 2 BL; puis ayant tiré lali-
gne SV, qu'on en tire vae autre , qui luy foit parallele,
par le point A, comme A C; & qu’on en tire auffy vne
autre par S,qui foit paralicleaBK, comme S C; le point
C,ou ces deux paralleles fe rencontrent,feral'vn de ceux
delaligne courbe cherchée. Et on enpeuttrouuer, en
mefme forte,antant d’autres qu'onen defire.
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quéesenfemble ,

LAar GEoMETRIE ‘

Orlademontftrationdetout cecy eft affés facile. car
appliquant laveigle A E auec la Parabole ED fur le point
C; conmeil eft certain qu'elles peuuent y eftre appli-

puifque ce point C eft en lacourbe

ACN,quieft deferite par leur interfection ; i CGfe

nomme y,G DferaZ , a caufe que le cofte droit, qui
cftn,eft2aCG, commeCGaGD &oftant DE, quieft

2V

—.,de GD, onh S

P

3C

bs \s/”|

3T

v

2T

x<w H

h

230

,pourG E. Puis 2 caufe que

A BeftaBE, comme
CGeftaGE; AB

cftant $p , BE eft
Py V'u
27} )lj

Et tout de mefme
en fuppofant que le
point Cdelacourbe 2
eft¢'tronué par l'inter-
fectic des lignes droi-
tes, SC parallele 2 B

K, & AC parallelea
SV. SBquieftefgale

ACG,efty: & BK
eftant efgale au coft¢
droit de la Parabole,
que iay nommé n, B

Teﬁg. car comme

KBeftaBS, ainfiBS
etaBT. Et TV
eftant
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The demonstration of all this is very simple. Place the ruler AE
and the parabola FD so that both pass through the point C. This can
always be done, since C lies on the curve ACN which is described by

the intersection of the parabola and the ruler. If we let CG =y, GD

2
will equal y;, since the latus rectum # is to CG as CG is to GD. Then

AL

, and subtracting DE from GD we have GE= 2~ pras
Since AB is to BE as CG is to GE, and AB is equal to } p, therefore

u
ny
by the intersection of the line SC, which is parallel to BK, and

AC, which is parallel to SV. Let SB=CG =1y, and BK =, the

2V
DE= e

BE=‘Z‘:’Z — Now let C be a point on the curve generated

2
latus rectum of the parabola. Then BT — -, for KB is to BS as BS is
n
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2Vu 9 2V
we have BV=— — .
n ” o
is to BV as AB is to BE, whence BE =‘§% - _nyl as before. It is evi-

to BT, and since TV=BL=

dent, therefore, that one and the same curve is described by these two
methods.

Furthermore, BLL — DE, and therefore DL. — BE ;also LH = > il__
nVu
and pr—22 _Ju
2n ny
by _Nu 1

therefore DH=LH+DL= 2m poy 2avVn

L

Also, since GD= L,

3

¥4 2
GH=DH-GD=2% _ Y% , ——— ¥
2n ny 22V u n

which may be written

-+ py +—==_vu
GH— 24

ny
and the square of GH is equal to

>y +< 2Vu 24——)3'3+<4 —P\r;)y’—ty+u
n’y*

Whatever point of the curve is taken as C, whether toward N or

toward Q, it will always be possible to express the square of the seg-

ment of BH between the point H and the foot of the perpendicular
from C to BH in these same terms connected by these same signs.

Y-+ (

232



LivRE Txoxsusuz. 409
,,, , BV eft

y_z, &commcSBcﬁaBV ainfiAB et2 BE, qui

n

eft par confcquent' . ,,y ~ comme devant, d’od on voit

guc c’eft vne mefme ligne courbe qui fe defcrit en ces
eux fagons.

Apréscela,pourceque B L & D E font efgales, D L &
BE le fontauffy: de fagon qu'adiouftit L H, quieft

eftant 1a mefme que BL , c’elt 2 dire -

zan,

ADL, quxeft-z .on a la toute DH , qmcﬁ:
& Yf—i— &enoﬂantGD,qun eﬂ:”

Ty inVu 3

ona GH » qui eft < e v_ + e Ceque i'efcris

1aVy

parordre en cete forte G H 0--p-+3pyy+, -1/ v

n
Etlequarrédde G H eft, y
y 6o pytn _§ 4+z1/vy vay —tyto
3 T “av_

2 Vo 4

Eten quelque autre enc{t"yon: de cete ligne courbe qu'on
veuille imaginer le point C, comme vers N, ou vers Q,
ontrouueratoufiours que le quarré de 12 hgnc droite,
quieft entre le point H & celuy o tombe la perpendicu-
laire du point C fur BH, peut eftreexpriméen ces mef-
mestermes, & auec les mefmes fignes -+ & --

DeplusI Heftant -, & L H eftant

‘/mm -+ zm,h caufe del'angle droit 1 H L; & LD eftat
Fff v
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Vi—f-m' IPoulICeft,

nn 2

1/’mm 1] s Vv
2 ¥ G < " » 3 caufe aufly de langle

droitI P L. Paisayant fait C M perpendiculaire furI H,
I Meftladifference quieft entreI H, & H M oy CgG,

. m
cefta dire entre -, & y , en forte que fon quarr¢

eft toufiours %": -- 3;’:-! -+, qui eftant oft¢ du quarre
de
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. m ¢
Again, IH = LH:W’ whence

g
IL=,|” , £
e
since the angle ITHL is a right angle ; and since

————

LP=\/—59+’>:1/,“

n

and the angle IPL is a right angle,

m’ £ s pNu
IC=IP=\/n4 + i A o
Now draw CM perpendicular to IH, and
IM=HI-HM=HI-CG=%—j;

n

2
whence the square of IM is :‘—‘ — 2:;"' +32
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Taking this from the square of IC there remains the square of CM, or

A s \/7 2my
i R L

and this is equal to the square of GH, previously found. This may be
written

2
— 'yt 4 2my—pVu. y’—sy’+;fz~¢ P

”2y2
Now, putting

¢ 1
Vo V=5 Ay

for n?y*, and

34.92u 43 s
w+2Nuy'+ v
for 2my*®, and multiplying both members by n*y?, we have
1 ¢ 2t £ 2
—py5 — P b _— — -
-ty +<4P ‘/u>y4+<247+21/7>y3+(4u 15\/7>y ty+u
equals

2
(i—p’—q—%>y‘+ <r+2 Vi + z‘f/%-)y% (;—u —s—pVu )y’»
r

Y=ty ey —ry’+sy'—ty+u =0,
whence it appears that the lines CG, NR, QO, etc., are the roots of this
equation.

If then it be desired to find four mean proportionals between the
lines a and b, if we let x be the first, the equation is #°—a*h =0 or
#°—0*bxr =0. Let y—a=x, and we get

y°—6ay*4-15a%y*—20a®y®+15aty*— (6a°+a*b) y+-a®+ah —O0.

Therefore, we must take AB — 3a, and BK, the latus rectum of the
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delC, il refte r oL +z—’f—’--yy.

4 nnv nn» an nn
pourle quarré de CM, qui eft efgal au quarre'de G H de-
fiatroun¢. Oubien en faifant que cete fomme foit diui-
{¢e commel'autre par nnyy,ona
—nnyt-tamy} --pi/'v yy--syy + :—:_yy. Puis

nnyy
remettant Vtv)’ gyt TPpyt, pouramyt ; &

rytt+27vy ’—l—z—%‘y?,pourz my’ : & multipliant
I'voe & l'autre fomme par nn yy, on a

Ty ) " -
yepyt - m}y 2Pl ’_!_P’ﬁ"}yy-- ty+v
"l"'*Pp T T v
‘ efgala !
Y e ~pVv
Vellys -2 7o (ys - & Yy
-9 4 v L
+py Ty T
C'eftadirequiona,

.y"-pf' SA-gyte-ry’tsyy--ty-4-voo.

D'oi il paroift queleslignes C G, N R, QO, & fembla-
bles font lesracines de cete Equation, quieft ce qu'il fal-
loit demontftrer.

Ainfidoncfion veut trounet quatre moyennes pro-
portionellesentreleslignes# &4, ayant pofe x pour la
premiere , I'Equation eft x$**™** .. 44} 200 oubien
XEFAI_gebx* 00, Et faifanty s- a0 xil vient

y-~6ay't-1gaayt--20@ yrt15atyy f,‘:;};:::‘ao 0.
C’eft pourquoyil faut prendre 3 pour la ligne AB, &

Y/ 643 kanh
—=—=-}- § g a pour BK, on le coft¢ droit de laPa-

Vangab
Fff 2 rabole
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rabole queiay nommén. &f: ¥ as~+ ab pour D E ou

BL. Et aprésauoir defcrit la ligne courbe ACN fur
643 ok aab

wnVaz i ab.

la mefure de ces trois, il faut faire LH, o

1048

S . b
&HI 0+ 77 aaFab=""20 o | p o

nnVaa g ab,

Vw;i”—’kfif—b Car le cercle qui ayant fon centre
au point I paffera par le point Painfi trouue, couppera la
courbe aux deux poins C & N ; defquels ayant tire les
perdendiculaires NR & CG, fi la moindre , N R, eft
oftée delaplus grande, CG, lerefte fera, x, la premicre
des quatre moyennes proportionelles cherchees.

1lef} ayf¢ en mefme fagon de divifer vn angle en cing
partiesefgales, & d'infcrire vne figure d’vnze ou treze
coftes cfgauxdansvn cercle, & de trouuer vne infinit¢
d’autres exemples de cetereigle.

Toutefoisil eft a remarquer, qu’en plufieurs de ces
exemples, il peut arriver que le cercle couppe fi obli-
quement laparabole du fecond genre; que le point de
leur interfeCtionfoitdifficile a reconnoiftre: & ainfi que
cete conftrution ne foit pascommode pour la pratique.
A quoy ilferoit ayf¢de remedier en compofant d'autres
regles, 2l'imitation de cellecy , comme on en peut
compofer de mille fortes.

Mais mondeflein n'eft pas de faire v gros liure, &
ie tafche plutoft de comprendre beaucoup en peu de
mots: comme oniugera peuteftre que iay fait, fion con-
fidere, qu'ayant reduit 2 vne mefme conftru@ion tous

les
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parabola must be
g
6a°+-a’h 6a*

\/a2+ab
which I shall call #, and DE or BL will be

2a Ve +ab.
3n
Then having described the curve ACN, we must have
3, 2
LH= ba’Fab
2n \/a’+ab
and
1043 18a%+ 3a%
=102, 2 oA s
n’ + n @+ ab+ A a+ab
and

LP= ‘; \/15a2+6a Vo +ab-

For the circle about I as center will pass through the point P thus
found, and cut the curve in the two points C and N. If we draw the
perpendiculars NR and CG, and subtract NR, the smaller, from CG,
the greater, the remainder will be , the first of the four required mean
proportionals.™”

This method applies as well to the division of an angle into five equal
parts, the inscription of a regular polygon of eleven or thirteen sides
in a circle, and an infinity of other problems. It should be remarked,
however, that in many of these problems it may happen that the circle
cuts the parabola of the second class so obliquely™ that it is hard to
determine the exact point of intersection. In such cases this construc-
tion is not of practical value.”™ The difficulty could easily be overcome
by forming other rules analogous to these, which might be done in a
thousand different ways.

124! The two roots of the above equation in y are NR and CG. But we know
that g is one of the roots of this equation, and therefore NR, the shorter length,
must be a4, and CG must be y. Then x =y -—a=CG— NR, the first of the
requlred mean proportionals. Rabuel, p. 580.

® That i is, makes so small an ang]e with it.
["‘“ This is especially noticeable when there are six real positive roots.

239



GEOMETRY

But it is not my purpose to write a large book. I am trying rather
to include much in a few words, as will perhaps be inferred from what
I have done, if it is considered that, while reducing to a single construc-
tion all the problems of one class, I have at the same time given a
method of transforming them into an infinity of others, and thus of
solving each in an infinite number of ways; that, furthermore, having
constructed all plane problems by the cutting of a circle by a straight
line, and all solid problems by the cutting of a circle by a parabola; and,
finally, all that are but one degree more complex by cutting a circle by
a curve but one degree higher than the parabola, it is only necessary to
follow the same general method to construct all problems, more and
more complex, ad infinitum ; for in the case of a mathematical progres-
sion, whenever the first two or three terms are given, it is easy to find
the rest.

I hope that posterity will judge me kindly, not only as to the things
which I have explained, but also as to those which I have intentionally
omitted so as to leave to others the pleasure of discovery.

[THE END]
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les Problefmes d’vn mefme genre, iay tout enfemble
donné¢la fagon delesreduire 2 vne infinité d’autres di-
uerfes; & ainfi de refoudre chafcun deux en vne infinité
defagons. Puis outre cela quayant conftruit tous ceux
qui font plans, en coupant d’vn cercle vne ligne droite;
& tous ceux qui font folides, en coupant aufly d'va cer-
cle voe Parabole; & enfintous ceux qui font d'vn degré
plus compof¢s, encoupant tout de mefme d'vn cercle
vaeligne quin'eft que d’va degré plus compofee que la
Parabole; ilne faut que fuiure ]amefme voye pour con-
ftruire tous ceux qui font plus compofésalinfini, Caren
matiere de progreflions Mathematiques ,forfqu’onales
deux outrois premiers termes, il n'eft pas malayfe’ de
trouuer lesautres. Etiefpere que nos neueux me fgau-
ront gré, non feulement des chofes que iay icy expli-
quces; maisaufly de celles que iay omifes volontaire-
rement, affin de leurlaiffer le plaifir de les inuenter.

FIN
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Ar grace & priuilege du Roy tres chre-

ftien il eft permis al' Autheur duliure in<
titulé Difcours dela Methode ¢s'c. plus la Dio-
ptrique, lesMeteores,er la Geometrie goc. dele
faireimprimer en telle part que bon luy fem.
blera dedans & dehorsle royaumede France,
8 ce pendant le terme de dix annees confe-
quutmcs a conter du iour qu’il fera parache-
u¢ dimprimer, fans qu aucun autre que le li-
braire qu'il aura choifile puiffe imprimer, ou
faireimprimer,en tout ny en partie, fous quel-
que pretexte ou deguifement que ce puifle
eftre; ny en vendre ou debiter d'autre impref-
fion quedecellequiaura eftcfaite par fa per-
miflion,a peine de mil liures d'amande, con-
fifcation de tous les cxemplalrcs &c. Ainfi
quil eft plusamplement declaré dans les let-
tresdonnees a Paris le 4 iour de May 1637. fi-
gnees par le Roy en fon confeil Ceberet &
feellecsdu grand fceau decireiaune fur fimple
queug.

' Autheur a permis 2 Ian Maire marchand
libraire a Leyde, dimprimer le dit liure & de
iouir dudit priuilege pour letems & aux con-
ditionsentre eux accordeés.

Achené d'imprimer le 8. iour de Inin 1637.
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By THE GRACE AND PRIVILEGE of the very Christian King, it is per-
mitted to the author of the book entitled Discourse on Method, etc.,
together with Dioptrics, Meteorology, and Geomeiry, etc., to have
printed wherever he wishes, within or without the Kingdom of France,
and during the period of ten consecutive years, beginning on the day
when the printing is completed, without any publisher (except the one
whom he selects) printing it, or causing it to be printed, under any pre-
text or disguise, or selling or delivering any other impression except
that which has been allowed, under penalty of a fine of a thousand
livres, the confiscation of all the copies, etc. This is more fully set forth
in the letters given at Paris, on the fourth day of May, 1637, signed
by the King and his counsel, Ceberet, and sealed with the great seal of
yellow wax on a simple ribbon.

The author has given permission to Jan Maire, bookseller at Leyden,
to print the said book and enjoy the said privilege for the time and
under the conditions agreed upon between them.

The printing is completed the eighth day of June, 1637.
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AMERICA’S OLD MASTERS, James T. Flexner. Four men emerged unexpectedly
from provincial 18th century America to leadership in European art: Benjamin
West, J. S. Copley, C. R. Peale, Gilbert Stuart. Brilliant coverage of lives and con-
tributions. Revised, 1967 edition. 69 plates. 365pp. of text.

21806-6 Paperbound $3.00

FirsT FLOWERS OF OUR WILDERNESS: AMERICAN PAINTING, THE COLONIAL
PERIOD, James T. Flexner. Painters, and regional painting traditions from eatliest
Colonial times up to the emergence of Copley, West and Peale Sr., Foster, Gustavus
Hesselius, Feke, John Smibert and many anonymous painters in the primitive manner.
Engaging presentation, with 162 illustrations. xxii -+ 368pp.

22180-6 Paperbound $3.50

THE LIGHT OF DISTANT SKIES: AMERICAN PAINTING, 1760-1835, James T. Flex-
ner. The great generation of early American painters goes to Europe to learn and
to teach: West, Copley, Gilbert Stuart and others. Allston, Trumbull, Morse; also
contemporary American painters—primitives, derivatives, academics—who remained
in America. 102 illustrations. xiii -} 306pp. 22179-2 Paperbound $3.50

A HISTORY OF THE RISE AND PROGRESS OF THE ARTS OF DESIGN IN THE UNITED
STATES, William Dunlap. Much the richest mine of information on early American
painters, sculptors, architects, engravers, miniaturists, etc. The only source of in-
formation for scores of artists, the major primary source for many others. Unabridged
reprint of rare original 1834 edition, with new introduction by James T. Flexner,
and 394 new illustrations. Edited by Rita Weiss. 635 x 93%4.

21695-0, 21696-9, 21697-7 Three volumes, Papetbound $15.00

ErocHs oF CHINESE AND JAPANESE ART, Ernest F. Fenollosa. From primitive
Chinese art to the 20th century, thorough history, explanation of every important art
period and form, including Japanese woodcuts; main stress on China and Japan, but
Tibet, Korea also included. Still unexcelled for its detailed, rich coverage of cul-
tural background, aesthetic elements, diffusion studies, particularly of the historical
period. 2nd, 1913 edition. 242 illustrations. lii + 439pp. of text.

20364-6, 20365-4 Two volumes, Paperbound $6.00

THE GENTLE ART OF MAKING ENEMIES, James A. M. Whistler. Greatest wit of his
day deflates Oscar Wilde, Ruskin, Swinburne; strikes back at inane critics, exhibi-
tions, art journalism; aesthetics of impressionist revolution in most striking form.
Highly readable classic by great painter. Reproduction of edition designed by
Whistler. Introduction by Alfred Werner. xxxvi 4+ 334pp.

21875-9 Paperbound $3.00
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VISUAL ILLUSIONS: THEIR CAUSES, CHARACTERISTICS, AND APPLICATIONS, Mat-
thew Luckiesh. Thorough description and discussion of optical illusion, geometric
and perspective, particulatly ; size and shape distortions, illusions of color, of motion;
natural illusions; use of illusion in art and magic, industry, etc. Most useful today
with op art, also for classical art. Scores of effects illustrated. Introduction by
William H. Ittleson. 100 illustrations. xxi 4 252pp.

21530-X Paperbound $2.00

A HANDBOOK OF ANATOMY FOR ART STUDENTS, Arthur Thomson. Thorough, vir-
tually exhaustive coverage of skeletal structure, musculature, etc. Full text, supple-
mented by anatomical diagrams and drawings and by photographs of undraped
figures. Unique in its comparison of male and female forms, pointing out differences
of contour, texture, form. 211 figures, 40 drawings, 86 photographs. xx 4+ 459pp.
534 x 833. 21163-0 Paperbound $3.50

150 MASTERPIECES OF DRAWING, Selected by Anthony Toney. Full page reproduc-
tions of drawings from the early 16th to the end of the 18th century, all beautifully
reproduced: Rembrandt, Michelangelo, Diirer, Fragonard, Urs, Graf, Wouwerman,
many others. First-rate browsing book, model book for artists. xviii 4 150pp.
834 x 1114. 21032-4 Paperbound* $3.50

THE LATER WORK OF AUBREY BEARDSLEY, Aubrey Beardsley. Exotic, erotic,
ironic masterpieces in full maturity: Comedy Ballet, Venus and Tannhauser, Pierrot,
Lysistrata, Rape of the Lock, Savoy material, Ali Baba, Volpone, etc. This material
revolutionized the art world, and is still powerful, fresh, brilliant. With The Early
Work, all Beardsley's finest work. 174 plates, 2 in color. xiv 4+ 176pp. 814 x 11,

21817-1 Paperbound $3.75

DRAWINGS OF REMBRANDT, Rembrandt van Rijn. Complete reproduction of fabu-
lously rare edition by Lippmann and Hofstede de Groot, completely reedited, up-
dated, improved by Prof. Seymour Slive, Fogg Museum. Portraits, Biblical sketches,
landscapes, Oriental types, nudes, episodes from classical mythology—All Rem-
brandt’s fertile genius. Also selection of drawings by his pupils and followers.
“Stunning volumes,” Saturday Review. 550 illustrations. lxxviii + 552pp.
9lg x 1214. 21485-0, 21486-9 Two volumes, Paperbound $10.00

THE DISASTERS OF WAR, Francisco Goya. One of the masterpieces of Western civi-
lization—83 etchings that record Goya's shattering, bitter reaction to the Napoleonic
war that swept through Spain after the insurrection of 1808 and to war in general.
Reprint of the first edition, with three additional plates from Boston’s Museum of
Fine Arts. All plates facsimile size. Introduction by Philip Hofer, Fogg Museum.
v + 97pp. 9% x 8Y4. 21872-4 Paperbound $2.50

GRAPHIC WORKS OF ODILON REDON. Largest collection of Redon’s graphic works
ever assembled: 172 lithographs, 28 etchings and engravings, 9 drawings. These
include some of his most famous works. All the plates from Odilon Redon: oeuvre
graphique complet, plus additional plates. New introduction and caption translations
by Alfred Werner. 209 illustrations. xxvii 4 209pp. 9V x 12V4.

21966-8 Paperbound $5.00
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DESIGN BY ACCIDENT; A BOOK OF “ACCIDENTAL EFFECTS” FOR ARTISTS AND
DESIGNERS, James F. O’Brien. Create your own unique, striking, imaginative effects
by “controlled accident” interaction of materials: paints and lacquers, oil and water
based paints, splatter, crackling materials, shatter, similar items. Everything you do
will be different; first book on this limitless art, so useful to both fine artist and
commercial artist. Full instructions. 192 plates showing ‘“accidents,” 8 in color.
viii 4~ 215pp. 834 x 111/, 21942-9 Paperbound $3.75

THE Book orF SIGNs, Rudolf Koch. Famed German type designer draws 493 beau-
tiful symbols: religious, mystical, alchemical, imperial, property marks, runes, etc.
Remarkable fusion of traditional and modern. Good for suggestions of timelessness,
smartness, modernity, Text. vi <~ 104pp. 6lg x 9V4.

20162-7 Paperbound $1.25

HISTORY OF INDIAN AND INDONESIAN ART, Ananda K. Coomaraswamy. An un-
abridged republication of one of the finest books by a great scholar in Eastern art.
Rich in descriptive material, history, social backgrounds; Sunga reliefs, Rajput
paintings, Gupta temples, Burmese frescoes, textiles, jewelry, sculpture, etc. 400
photos. viii 4 423pp. 634 x 934. 21436-2 Paperbound $5.00

PRIMITIVE ART, Franz Boas. America’s foremost anthropologist surveys textiles,
ceramics, woodcarving, basketry, metalwork, etc.; patterns, technology, creation of
symbols, style origins. All areas of world, but very full on Northwest Coast Indians.
More than 350 illustrations of baskets, boxes, totem poles, weapons, etc. 378 pp.
20025-6 Paperbound $3.00

THE GENTLEMAN AND CABINET MAKER'S DIRECTOR, Thomas Chippendale. Full
reprint (third edition, 1762) of most influential furniture book of all time, by
master cabinetmaker. 200 plates, illustrating chairs, sofas, mirrors, tables, cabinets,
plus 24 photographs of surviving pieces. Biographical introduction by N. Bienen-
stock. vi - 249pp. 97 x 1234. 21601-2 Paperbound $4.00

AMERICAN ANTIQUE FURNITURE, Edgar G. Miller, Jr. The basic coverage of all
American furniture before 1840. Individual chapters cover type of furniture—
clocks, tables, sideboards, etc.—chronologically, with inexhaustible wealth of data.
More than 2100 photographs, all identified, commented on. Essential to all early
American collectors. Introduction by H. E. Keyes. vi -+ 1106pp. 773 x 1034.
21599-7, 21600-4 Two volumes, Paperbound $11.00

PENNSYLVANIA DuTcH AMERICAN Fork ARrT, Henry J. Kauffman. 279 photos,
28 drawings of tulipware, Fraktur script, painted tinware, toys, flowered furniture,
quilts, samplers, hex signs, house interiors, etc. Full descriptive text. Excellent for
tourist, rewarding for designer, collector. Map. 146pp. 774 x 1034.

21205-X Paperbound $2.50

EARLY NEW ENGLAND GRAVESTONE RUBBINGS, Edmund V. Gillon, Jr. 43 photo-
graphs, 226 carefully reproduced rubbings show heavily symbolic, sometimes
macabre early gravestones, up to early 19th century. Remarkable early American
primitive art, occasionally strikingly beautiful; always powerful. Text. xxvi -
207pp- 834 x 1114, 21380-3 Paperbound $3.50
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ALPHABETS AND ORNAMENTS, Ernst Lehner. Well-known pictorial source for
decorative alphabets, script examples, cartouches, frames, decorative title pages, calli-
graphic initials, borders, similar material. 14th to 19th century, mostly European.
Useful in almost any graphic arts designing, varied styles. 750 illustrations. 256pp.
7 x 10. 21905-4 Paperbound $4.00

PAINTING: A CREATIVE APPROACH, Norman Colquhoun. For the beginner simple
guide provides an instructive approach to painting: major stumbling blocks for
beginner; overcoming them, technical points; paints and pigments; oil painting;
watercolor and other media and color. New section on “plastic” paints. Glossary.
Formerly Paint Your Own Pictures. 221pp. 22000-1 Paperbound $1.75

Tue ENJOYMENT AND USeE oF COLOR, Walter Sargent. Explanation of the rela-
tions between colors themselves and between colors in nature and art, including
hundreds of little-known facts about color values, intensities, effects of high and
low illumination, complementary colors. Many practical hints for painters, references
to great masters. 7 color plates, 29 illustrations. x -4 274pp.

20944-X Paperbound $2.75

THE NOTEBOOKS OF LEONARDO DA VINCI, compiled and edited by Jean Paul
Richter. 1566 extracts from original manuscripts reveal the full range of Leonardo’s
versatile genius: all his writings on painting, sculpture, architecture, anatomy,
astronomy, geography, topography, physiology, mining, music, etc., in both Italian
and English, with 186 plates of manuscript pages and more than 500 additional
drawings. Includes studies for the Last Supper, the lost Sforza monument, and
other works. Total of xIvii 4 866pp. 77 x 103.

22572-0, 22573-9 Two volumes, Paperbound $11.00

MONTGOMERY WARD CATALOGUE OF 1895. Tea gowns, yards of flannel and
pillow-case lace, stereoscopes, books of gospel hymns, the New Improved Singer
Sewing Machine, side saddles, milk skimmers, straight-edged razors, high-button
shoes, spittoons, and on and on . . . listing some 25,000 items, practically all illus-
trated. Essential to the shoppers of the 1890’s, it is our truest record of the spirit of
the period. Unaltered reprint of Issue No. 57, Spring and Summer 1895. Introduc-
tion by Boris Emmet. Innumerable illustrations. xiii + 624pp. 85 x 1134.
22377-9 Paperbound $6.95

THE CRYSTAL PALACE EXHIBITION ILLUSTRATED CATALOGUE (LONDON, 1851).
One of the wonders of the modern world—the Crystal Palace Exhibition in which
all the nations of the civilized world exhibited their achievements in the atts and
sciences—presented in an equally important illustrated catalogue. More than 1700
items pictured with accompanying text—ceramics, textiles, cast-iron work, carpets,
pianos, sleds, razors, wall-papers, billiard tables, beehives, silverware and hundreds
of other artifacts—tepresent the focal point of Victorian culture in the Western
World. Probably the largest collection of Victorian decorative art ever assembled—
indispensable for antiquarians and designers. Unabridged republication of the
Art-Journal Catalogue of the Great Exhibition of 1851, with all terminal essays.
New introduction by John Gloag, F.S.A. xxxiv + 426pp. 9 x 12.

22503-8 Paperbound $5.00
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A HisTorRY OF CosTUME, Carl Kéhler. Definitive history, based on surviving pieces
of clothing primarily, and paintings, statues, etc. secondarily. Highly readable text,
supplemented by 594 illustrations of costumes of the ancient Mediterranean peoples,
Greece and Rome, the Teutonic prehistoric period; costumes of the Middle Ages,
Renaissance, Baroque, 18th and 19th centuries. Clear, measured patterns are pro-
vided for many clothing articles. Approach is practical throughout. Enlarged by
Emma von Sichart. 464pp. 21030-8 Paperbound $3.50

ORIENTAL RuGs, ANTIQUE AND MODERN, Walter A. Hawley. A complete and
authoritative treatise on the Oriental rug—where they are made, by whom and how,
designs and symbols, characteristics in detail of the six major groups, how to dis-
tinguish them and how to buy them. Detailed technical data is provided on periods,
weaves, warps, wefts, textures, sides, ends and knots, although no technical back-
ground is required for an understanding. 11 color plates, 80 halftones, 4 maps.
vi - 320pp. 6lg x 914. 22366-3 Paperbound $5.00

TEN BOOKS ON ARCHITECTURE, Vitruvius. By any standards the most important
book on architecture ever written. Early Roman discussion of aesthetics of building,
construction methods, orders, sites, and every other aspect of architecture has in-
spired, instructed architecture for about 2,000 years. Stands behind Palladio,
Michelangelo, Bramante, Wren, countless others. Definitive Morris H. Morgan
translation. 68 illustrations. xii + 331pp. 20645-9 Paperbound $3.00

THE FOUR BOOKS OF ARCHITECTURE, Andrea Palladio. Translated into every
major Western European language in the two centuries following its publication in
1570, this has been one of the most influential books in the history of architecture.
Complete reprint of the 1738 Isaac Ware edition. New introduction by Adolf
Placzek, Columbia Univ. 216 plates. xxii + 110pp. of text. 9%5 x 1234.
21308-0 Clothbound $12.50

STICKS AND STONES: A STUDY OF AMERICAN ARCHITECTURE AND CIVILIZATION,
Lewis Mumford.One of the great classics of American cultural history. American
architecture from the medieval-inspired earliest forms to the early 20th century;
evolution of structure and style, and reciprocal influences on environment. 21 photo-
graphic illustrations. 238pp. 20202-X Paperbound $2.00

THE AMERICAN BUILDER’S COMPANION, Asher Benjamin. The most widely used
early 19th century architectural style and source book, for colonial up into Greek
Revival periods. Extensive development of geometry of carpentering, construction
of sashes, frames, doors, stairs ; plans and elevations of domestic and other buildings.
Hundreds of thousands of houses were built according to this book, now invaluable
to historians, architects, restorers, etc. 1827 edition. 59 plates. 114pp. 773 x 1034.

22236-5 Paperbound $3.50

DurcH Housks IN THE HUDSON VALLEY BEFORE 1776, Helen Wilkinson Rey-
nolds. The standard survey of the Datch colonial house and outbuildings, with con-
structional features, decoration, and local history associated with individual home-
steads. Introduction by Franklin D. Roosevelt. Map. 150 illustrations. 469pp.
6% x 9%4. 21469-9 Paperbound $5.00
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THE ARCHITECTURE OF COUNTRY HousEs, Andrew J. Downing. Together with
Vaux’'s Villas and Cottages this is the basic book for Hudson River Gothic architec-
ture of the middle Victorian period. Full, sound discussions of general aspects of
housing, architecture, style, decoration, furnishing, together with scores of detailed
house plans, illustrations of specific buildings, accompanied by full text. Perhaps
the most influential single American architectural book. 1850 edition. Introduction
by J. Stewart Johnson. 321 figures, 34 architectural designs. xvi 4+ 560pp.
22003-6 Paperbound $4.00

Lost ExAMPLES OF COLONIAL ARCHITECTURE, John Mead Howells. Full-page
photographs of buildings that have disappeared or been so altered as to be denatured,
including many designed by major early American architects. 245 plates. xvii +
248pp. 773 x 1034, 21143-6 Paperbound $3.50

DOMESTIC ARCHITECTURE OF THE AMERICAN COLONIES AND OF THE EARLY
RepuBLIC, Fiske Kimball. Foremost architect and restorer of Williamsburg and
Monticello covers nearly 200 homes between 1620-1825. Architectural details, con-
struction, style features, special fixtures, floor plans, etc. Generally considered finest
work in its area. 219 illustrations of houses, doorways, windows, capital mantels.
xx 4 314pp. 773 x 1034. 21743-4 Paperbound $4.00

EARLY AMERICAN RooMs: 1650-1858, edited by Russell Hawes Kettell. Tour of 12
rooms, each representative of a different era in American history and each furnished,
decorated, designed and occupied in the style of the era. 72 plans and elevations,
8-page color section, etc., show fabrics, wall papers, arrangements, etc. Full de-
scriptive text. xvii 4- 200pp. of text. 834 x 1114.

21633-0 Paperbound $5.00

THE FITzwILLIAM VIRGINAL BOOK, edited by J. Fuller Maitland and W. B. Squire.
Full modern printing of famous early 17th-century ms. volume of 300 works by
Motley, Byrd, Bull, Gibbons, etc. For piano or other modern keyboard instrument;
easy to read format. xxxvi - 938pp. 834 x 11.

21068-5, 21069-3 Two volumes, Paperbound$10.00

KEYBOARD MusIC, Johann Sebastian Bach. Bach Gesellschaft edition. A rich
selection of Bach’s masterpieces for the harpsichord: the six English Suites, six
French Suites, the six Partitas (Clavieriibung part I), the Goldberg Variations
(Clavieriibung part IV), the fifteen Two-Part Inventions and the fifteen Three-Part
Sinfonias. Cl<atly reproduced on large sheets with ample margins; eminently play-
able. vi 4 312pp. 815 x 11. 22360-4 Paperbound $5.00

THE Music oF BACH: AN INTRODUCTION, Charles Sanford Terry. A fine, non-
technical introduction to Bach’s music, both instrumental and vocal. Covers organ
music, chamber music, passion music, other types. Analyzes themes, developments,
innovations. x -4 114pp. 21075-8 Paperbound $1.50

BEETHOVEN AND His NINE SYMPHONIES, Sir George Grove. Noted British musi-
cologist provides best history, analysis, commentary on symphonies. Very thorough,
rigorously accurate; necessary to both advanced student and amateur music lover.
436 musical passages. vii 4 407 pp. 20334-4 Paperbound $2.75
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JOHANN SEBASTIAN BACH, Philipp Spitta. One of the great classics of musicology,
this definitive analysis of Bach’s music (and life) has never been surpassed. Lucid,
nontechnical analyses of hundreds of pieces (30 pages devoted to St. Matthew Pas-
sion, 26 to B Minor Mass). Also includes major analysis of 18th-century music.
450 musical examples. 40-page musical supplement. Total of xx 4 1799pp.
(EUK) 22278-0, 22279-9 Two volumes, Clothbound $17.50

Mozart AND His PiANO CoNCERTOS, Cuthbert Girdlestone. The only full-length
study of an important area of Mozart’s creativity. Provides detailed analyses of all
23 concertos, traces inspirational sources. 417 musical examples. Second edition.
509pp. 21271-8 Papetbound $3.50

THE PERFECT WAGNERITE: A COMMENTARY ON THE NIBLUNG's RING, George
Bernard Shaw. Brilliant and still relevant criticism in remarkable essays on
Wagner’s Ring cycle, Shaw’s ideas on political and social ideology behind the
plots, role of Leitmotifs, vocal requisites, etc. Prefaces. xxi 4 136pp.

(USO) 21707-8 Paperbound $1.75

DoN Grovanni, W. A. Mozart. Complete libretto, modern English translation;
biographies of composer and librettist; accounts of early performances and critical
reaction. Lavishly illustrated. All the material you need to understand and
appreciate this great work. Dover Opera Guide and Libretto Series; translated
and introduced by Ellen Bleiler. 92 illustrations. 209pp.

21134-7 Paperbound $2.00

Basic ELECTRICITY, U. S. Bureau of Naval Personel. Originally a training course,
best non-technical coverage of basic theory of electricity and its applications. Funda-
mental concepts, batteries, circuits, conductors and wiring techniques, AC and DC,
inductance and capacitance, generators, motors, transformers, magnetic amplifiers,
synchros, servomechanisms, etc. Also covers blue-prints, electrical diagrams, etc.
Many questions, with answers. 349 illustrations. x + 448pp. 65 x 914,
20973-3 Paperbound $3.50

REPRODUCTION OF SOUND, Edgar Villchur. Thorough coverage for laymen of
high fidelity systems, reproducing systems in general, needles, amplifiers, preamps,
loudspeakers, feedback, explaining physical background. “A rare talent for making
technicalities vividly comprehensible,” R. Darrell, High Fidelity. 69 figures.
iv 4 92pp. 21515-6 Paperbound $1.35

HEAR ME TALKIN' TO YA: THE STORY OF JAZZ As ToLD BY THE MEN WHoO
MaADE It, Nat Shapiro and Nat Hentoff. Louis Armstrong, Fats Waller, Jo Jones,
Clarence Williams, Billy Holiday, Duke Ellington, Jelly Roll Morton and dozens
of other jazz greats tell how it was in Chicago’s South Side, New Otleans, depres-
sion Harlem and the modern West Coast as jazz was born and grew. xvi 4 429pp.

21726-4 Paperbound $3.00

FABLES OF AESOP, translated by Sir Roger L'Estrange. A reproduction of the very
rare 1931 Paris edition; a selection of the most interesting fables, together with 50
imaginative drawings by Alexander Calder. v + 128pp. 6154x9V4.

21780-9 Paperbound $1.50
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AGAINST THE GRAIN (A REBOURS), Joris K. Huysmans. Filled with weird images,
evidences of a bizarre imagination, exotic experiments with hallucinatory drugs,
rich tastes and smells and the diversions of its sybarite hero Duc Jean des Esseintes,
this classic novel pushed 19th-century literary decadence to its limits. Full un-
abridged edition. Do not confuse this with abridged editions generally sold. Intro-
duction by Havelock Ellis. xlix 4+ 206pp. 22190-3 Paperbound $2.50

VARIORUM SHAKESPEARE: HAMLET. Edited by Horace H. Furness; a landmark
of American scholarship. Exhaustive footnotes and appendices treat all doubtful
words and phrases, as well as suggested critical emendations throughout the play's
history. First volume contains editor's own text, collated with all Quartos and
Folios. Second volume contains full first Quarto, translations of Shakespeare’s
sources (Belleforest, and Saxo Grammaticus), Der Bestrafte Brudermord, and many
essays on critical and historical points of interest by major authorities of past and
present. Includes details of staging and costuming over the years. By far the
best edition available for serious students of Shakespeare. Total of xx + 905pp.

21004-9, 21005-7, 2 volumes, Paperbound $7.00

A LIFE OF WILLIAM SHAKESPEARE, Sir Sidney Lee. This is the standard life of
Shakespeare, summarizing everything known about Shakespeare and his plays.
Incredibly rich in material, broad in coverage, clear and judicious, it has served
thousands as the best introduction to Shakespeare. 1931 edition. 9 plates.
xxix 4 792pp. 21967-4 Paperbound $4.50

MASTERS OF THE DRAMA, John Gassner. Most comprehensive history of the drama
in print, covering every tradition from Greeks to modern Europe and America,
including India, Far East, etc. Covers more than 800 dramatists, 2000 plays, with
biographical material, plot summaries, theatre history, criticism, etc. “Best of its
kind in English,” New Republic. 77 illustrations. xxii - 890pp.

20100-7 Clothbound $10.00

THE EVOLUTION OF THE ENGLISH LANGUAGE, George McKnight. The growth
of English, from the 14th century to the present. Unusual, non-technical account
presents basic information in very interesting form: sound shifts, change in grammar
and syntax, vocabulary growth, similar topics. Abundantly illustratec®with quota-
tions. Formerly Modern English in the Making. xii 4 590pp.

21932-1 Paperbound $4.00

AN EryMoLoGICAL DICTIONARY OF MoDERN ENGLIsH, Ernest Weekley. Fullest,
richest work of its sort, by foremost British lexicographer. Detailed word histories,
including many colloquial and archaic words; extensive quotations. Do not con-
fuse this with the Concise Etymological Dictionary, which is much abridged. Total
of xxvii 4 830pp. 615 x 914.

21873-2, 21874-0 Two volumes, Paperbound $7.90

FLATLAND: A ROMANCE OF MANY DiIMENSsIONS, E. A. Abbott. Classic of
science-fiction explores ramifications of life in a two-dimensional world, and what
happens when a three-dimensional being intrudes. Amusing reading, but also use-
ful as introduction to thought about hyperspace. Introduction by Banesh Hoffmann.
16 illustrations. xx - 103pp. 20001-9 Paperbound $1.25
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POEMs OF ANNE BRADSTREET, edited with an introduction by Robert Hutchinson.
A new selection of poems by America’s first poet and perhaps the first significant
woman poet in the English language. 48 poems display her development in works
of considerable variety—Ilove poems, domestic poems, religious meditations, formal
elegies, “'quaternions,” etc. Notes, bibliography. viii 4 222pp.

22160-1 Paperbound $2.50

THREE GOTHIC NOVELS: THE CASTLE OF OTRANTO BY HORACE WALPOLE;
VATHEK BY WILLIAM BECKFORD ; THE VAMPYRE BY JOHN POLIDORI, WITH FRAG-
MENT OF A NOVEL BY Lorp ByRoN, edited by E. F. Bleiler. The first Gothic
novel, by Walpole; the finest Oriental tale in English, by Beckford; powerful
Romantic supernatural story in versions by Polidori and Byron. All extremely
important in history of literature; all still exciting, packed with supernatural

thrills, ghosts, haunted castles, magic, etc. xl 4 291pp.
21232-7 Paperbound $2.50

THE BEst TALEs oF HOFFMANN, E. T. A. Hoffmann. 10 of Hoffmann’s most
important stories, in modern re-editings of standard translations: Nutcracker and
the King of Mice, Signor Formica, Automata, The Sandman, Rath Krespel, The
Golden Flowerpot, Master Martin the Cooper, The Mines of Falun, The King's
Betrothed, A New Year's Eve Adventure. 7 illustrations by Hoffmann. Edited
by E. F. Bleiler. xxxix + 419pp. 21793-0 Paperbound $3.00

GHOST AND HORROR STORIES OF AMBROSE BIERCE, Ambrose Bierce. 23 strikingly
modern stories of the horrors latent in the human mind: The Eyes of the Panther,
The Damned Thing, An Occurrence at Owl Creek Bridge, An Inhabitant of Carcosa,
etc.,, plus the dream-essay, Visions of the Night. Edited by E. F. Bleiler. xxii
+ 199pp. 20767-6 Paperbound $1.50

BEST GHOST STORIES OF J. S. LEFANU, J. Sheridan LeFanu. Finest stories by
Victorian master often considered greatest supernatural writer of all. Carmilla,
Green Tea, The Haunted Baronet, The Familiar, and 12 others. Most never before
available in the U. S. A. Edited by E. F. Bleiler. 8 illustrations from Victorian
publications. xvii 4 467pp. 20415-4 Paperbound $3.00

MATHEMATICAL FOUNDATIONS OF INFORMATION THEORY, A. I. Khinchin. Com-
prehensive introduction to work of Shannon, McMillan, Feinstein and Khinchin,
placing these investigations on a rigorous mathematical basis. Covers entropy
concept in probability theory, uniqueness theorem, Shannon's inequality, ergodic
sources, the E property, martingale concept, noise, Feinstein’s fundamental lemma,
Shanon’s first and second theorems. Translated by R. A. Silverman and M. D.
Friedman. iii 4 120pp. 60434-9 Paperbound $2.00

SEVEN SCIENCE FicTioN NoviLs, H. G. Wells. The standard collection of the
great novels. Complete, unabridged. First Men in the Moon, Island of Dr. Moreas,
War of the Worlds, Food of the Gods, Invisible Man, Time Machine, In the Days
of the Comet. Not only science fiction fans, but every educated person owes it to
himself to read these novels. 1015pp. (USO) 20264-X Clothbound $6.00
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Last AND FIRST MEN AND STAR MAKER, Two SCIENCE FicTioN NOVELS, Olaf
Stapledon. Greatest future histories in science fiction. In the first, human intelli-
gence is the “hero,” through strange paths of evolution, interplanetary invasions,
incredible technologies, near extinctions and reemergences. Star Maker describes the
quest of a band of star rovers for intelligence itself, through time and space: weird
inhuman civilizations, crustacean minds, symbiotic worlds, etc. Complete, un-
abridged. v 4 438pp. (USO) 21962-3 Paperbound $2.50

THREE PROPHETIC NOVELS, H. G. WELLS. Stages of a consistently planned future
for mankind. When the Sleeper Wakes, and A Story of the Days to Come, anticipate
Brave New World and 1984, in the 21st Century; The Time Machine, only com-
plete version in print, shows farther future and the end of mankind. All show
Wells's greatest gifts as storyteller and novelist. Edited by E. F. Bleiler. x
-+ 335pp. (USO) 20605-X Paperbound $2.50

THE DEviL’s DICTIONARY, Ambrose Bierce. America’'s own Oscar Wilde—
Ambrose Bierce—offers his. barbed iconoclastic wisdom in over 1,000 definitions
hailed by H. L. Mencken as “some of the most gorgeous witticisms in the English
language.” 145pp. 20487-1 Papetbound $1.25

Max AND Moritz, Wilhelm Busch. Great children’s classic, father of comic
strip, of two bad boys, Max and Moritz. Also Ker and Plunk (Plisch und Plumm),
Cat and Mouse, Deceitful Henry, Ice-Peter, The Boy and the Pipe, and five other
pieces. Original German, with English translation. Edited by H. Arthur Klein;
translations by various hands and H. Arthur Klein. vi 4- 216pp.

20181-3 Paperbound $2.00

Pics 1s P18 AND OTHER FAVORITES, Ellis Parker Butler. The title story is one
of the best humor short stories, as Mike Flannery obfuscates biology and English.
Also included, That Pup of Murchison’s, The Great American Pie Company, and
Perkins of Portland. 14 illustrations. v 4+ 109pp. 21532-6 Paperbound $1.25

THE PETERKIN PAPERS, Lucretia P. Hale. It takes genius to be as stupidly mad as
the Peterkins, as they decide to become wise, celebrate the “Fourth,” keep a cow,
and otherwise strain the resources of the Lady from Philadelphia. Basic book of
American humor. 153 illustrations. 219pp. 20794-3 Paperbound $2.00

PERRAULT'S FAIRY TALES, translated by A. E. Johnson and S. R. Littlewood, with
34 full-page illustrations by Gustave Doré. All the original Perrault stories—
Cinderella, Sleeping Beauty, Bluebeard, Little Red Riding Hood, Puss in Boots, Tom
Thumb, etc—with their witty verse morals and the magnificent illustrations of
Doré. One of the five or six great books of European fairy tales. viii 4 117pp.
815 x 11. 22311-6 Paperbound $2.00

OLp HUNGARIAN FAIRY TALES, Baroness Orczy. Favorites translated and adapted
by author of the Scarlet Pimpernel. Eight fairy tales include “The Suitors of Princess
Fire-Fly,” "The Twin Hunchbacks,” “Mr. Cuttlefish’s Love Story,” and ‘“The
Enchanted Cat.” This little volume of magic and adventure will captivate children
as it has for generations. 90 drawings by Montagu Barstow. 96pp.

(USO) 22293-4 Paperbound $1.95
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THE REDp FAIRY Book, Andrew Lang. Lang’s color fairy books have long been

children’s favorites, This volume includes Rapunzel, Jack and the Bean-stalk and

35 other stories, familiar and unfamiliar. 4 plates, 93 illustrations x + 367pp.
21673-X Paperbound $2.50

THE BLUE FAIRY BoOK, Andrew Lang. Lang’s tales come from all countries and all
times. Here are 37 tales from Grimm, the Arabian Nights, Greek Mythology, and
other fascinating sources. 8 plates, 130 illustrations. xi -+ 390pp.

21437-0 Paperbound $2.75

HoUSEHOLD STORIES BY THE BROTHERS GRIMM. Classic English-language edition
of the well-known tales — Rumpelstiltskin, Snow White, Hansel and Gretel, The
Twelve Brothers, Faithful John, Rapunzel, Tom Thumb (52 stories in all). Trans-
lated into simple, straightforward English by Lucy Crane. Ornamented with head-
pieces, vignettes, elaborate decorative initials and a dozen full-page illustrations by
Walter Crane. x -+ 269pp. 21080-4 Paperbound $2.00

THE MERRY ADVENTURES OF ROBIN Hoop, Howard Pyle. The finest modern ver-
sions of the traditional ballads and tales about the great English outlaw. Howard
Pyle’s complete prose version, with every word, every illustration of the first edition.
Do not confuse this facsimile of the original (1883) with modern editions that
change text or illustrations. 23 plates plus many page decorations. xxii 4+ 296pp.

22043-5 Paperbound $2.75

THE STORY OF KING ARTHUR AND His KNIGHTS, Howard Pyle. The finest chil-
dren’s version of the life of King Arthur; brilliantly retold by Pyle, with 48 of his
most imaginative illustrations. xviii + 313pp. 65 x 914.

21445-1 Paperbound $2.50

THE WONDERFUL WIZARD OF Oz, L. Frank Baum. America’s finest children’s
book in facsimile of first edition with all Denslow illustrations in full color. The
edition a child should have. Introduction by Martin Gardner. 23 color plates,
scores of drawings. iv - 267pp. 20691-2 Paperbound $2.50

THE MARVELOUS LAND OF Oz, L. Frank Baum. The second Oz book, every bit as
imaginative as the Wizard. The hero is a boy named Tip, but the Scarecrow and the
Tin Woodman are back, as is the Oz magic. 16 color plates, 120 drawings by John
R. Neill. 287pp. 20692-0 Paperbound $2.50

THE MAGICAL MONARCH OF Mo, L. Frank Baum. Remarkable adventures in a land
even stranger than Oz. The best of Baum’s books not in the Oz series. 15 color
plates and dozens of drawings by Frank Verbeck. xviii - 237pp.

21892-9 Paperbound $2.25

THE BaAp CHILD'S BooK OF BEASTS, MORE BEASTS FOR WORSE CHILDREN, A
MoRAL ALPHABET, Hilaire Belloc. Three complete humor classics in one volume.
Be kind to the frog, and do not call him names . . . and 28 other whimsical animals.
Familiar favorites and some not so well known. Illustrated by Basil Blackwell.
156pp. (USO) 20749-8 Paperbound $1.50
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EAsT O’ THE SUN AND WEST O’ THE MOON, George W. Dasent. Considered the
best of all translations of these Norwegian folk tales, this collection has been enjoyed
by generations of children (and folklorists too). Includes True and Untrue, Why the
Sea is Salt, East O’ the Sun and West O’ the Moon, Why the Bear is Stumpy-Tailed,
Boots and the Troll, The Cock and the Hen, Rich Peter the Pedlar, and 52 more.
The only edition with all 59 tales. 77 illustrations by Erik Werenskiold and Theodor
Kittelsen. xv 4 418pp. 22521-6 Paperbound $3.50

Goops AND How To BE THEM, Gelett Burgess. Classic of tongue-in-cheek humor,
masquerading as etiquette book. 87 verses, twice as many cartoons, show mis-
chievous Goops as they demonstrate to children virtues of table manners, neatness,
courtesy, etc. Favorite for genetations. viii - 88pp. 614 x 914.

22233-0 Paperbound $1.50

ALICE'S ADVENTURES UNDER GROUND, Lewis Carroll. The first version, quite
different from the final Alice in Wonderland, printed out by Carroll himself with
his own illustrations. Complete facsimile of the “million dollar” manuscript Carroll
gave to Alice Liddell in 1864. Introduction by Martin Gardner. viii + 96pp. Title
and dedication pages in color. 21482-6 Paperbound $1.25

THE BROWNIES, THEIR BOOK, Palmer Cox. Small as mice, cunning as foxes, exu-
berant and full of mischief, the Brownies go to the zoo, toy shop, seashore, circus,
etc., in 24 verse adventures and 266 illustrations. Long a favorite, since their first
appearance in St. Nicholas Magazine. xi 4 144pp. 634 x 914.

21265-3 Paperbound $1.75

SOoNGs OF CHILDHOOD, Walter De La Mare. Published (under the pseudonym
Walter Ramal) when De La Mare was only 29, this charming collection has long
been a favorite children’s book. A facsimile of the first edition in paper, the 47 poems
capture the simplicity of the nursery rhyme and the ballad, including such lyrics as
I Met Eve, Tartary, The Silver Penny. vii -+ 106pp. (USO) 21972-0 Paperbound

$2.00

THE COMPLETE NONSENSE OF EDWARD LEAR, Edward Lear. The finest 19th-century
humorist-cartoonist in full: all nonsense limericks, zany alphabets, Owl and Pussy-
cat, songs, nonsense botany, and more than 500 illustrations by Lear himself. Edited
by Holbrook Jackson. xxix -4 287pp. (USO) 20167-8 Paperbound $2.00

BiLLYy WHISKERS: THE AUTOBIOGRAPHY OF A GOAT, Frances Trego Montgomery.
A favorite of children since the early 20th century, here are the escapades of that
rambunctious, irresistible and mischievous goat—Billy Whiskers. Much in the
spitit of Peck’s Bad Boy, this is a book that children never tire of reading or hearing.
All the original familiar illustrations by W. H. Fry are included: 6 color plates,
18 black and white drawings. 159pp. 22345-0 Paperbound $2.00

MoTHER GoOSE MELODIES. Faithful republication of the fabulously rare Munroe
and Francis “copyright 1833"" Boston edition—the most important Mother Goose
collection, usually referred to as the “original.” Familiar rhymes plus many rare
ones, with wonderful old woodcut illustrations. Edited by E. F. Bleiler. 128pp.
415 x 634. 22577-1 Paperbound $1.00
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Two LITTLE SAVAGES; BEING THE ADVENTURES OF Two Boys WHO LIVED As
INDIANS AND WHAT THEY LEARNED, Ernest Thompson Seton. Great classic of
nature and boyhood provides a vast range of woodlore in most palatable form, a
genuinely entertaining story. Two farm boys build a teepee in woods and live in it
for a month, working out Indian solutions to living problems, star lore, birds and
animals, plants, etc. 293 illustrations. vii 4+ 286pp.

20985-7 Paperbound $2.50

PETER PIPER’'S PRACTICAL PRINCIPLES OF PLAIN & PERFECT PRONUNCIATION.
Alliterative jingles and tongue-twisters of surprising charm, that made their first
appearance in America about 1830. Republished in full with the spirited woodcut
illustrations from this earliest American edition. 32pp. 415 x 634.

.22560-7 Paperbound $1.00

SCIENCE EXPERIMENTS AND AMUSEMENTS FOR CHILDREN, Charles Vivian. 73 easy
experiments, requiring only materials found at home or easily available, such as
candles, coins, steel wool, etc.; illustrate basic phenomena like vacuum, simple
chemical reaction, etc. All safe. Modern, well-planned. Formetly Science Games
for Children. 102 photos, numerous drawings. 96pp. 6l x 9V.

21856-2 Paperbound $1.25

AN INTRODUCTION TO CHESS MOVES AND TAcCTICS SiMPLY EXPLAINED, Leonard
Barden. Informal intermediate introduction, quite strong in explaining reasons for
moves. Covers basic material, tactics, important openings, traps, positional play in
middle game, end game. Attempts to isolate patterns and recurrent configurations.
Formetly Chess. 58 figures. 102pp. (USO) 21210-6 Paperbound $1.25

LASKER'S MANUAL OF CHESsS, Dr. Emanuel Lasker. Lasker was not only one of the
five great World Champions, he was also one of the ablest expositors, theorists, and
analysts. In many ways, his Manual, permeated with his philosophy of battle, filled
with keen insights, is one of the greatest works ever written on chess. Filled with
analyzed games by the great players. A single-volume library that will profit almost
any chess player, beginner or master. 308 diagrams. xli X 349pp.

20640-8 Paperbound $2.75

THE MASTER BOOK OF MATHEMATICAL RECREATIONS, Fred Schuh. In opinion of
many the finest work ever prepared on mathematical puzzles, stunts, recreations;
exhaustively thorough explanations of mathematics involved, analysis of effects,
citation of puzzles and games. Mathematics involved is elementary. Translated bv
F. Gobel. 194 figures. xxiv -+ 430pp. 22134-2 Paperbound $3.50

MATHEMATICS, MAGIC AND MYSTERY, Martin Gardner. Puzzle editor for Scientific
American explains mathematics behind various mystifying tricks: card tricks, stage
“mind reading,” coin and match tricks, counting out games, geometric dissections,
etc. Probability sets, theory of numbers clearly explained. Also provides more than
400 tricks, guaranteed to work, that you can do. 135 illustrations. xii 4 176pp.
20335-2 Paperbound $1.75
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MATHEMATICAL PUZZLES FOR BEGINNERS AND ENTHUSIASTS, Geoffrey Mott-Smith.
189 puzzles from easy to difficult—involving arithmetic, logic, algebra, properties
of digits, probability, etc—for enjoyment and mental stimulus. Explanation of
mathematical principles behind the puzzles. 135 illustrations. viii 4 248pp.
20198-8 Paperbound $1.75

PAPER FOLDING FOR BEGINNERS, William D. Murray and Francis J. Rigney. Easiest
book on the market, clearest instructions on making interesting, beautiful origami.
Sail boats, cups, roosters, frogs that move legs, bonbon boxes, standing birds, etc.
40 projects; more than 275 diagrams and photographs. 94pp.

20713-7 Paperbound $1.00

TRICKS AND GAMES ON THE PooL TABLE, Fred Herrmann. 79 tricks and games—
some solitaires, some for two or more players, some competitive games—to entertain
you between formal games. Mystifying shots and throws, unusual caroms, tricks
involving such props as cork, coins, a hat, etc. Formerly Fun on the Pool Table.
77 figures. 95pp. 21814-7 Papetbound $1.25

HAND SHADOWS TO BE THROWN UPON THE WALL: A SERIES OF NOVEL AND
AMUSING FIGURES FORMED BY THE HAND, Henry Bursill. Delightful picturebook
from great-grandfather’s day shows how to make 18 different hand shadows: a bird
that flies, duck that quacks, dog that wags his tail, camel, goose, deer, boy, turtle,
etc. Only book of its sort. vi + 33pp. 614 x 94.  21779-5 Paperbound $1.00

WHITTLING AND WOODCARVING, E. J. Tangerman. 18th printing of best book on
market. “If you can cut a potato you can carve” toys and puzzles, chains, chessmen,
caricatures, masks, frames, woodcut blocks, surface patterns, much more. Information
on tools, woods, techniques. Also goes into serious wood sculpture from Middle
Ages to present, East and West. 464 photos, figures. x 4 293pp.

20965-2 Paperbound $2.00

HisTory OF PHILOSOPHY, Julidn Marias. Possibly the clearest, most easily followed,
best planned, most useful one-volume history of philosophy on the market; neither
skimpy nor overfull. Full details on system of every major philosopher and dozens
of less important thinkers from pre-Socratics up to Existentialism and later. Strong
on many European figures usually omitted. Has gone through dozens of editions in
Europe. 1966 edition, translated by Stanley Appelbaum and Clarence Strowbridge.
xviii 4+ 505pp. ' 21739-6 Paperbound $3.50

YoGA: A SCIENTIFIC EVALUATION, Kovoor T. Behanan. Scientific but non-technical

study of physiological results of yoga exercises; done under auspices of Yale U.

Relations to Indian thought, to psychoanalysis, etc. 16 photos. xxiii + 270pp.
20505-3 Paperbound $2.50

Prices subject 1o change without notice.

Available at your book dealer or write for free catalogue to Dept. GI, Dover
Publications, Inc., 180 Varick St., N. Y., N. Y. 10014. Dover publishes more than
150 books each year on science, elementary and advanced mathematics, biology,
music, art, literaty histoty, social sciences and other areas.
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ON THE SENsaTIONS OF TonNE, Hermann von Helmholtz.
(60753-4) $6.00

ELECTRIC WAVES, BEING RESEARCHES ON THE PROPAGATION OF
ELECTRIC AcTION WITH FINITE VELOCITY THROUGH SPACE,
Heinrich Hertz. (60057-2) $3.00

THE STRANGE STORY OF THE QUANTUM, Banesh Hoffmann.
(20518-5) $3.00

ART AND GEOMETRY: A STUDY IN Spack INTuITIONS, William
M. Ivins, Jr. (20941-5) $2.00

SELECTED PAPERS ON FREQUENCY MODULATION, edited by Jacob
Klapper. (62136-7) $7.50

HERMANN voN HELMHOLTZ, Leo Koenigsberger. (21517-2)
$4.00

THe DEVELOPMENT OF HiGH ENERGY ACCELERATORS, edited by
M. Stanley Livingston. (61662-2) $3.00

PIONEERS OF SCIENCE AND THE DEVELOPMENT OF THEIR SCIEN-
TIFIC THEORIES, Sir Oliver Lodge. (20716-1) $3.00

THE ANALYSIS OF SENSATIONS, AND THE RELATION OF THE PHY-
SICAL TO THE PsycHIcAL, Ernst Mach. (60525-6) $3.50

Paperbound unless otherwise indicated. Prices subject to change
without notice. Available at your book dealer or write for free
catalogues to Dept. TF4, Dover Publications, Inc., 180 Varick
Street, New York, N. Y. 10014, Please indicate your field of
interest. Each year Dover publishes over 200 classical records
and books in music, fine art, science, mathematics, languages,
philosophy, chess, puzzles, literature, nature, anthropology,
antiques, history, folklore, art instruction, adventure, and other
areas. Manufactured in the U.S.A.



THE GEOMETRY
OF RENE DESCARTES

“This is an unabridged republication of the definitive English trans.
lation of one of the very greatest classics of science. Originally pub-
lished in 1687, it has been characterized as “the greatest single step
ever made in the progress of the exact sciences” (John Stuart Mill);
as a book which “remade geometry and made modern geometry
possible” (Eric Temple Bell). It “revolutionized the entire concep-
tion of the object of mathematical science™ (J. Hadamard).

With this volume Descartes founded modern analytical geometry.
Reducing geometry to algebra and analysis and, conversely, showing
that analysis may be translated into geometry, it opened the way for
modern mathematics. Descartes was the first to classify curves sys-
tematically and to demonstrate algebraic solution of geometric
curves, His geometric interpretation of negative quantities led to
later concepts of continuity and the theory of function. The third
book contains important contributions to the theory of equations.

This edition contains the entire definitive Smith-Latham translation
of Descartes’ three hooks: Problems the Construction of which Re-
quires Only Straight Lines and Circles; On the Nature of Curved
Lines; On the Construction of Solid and Supersolid Problems. Inter-
leaved page by page with the translation is a complete facsimile of
the 1637 French text, together with all Descartes’ original illustra-
tions; 248 footnotes explain the text and add further bibliography.

Translated by David E. Smith and Marcia L. Latham, Preface. Index.
50 figures. xiii 4- 244pp. 5% x 8. G0068-8 Paperbound

A DOVER EDITION DESIGNED FOR YEARS OF USE!

We have made every effort to make this the best book possible.
OQur paper is opaque, with minimal show-through; it will not dis-
color or become brittle with age. Pages are sewn in signatures, in
the method traditionally used for the hest books, and will not drop
out, as often happens with paperbacks held together with glue.
Books open flat for easy reference. The binding will not crack or
split. This is a permanent book.
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