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PREFACE.

At the urgent solicitation of a large number of teachers, 1
have at length consented to publish a Key to my Treatise on
Algebra. It will probably be found convenient to many teach-
ers who are jus{; commencing the business of instruction, and
also to those who are obliged to give instruction in a large
number of departments, and consequently have but little time
to devote to the preparation for any single subject. I have
hitherto declined to publish this Key, from the apprehension
that it might fall into the hands of young pupils, and thus be
the means of defeating the main object to be secured by the
study of Algebra. To most persons who are pursuing a course
of scientific studies, the principal advantage to be anticipated
from the study of Algebra is mental discipline ; and a student
can only hope to attain this object by the effort to overcome
difficulties in reliance upon his own resources. The student
who begins the study of Algebra with the determination to
work out every thing for himself without assistance, soon ac-
quires confidence in his own powers, and is daily becoming
better prepared to encounter future difficulties ; while the in-
dividual who resorts to a Key for assistance as soon as he en-
counters some slight difficulty, is sure to lose confidence in his
own ability, and acquires a habit of shrinking from severe ef-
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fort, which probably will not be confined to mathematical sub-
jects. It should, therefore, be the aim of every teacher to pre-
vent his pupils from having access to the Key; and each pupil
ghould be fully aware that, if he depend upon a Key for assist-
ance in preparing for his recitations, although he may seem to
have attained a present advantage, he will in the end sink very
much below his companionr who relies entirely upon his own
resources in contending with mathematical difficulties.

Erias Loomis.
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Ex. 2.

Ex.3.

Ex. 4.

Ex. 5.

Ex. 6.

Ex. 4.

Ex. 5.
Ex. 6.

Ex. 7.
Ex. 8.

Ex. 9.

CHAPTER L
Agrr. 36, Page 18.

m: 26—8.

6z—4 5
3 “a+b
8b
5_7 17
6z+5 2x+4

:;1 —>4m+nta+y).

38

=abe.

Arr. 38, Page 20.
40 40
4 ————4
+V48+16 *3
V25—24+ V48 +16=vV1+V64=14+8=9.
3vV4+12v12+5+8=6460=66.
(8V4E+12)VI2+5+8=18v25=90.

=9.

36 15 12 80

-5 te 10-6-3+2-3=2

B6x2Bx16x64+3x0x5x4xB+2_921600+9880+2_ 6.
xBxAx8+1 =" 960+1

Ex.13. v10+6—Y10+6=v16—Y16=4—2=2.



Ex. 14.
Ex. 15.
Ex.16.

Ex.17.

Ex.18.

Ex.19.

Ex. 8.
Ex. 4.
‘Ex. 5.

Ex. 3.
Ex. 4.
Ex. 5.

Ex. 8.
Ex.9.
Ex. 10,
Ex.11.
Ex.12.

Ex. 4.
Ex. 5.
Ex. 6.
Ex. 7.
Ex. 8.
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5(16+36)+4 x 3 x 9=260+4108=368.
81-108+63—18=18.
V5x2+5x3+2+8=v25+2+3=10.
16+36—25 144 324—105+1 27 144 220

4—6+5 Tiyie— 6344 —3t16 10

3 5 18 28 ...
4l 5+gtg | =txg=2.
216—64 152

16402+36= 76 —
CHAPTER II.

Agrrt. 40, Pace 21.
125+ 15z.
15a—11a2
20a+ 1242

ARr. 41, Pace 22.
6ay—19.
3a’x.

—5q2—-115.

Agrr. 42, Pace 23.
az—5.
1022+9.
9a%z + 6a.

Ta?brc.
6axt—4zx.

Arr. 44, Pace 24.
©2+a+bz+13+b+3m)zy.
(m+3a+4d)x+(n—2+a)y.
(4m+2a+8)Vz+2+y.

(Ba+4b+m)x?+(20—a—n)e+1T.
(2a+8m+4)at+(3b—n—a)x*—4. .

=949-22——4.




ART. 46. SUBTRACTION. ~

Ex.9. (¢+d+)ma*+(b—a—1)na®+(c+a+3b)e.
Ex.10. (2a—c) V.

CHAPTER IIL

'Arrt. 46, Page 26.
Ex.12. 36+ m—4z.

Ex.13. 2*—ay+ Tyt —1~.
Ex. 14. 2n.

Ex.15. 2m +2n+ 2.
Ex.16. 7Ta*+a—17.

Ex. 17. 5m®—b5m?+m—4.
Ex.18. —102*4202%—6.
Ex.19. 2*+ a’z+bax+a3.
Ex. 20. 9abz—ax—"Tmn.

Arr. 48, Pace 27.
Ex.4. (4m—2d)Vz+4.
Ex.5. (2a—38m)xt+(3b+n)x®—9.
Ex. 6. (a—d)ma’+(b+aynzd+(c—a)z.
Ex.7. (1—c)m.
Ex.8. 1+4(3a—1)2*+(5a+ 3)az®+ (Ta+5)a%ct.

Agrr. 50, PagE 29.
Ex. 4. 3a+2b—8m—8a2.
Ex.5. 7a.
Ex.6. Ta—5b.
Ex. 7. Ta*cy—8bx*y+1lcxy®—1245.
Ex.8. —2ax?—22a%?+17a%c 4 4a*.

CHAPTER IV.

Agr. 59, Pace 384.
Ex.5. 63azy. Ex.15. 28a40°%.
Ex.6. 132a%%". Ex.16. 105a™25%
Ex.8. 7T2a™+. Ex. 17. a®b*cPd?x.

Ex.10. 108a%". Ex.18. abc*x.



Ex.4. a°—

Ex. 5.
Ex. 7.
Ex. 8.
Ex.9.

Ex. 10.
Ex. 11.
Ex.12.
Ex. 13.
Ex. 14.
Ex. 15.
Ex. 16.
Ex. 17.
Ex. 18.
Ex.19.
Ex. 20.

-Ex. 2.
Ex. 3.
Ex. 4.
Ex. 5.
Ex. 6.

Ex. 1.
Ex. 2.
Ex. 3.
Ex. 4.
Ex. 5.
Ex. 6.
Ex. 7.
Ex. 8.
Ex. 9.
Ex. 10.
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Agrr. 61, Pace 36.

3a%b+ 3ab*—b%.

3a’—14a*+13a—20.

2a‘ +a%— 6a"b2 2a°+17ab-12.
64 -

a’ + (m+n)ab+mnd?.

9a®— 4b%2? + 125> — 9.

2°—192—30.

at — 8x° — 11224198z — 360.

a®—bs,

abe+(ab+ac+be)e+ (a+ b+ c)a* +2°.

a®—b.

a®+8a*—22a—24.

28 —2x3 4 1.

196a°z? — 36a*5%* 4 12a%ba® — .

oS —aty—aty + 2y —ayt.

122* 4 112y + Ta? — 562%y* + 10Ty — 45,

Agrr. 65, Pace 38.
9a—"10+7c.
115+ 14a—146—12¢.
65a—17b+17c.
28a— 515+ 86¢.
—5454106¢.

Agrr. 66, Pace 39.
902+ 6ab+ b2
902+ 18ab+ 952
2502+ 30ab+ 952
25a* 4+ 20a2b 4452
25a°+10a°b 452
2504 + 70ab+ 4942282
254 + 80a°b+ 644D
40+ 2a+ %.
143 +v
9+§+45= ’ Z ‘




Ex. 1.
Ex. 2.
Ex. 3.
Ex. 4.

Ex. 5.

Ex. 6.
Ex. 7.
Ex. 8.
Ex.9.
Ex. 10.

Ex. 1.
Ex. 2.
Ex.3.
Ex. 4.

Ex. 5.
Ex. 6.
Ex. 7.

Ex. 3.
Ex.4.

Ex. 5.
Ex. 6.
Ex.7.
Ex.8.

ART. 67, MULTIPLICATION.

Agrr. 67, Pace 89.

4a*—12ab+ 952,
2502 —40ab + 1602,
36at—12a%+ 3.
36a* — 36a%x+4 92
o —zy+ %z.
49g* — 168403 4 1444352,
4905 —168a°0° 4 1444253,

4a%—20a3 + 25.
4—3+35=2"
16__5. +_’__‘ 36 I

Arr. 69, Page 40.
9a2—452 Ex.5. 16a*—9m?z2.
49a%h%—g2. . - Ex.6. 9a'b%—a’.
647 — 4957 Ex.7. m*—1.
2543608, Ex. 8. 16—-}=142

CHAPTER V.

ARr. 74, PagE 42.
—4a%bed. Ex.8. —16abc'z>.
—bab’cd. Ex. 9. —24°
50a%’. Ex. 10. 6a%5°.

ARr. 78, PacE 44.

—40a%0*—60ab+-17.
—3b4 2.'3’ cd? oa’
a
—4m3+7m’+3z—15.
2adyt — daxyt + 5oy,
r—a2 P —at.
— 3y + 4ay*—5a*y+Ta’

A2
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Agrr. 80, Page 47.

Ex. 4. a*+40°2+120% + 16ax® +162%.
Ex.6. 16at—S8ay44a*y2— 22y + 3.

Ex.7. @?—ay+12
Ex.8. 2248z +5+i“’2';1—23

Ex.9. a*—2a%+2ab*—b%
Ex. 10. ' 4 22° 4 8%+ 22+ 1.
Ex.11. 2 —ay+42

Ex.13. 3a*+ 3a%y? 4 3y,
Ex.15. a* — 52+ 4.

Ex.16. a>—2ab+ 352

Ex. 17. @ —ay+ 2+ a4+ y+1.
Ex.18. ab+bc—ac.

Ex.19. a*+ab+ 82 -

Ex. 20. a®+a%b+ab®+ 83,

ARrr. 86, Page 50.
Ex.4. Ta?b*(a—b—c).
Ex.5. 4abc(2a+3b—4c).
Ex.6. bab*c(@mz—y+1).

Agr. 87, Pace 50.
Ex.8. (a—3b)(a—35).
Ex.4. (3a—4b)(3a—43).
Ex.5. (5a*—66%)(5a%—60°).
Ex.6. (2mn—1)(2mn—1).
Ex. 7. (Ta°0*—12ab)(7a%b*—12ab).
Ex. 8. n(n+1)(n+1).
Ex.9. (40%—3mz)(4a’b—3mz).
Ex. 10. m*n%(m +n)(m+n).

Arr. 88, Page 51.

Ex.2. (3ab+ 4ac)(3ab—4ac).
Ex.8. ax(a*+ 3x)(a®—32).




ART. 89. DIVISION. 11

Ex.4. (@’+5")a+b)(a—0).
Ex. 5. (a'—ab+0%)(a'+ab+b")a+b)a—b).
Ex.6. (a'+8')(a’+0")a+b)(a—b).
Ex. 7. (1+3)(1—3).
Ex.8. 2+3(@2—3).
Agrr. 89, Page 51.
Ex.2. (a’—ab+0')a+D).
Ex.8. (¢’'—ab+b%)(a’+ab+b") a+0)(a—0).
Ex.4. (a’+2ad+40")(a—20).
Ex.5. (4a’+2a+1)(2a—1).
Ex.6. 8(a’+abd+ 5% (a—d).
Ex.7. (1—3b+95")(143d).
Ex.8. (4a’—6ad+ 95*)(2a+ 3D).
Ex. 9. (@*+8°)(a'+0)(a'+0")a+d)(a—0).

CHAPTER VL

ARr. 93, PagE 53.°

Ex. 4. Tamz'. Ex.6. 3z—1.
Ex.5. a—b. Ex.7. 2a—38b.

Arr. 97, PacE 57.
Ex.4.. a'—3ab+20* | a*—ab—20°
a'— ab—-20 | 1

—2ab+45*

Suppress the factor —25.
a'— ab—20 | a—2b

a'—2ab a+b
ab—20
ab—2b
Hence a—2b is the greatest common divisor.
Ex.5. a@— ab+ 8ad*—380 | a*—5ab+-4b°
a*—5a%+ 4ab’ a+45

4a’b— ab’— 30
40’b—20ad*+165°
19ab*'—198°
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Suppress the factor 192",
a'—5ab+ 4%
a'— ab

a—b
a—4d

—4ab+ 45

—4a0b+4%°

Hence a~b is the greatest common divisor.

Ex. 6. 62+ o*—4424-21

3z’ — 13+ 28x—21

6’ — 262 +462x—42 | 2
7z — 902+ 63

Suppress the factor 9.
32'—13x'+ 232—21
3 —102'+ T

3*—102+7
z—1

— 32’+162—21
— 82'4+102— 7
6x—14
Suppress the factor 2.
32’ —10z+7

| 8z—T7

8r*— Tz

r—1

— 8z+T

— 3x+T

Hence 3z—7 is the greatest common divisor.

Ex.7. «—72'+ 8x'+282—48

2 —82*+192—14

x+1

2 —82*+192'— 14

2 —112* +422—48
r— 82*+192—14
—_ 3@:’4—23::;—'34

Suppress the factor —1, and multiply the second polyno- -

mial by 3.
32 —24x’ + 5T2—42
8o — 232"+ 84

382*—23x+ 34
@, —1

— 2'+23rx—42
Multiply again by 8.

—32'+692—125

—3a*—232—34

46— 92
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Suppress the factor 46.
32*'—232+4-34 | 2—2
3z'— 6z Se—17
—17T24-34
—17z+4 34

Hence 2—2 is the greatest common divisor.

Agr. 98, Pag 58.

Ex. 1. The quantities are 3m* x a’, 3m* x 25°, and 3m* x 4ma.
Hence 3m’ is the greatest common divisor.
Ex. 2. 42'— 212’ +152+420 | «*—624-8
4o — 242"+ 32z | 4=+3
32’ —172+20
82’ —~18x+424
z— 4
—6x+8 | x—4
o —4x z—2

—22+8
—232-}-8 .
©— 2—12°| 2—4
o —4ax z+3
3x—12
3x—12 _
Hence #—4 is the greatest common divisor.
Ex. 3. 4’ —62'—4x+8 | 22 +2'+2—1
42422+ 2¢—2 | 2
—82'—62+5

Reject the factor —1, and mulﬁply the last divisor by 4.
82+ 4ad 4z —4 | 8a'462—b
824 62’ — 5z z, —1

—22° 4+ 92—4
Maultiply by 4.
Py oy — 824 362—16
—8z'— 6z+ 5

422 —21
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Reject the factor 21.

824+ 6x—5 | 22—
8c'— 4z | 4x+
10x—-5
10z—5
6+ 2~ 2 | 20—1
6t —32® | 82’ + 22’
42—
4o —22°
20 —2
. 22—z

[ury

>

Hence 22—1 is the greatest common divisor.

Ex. 4. 3t 4-52'— 242 | L+ —2+2
82’ +32’—32+6 | 3
22 + 2w —4
Suppress the factor 2.

L+a'— x4+2 | +2-2
242 —22 @
z+2 _
o+ -2 | 2+2
o422 z—1

- z—2

— x—2

424 92° 4 22* — 22 —4 | 242
4zt 4 82° 4+’ —2

2422 —2x—4

2422
—2—4
—2—4

Hence 2+ 2 is the greatest common divisor.

Agr. 102, PacE 60.

Ex. 4. The quantities may be written

5aabb, 2 x 5abbb, and 2abz.

Hence the least common multiple is 2 x 5a’4*2
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Ex. 5. The quantities may be written
. 8abb, 2 x 2axx, 5bbx, and 2 X 3aaxz.
Hence the least common multiple is 2 X 2 x 3 x Saabbaz.
Ex. 6. The quantities may be written
(z—2)(z—1), and (z—1)=+1).
Hence the least common multiple is (z—2)(z—1)(z+1).
Ex. 7. The quantities may be written
(@*—ab+b)(a+b)x, and 5(a+b)(@—0).
Hewnce the least common multiple is
5z(a+b)(a—0)(a’—ab+b").

Aer. 103, Pace 60.
Ex. 2. The quantities may be written
(@+2+1)(x—1), and (z+2)(z-1).
" The greatest common divisor is z—1.
Hence the least common multiple is
2 —1) '+ 2—2
( lf 1 )_(x‘—l)(a:+2).
Ex. 8. The greatest common divisor is z—1.
Hence the least common multiple is

(@ — 92+ B2 1@ —824T)_ 2 952 1982 15) =",

z—1
Ex. 4. The quantities may be written
(@+3)(@-1),(a+1)a—1),and a—1.
Hence the least common multiple is
(2+3)(@+1)(@—1).
Ex. 5. The quantities may be written
4a'+1, (2a+1)(2a—1), and 2a—1.
Hence the least common multiple is
(4a*+1)(2a+1)(2a—1).
Ex. 6. The quantities may be written
a(a+1)(a—1), (@'—a+1)(@+1),and (¢'+a+1)a—1).
Hence the least common multiple is
a(@’'—a+1)a'+a+1)(a+1)(a—1).
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Ex. 7. The quantities may be written
(z+2a)’, (x—2a)’, and (z+ 2a)(z—2a).
Hence the least common multiple is
(z +20)(x—2a).

CHAPTER VIL

Agrrt. 112, PagE 65.
Ex. 8. Cancel the factor 2¢—b.
Ex. 4. Cancel the factor z*—a'.
Ex. 5. Cancel the factor 2*—82—38.
Ex. 6. Cancel the factor 3z+3y.

Ex.7. Cancel the factor a—5, and we obtam a+b

oy Anas..

l
_-fia:i_w_’, Ans.
a—x

—4
5’A
3a:
Ex.10. Cancel the factor « -5:c+6 and we obtam ST’ 4n8

Ex. 8. Cancel the factor a—a, and we obtain

Ex. 9. Cancel the factor 24-4, and we obtam

+2

+1,Am

9z +3
4’

Ex.11. Cancel the factor 2a* — 32+ 2,and we obtain ——. 3

Ex.12. Cancel the factor w’+3a: 1, and we obtam

Agr. 113 PAGE 65.

Ex.1. a—x, Ans. Ta’d
ot Ex.6. &'—2+—~

Ex.2. a—7,dns. Exf. z—3.
Ex.4. o*+axy+y,. Ex.8. a+b.

Ex.5. 2z_1+%.

Ans

ARr. 114, PacE 66. .

Ex. 3. %7 Ex.5. l‘ﬁ@—_f"
2 . %]
- $__A79
Ex. 4. tl-. Ex. 6. Ya'-4b

a ) a’—b,’“ .
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Agrr. 115, Pace 67.

36czr 16ab 6acd
" dae 24ae ™ 9250

45 40z 60a 448z
. 6—'0, 'GT, and '—’—60 .
10—Tay Gaz—62 . ldatlde
Tda—14&» Tda—14z 2" Tdqg 14z
52452 8x*+6x+38 15—-152 -
and g5

Arr. 116, Page 69.
a mx nx

. ;’ '5!,—’ and ?.

567 985 198a 882(a+b)

50&m’ 50&m’ 50&m’ ** ~504m -

82'—2 62°+ 32 2z*— 3z

40t — 4xt—2a’ and 42—z’

Agr. 117, Page 70.
a!+b!

T @b

602° 4 624 Bax+8a
122 :

Ans. a.

Ans. a.

Ex.10. Ans. Unity. °

Ex.18. Anes.

61y —25y*—13

28y — 214+ 5 -

80t — 92 4 22°— 1
1z

Agrr. 118, Page 71
39z

35"
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622 — 83z _

21 -
4bcx+ 2bz+cx—2ab -
2b¢ *

Ex. 3.

Ex. 6.
Ex.7. .

(a=0)
Ex.10. 2.
142° — 432y + 88y*
TTay—55y°
a’

Ex. 11.

Ex. 12.

AErr. 119, Pace 72.
Ex.2. ——

Ex. 3.

Ex. 6.
Ex.7. 9azx.
2a

EX. 9. m.
mnx -
Ex. 10. pery ey .
Ex.12. 4.

693bdn + 896ab’cm — TT0amn
Ex.13. 1092dmn -

@
a—z

Ex.19. The multiplicand reduces to

Ex. 16. _
4b(a—12)
L=
Arr. 120, Pace T4.

Ex.2. —a. Ex.5. a—"
Ex.3. TUnity. Ex.6. (a—d)".
Ex.4. o™
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Agr. 121, PacE 75.

Ex. 2. obe
2@
a’'—ax+a"

z+1

Ex. 3.

Ex. 4.

Ex.11. gO_r_z

Ex.12. (£+1=quotient.

Y

+

‘#.llt%

Q-

+

8im

B[Sy BIH
+ .
QUMM
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+
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Ex.13. Reducing the divisor and dividend to a common de-
nominator, and rejecting the common denominator (2+y)y,
wehave (24 99)y+(z+y)e

(@+2y)y+ @+ 2y)z—zy

which equals unity.

Ex. 14. m-{%)z’ +2 +5:1—,(x+£=quotient.
z'+1 ‘

T
1+ pe
Ex. 15. Multiplying the dividend by a+3—c, we have
@+ a'b—a'c—ab'— b —b'c— ac® + ¢ — 2abe + be*,
and dividing this product by ¢+ 5+ ¢, we obtain
a’'—b"+¢*—2ac.

.

Arr. 122, PacE 76.

Ex.2. —ad’. - Ex.5. o
Ex.3. o' Ex.6. —3x %"
Ex.4. —3a**. . Ex. 7. (@—y)"



Ex. 2.

Ex.3.

Ex. 4.

Ex. 5.

Ex. 6.

Ex. 7.

Ex. 8.

Ex. 4.
Ex. 6.

KEY TO TREATISE ON ALGEBRA.

AgRrt. 124, Pace 78, :
—-m m —m a+m
a—m" a+m a—m’ m °
24 12 24 5 2
3B -85712-7
22abc  8mx 2¢
39mm:xm=ﬁ

(@+d)c—d)+(a=b)et+d) (c+d)(c—d)
@ae—3d)  *@tbietd)+@—bye—a)
2ac—2
: - T %ac+2d
(@a+2)'+ (a—x) a—z 24’ + 22

- x (a+a:)'—(a—'w)’= dax

m—mn+n® mn m-n mP+n® mn  m-n
= =m.
n m—n’" m*+n’ n m—n" m*+n’

a _ a _ a adn+am
5 ¢ 3 en  ~ bdn+bm+cen” bdn+-bm+cn’
+dn+m +dn+m dn+m

n

CHAPTER VIIL
Agwr. 137, PacE 83.

2424122+ 82=480.
242—92=16.

Agrr. 140, Page 86.

Ex. 10. Multiply by 16.

"836+32—11=102—10+4+776 — 56 ;
© 49r—=441-
x=9.

Ex. 11. Multiply by 12.

86x—3x+12—-48=202+4+56—1"
132=91;
e=".
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Ex.15. 51—92—202—10="75—-902 4352+ 70;
262=104;
r=4.
3z—3 20—z 6x—8 4xr—4
Ex. 16. w—5+4=2—7+5;
70z —42x+442+280="7T00—352— 602480+ 562—56 ;
672=402;
z=6.
Ex.17. 282'—13z—176—212—168=282"—"7z;
432x=344;
x=S8.
Ex. 18. 362+ 60x+4214632—117=362'+902+36;
33x=132;
x=4.

Ex. 19. Multiply by 60.
50abd 4 48ac—40cx=45ac 4+ 120ab— 360cz ;
320cx="T0ab—3ac;
__10ab—3ac
T=""320c -
Ex. 20. Multiply by 60.
30z—10a+152—3a=20x—5a;
25x=8a;
8a
w=2—5.
Ex. 21. 632481 —36x+8z—4=252;
352=175;
m=5
Ex. 22. Multiply by 12.
6x—6-+4x—8= 3z+9+2a:+8+12
br=43;
- x=83.
Ex. 23. Multiply by 36z.
86x—24 + 1442 —30=252z— 82+ 8602—33 ;
432x=11;
- 11
m:mn



22 . KEY TO TREATISE ON ALGEBRA.

Ex. 24, 422’7432+ 606—352+4175=422'—"T707z;
Tle="T81;
=11,
Ex. 25. Uniting three terms, ’
92+4 152+96—112—13— 4:c+19
dx—48~ . 51
9z+4=102—96.
2=100.
Ex. 26. 2+ bz +6=(2+2)(z+3).
Hence 4z+124+-Tx4+14=37;
112=11;
z=1.
Ex.27. o'—182'+1042—192—2*4162’—7624- 96
=x'—142’ 4+ 562 — 64 —* 4 122° — 442148 ;
162=80;
xz=>.
Ex. 28. b'z—a'z+abe+a'z=a'b—a’;
: Vetabe=a'(b—a);
a’(b—a)
b(b+a}

=2;

Ex. 29. w’+w—15 +‘I=x’+ 22—15;
z—3=2zx—1b;
r=12.
Ex. 30. Uniting two terms,

2-3 162-+43
a+it Betr2
Multiplying by the denominators,
bir—a’ 44416+ 203w+ 43 =152° +25a:+10;
5ke+8% +20-,a:—-25z+10
8024123+ 3032 =375z 4150 ;
82=27;
=33

=35.
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Agr. 144, PacE 91.

Prob. 8. Let z denote the first part.
Then will ma - “ the second part,
and nz “ the third part;
and we shall have " z+4mz+nz=a.

Hence w=T—a—.
+m4n

In order that the parts may be expressed in whole numbers,
the number @ must be exactly divisible by 1+4+m+n.

Prob.9.  Let z denote the price of one book.

Then 152—102=25.
Hence _ z=5.

Prob. 10. Let  denote the required number.
Then me—nr=a.
Hence =

“m—n

Prob. 11. . Let « denote C’s share.
Then will 8z .“ DBsshare,
and 6z “ A’sshare;
and we shall have 102=1000.
Hence 2=100. '

Prob.12. " Let 2 denote the first part.
Thenwill = mz “  thesecond part,
and ~mnxz “  the third part
and we have z+mz+mnz=a.

a
Hence 1—+m g
"Prob.13. Let 2 denote the number of gallons of brandy
- Then will 2410 <« . « wine,

and 2e+10 ¢ “. “ water ;
and we have -~ = 42+20=120.

Hence . #=25 gallons of brandy.
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Prob. 14. Let  denote the first part.
Then will z+m % the second part,
and 2¢+4+m “  the third part;

and we have 42+ 2m=a.

Hence w=a—;2m

Also, w+m=a—2r;z+4m=a+42m,
and q__—;_21_n+#n=g=the third part.

Prob.15.  Let 2 denote the wages of the fourth.
Then will 244 “ the third,

z+T7  « «“ the second,
and z+9 « “ the first;
and ‘we have 42420=32.
Hence z=3.

Prob. 16. Let @ denote the first part.
Then will z+m < the'second part,

z+m+n “  the third part,

and z+m+n+p “  the fourth part;
" and we have 42+4-3m+2n+p=a.

Hence ' z=a.—_—3mz2n—p g

Also, w+m=a—-3m—24n—p+4m;
w+m+n=a+m—2:—p+4n;
o 2n—p+4

and a:+m+n+_p=a+m+ Z 2+

Prob. 18. Let 2 denote one part.

Then will a—x < the other part;

and we have 2+d=m(a—2z)=ma—mae.

H ' _ma—b

ence B= T

d _ma+a—ma+db a+d
an a—z= pomur P
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Prob. 20. Let z denote the required number of hours.

Then will ne
and mae
and we have

Hence

Prob. 21.

“ the distance traveled by one,

« .o« “ by the other;
me—nr=a.
a
r= .
m—n
Let  denote the less part.

Then will 197—z “  the greater part;

and we have 4197 —2)=5z+50.
Hence 92=738;
z=82.

Prob. 22. Let @ denote the less part.
Then will a—ax “ the greater part;
and we have m(a—x)=nx+b.

H ma—b
ence r= m,
ma+na—ma+bd na+bd-
and a—x= = .
m+n m+n

Prob. 24. Let ma denote the first part.
Then will ne “  the second part;
and we have mz+nr=a.

a
Hence @=

Prob.26. Let mnx denote the required number.

Then ne—ma=a,
@
and ‘-c—__n—ﬂb.

Prob. 2’{ . Let 2 denote the miles traveled in coach.

Then will

Wy IR

and
and we have

Hence

¢ - the hours spent in riding,

% the hours spent in walking back ;
z & o
§+§= .
. e4-8x="T24 -
z=18.
B
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Prob. 28. Let 2 denote the number of miles traveled in coach.

Then will ,—:’; % the hours spent in riding,

and £« the hours spent in walking back ;
and we have Zil—a
m' n
Hence ne+me=amn,
d : __amn
an =myn
Prob.29.  Let = denote the number who received 9 cts. each.
Then will12—2 « “  fets;
and we have 92+ 7(12—2)=100.
Hence 2z=186,
2=8 who received 9 cents,
and 12—2=4 “ 7 cents.
Verification. 8x9+4x7=100.
Prob. 30. Let 2 denote the first part.
Then will a—=z “ the second part;
and we have me+n(a—x)=">,
or maz+na—ne=>.
Hence =b—na’
m—n
and : a_z=ma—na—b+na=ma—b.
m—n m—n

Prob. 31. Let  denote the days before the first conjunction.
Then will # ¢  the degrees the sun advances,

-and 183z « “ - the moon advances;

and we have 13z—a=60.

Hence #=>5 days, to first conjunction.

If # denote the days before the second conjunction, we shall
have 182 —x=23860 4-60=420.

Hence 2=35 days to second conjunction.

+ In the same manner we find 65 days to the third conjunc-
tion, and so on.
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Prob. 32. Let z denote the days before the first meeting.
Then will nz  “  the miles traveled by one,

and max “  the miles traveled by the other;
and we have ma—nz=>.
Hence ' z= da.ys

.m—n

If  denote the days befone the second meeting, we shall have
me—ne=a-+>.
a+b

Hence z=_—" days
If z denote the days before the tAird meeting, we shall find
2a+b
. z=_ day
Prob.33. = Leta denote one of the parts.

Then will 12—a2 “  the other part;
and we have 144 —24x+a'—a'=48.

Hence 242 =96,
a:=4,

and 12—2=8.

Verification. 64—-16=48.

Prob. 34. Let & denote one of the parts.
Then will a—a2 “ the other part;
and we have . a'—2ar+ ' —a*=>b.
Hence : 2ax=a’—b,

a'—b
T="2a "
© 20'—a'+b a'+b
and a—r=—g ——="5—

Prob. 85. The given ratios are . 2:3,
and 4:5,
which may be represented by the numbers 8:12:15.
Let - 8z denote A’s share.

Then will 122 < B’sshare,
and ' 152 <« (s share;
and we have 852=21,000.
‘Whence =600,

and A’s share is 4800, B’s share is 7200, and C’s share is 9000.
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Verification. 480047200+ 9000=21,000.

Also, : 4800:7200::2:3,
and 7200:9000::4:5.
Prob. 36. Let ma denote the first part.
Then will ne ¢  the second part,
and px  “  the third part; -
and we have me+net+pr=a.
H S .
ence &z —m.
Prob.87.  Let « denote the pounds of tea at 72 cents.
Then will 80—z ¢ “ “ at 40 cents; -

and the value of the tea will be denoted by
72 +40(80—a).
This is required to be equal to 80 x 60, or 4800.

Hence 72+ 8200 —402=4800,
and #=>50 pounds.

Prob.38.  Let « denote the pounds at @ cents.
Then will n—2 ¢ “  at b cents;
and we have ax+b(n—z)=nc.

Hence ax—br=nc—nb,
and w=n(c_b).
a—b
na—nb—nc+nb_n(a—c)
Also, n—e= o =% "

Prob. 39. Let « denote the required number of days.
Then will 2 « the portion of the work done by A,

6

z _

g “ « “ done by B,
and g‘i « « % done by C;

z x @ .
and we have 6+—8—+2—4=the whole; i.e., =1.

Hence 4+ 8w+ aw=24;
x=3 days.
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. . .e A . 3
Verification. A does g of the whole work,

B does >

8 of the work,
C does 2% of the work;
. 3 3 38
and : 3+§+§;=1.
Prob. 40. Let x denote the required number of days.
z & @
Then a-}-z-{-z:l.
Hence bex + acxe + abe=abe,
d . abe .
an T=2bt+act+bc
Prob. 42. Let 2 denote the required time.
Then 1.1 1:—2:
a' b ce
Hence bex + ace + abx=2abe,
-and ' _ Qabe .
-an = e b
Prob.43. -Let « denote the number of pieces of the first kind.
Thenwill§-2 « « “ of the second kind.
Also, % “  the value of the pieces of the first kind,
and 8—113 « -« “ of the second kind.
r 8—=z
Hence QT) + T: 1.
‘Whence 2+40—52=20,
and z=>5.
Verification. 5 pieces at 5 cents each amount to 25 cents,
3 « 25 « « 75 cents;

25 cents+75 cents=one dollar.



30 KEY TO TREATISE ON ALGEBRA.

Prob.44. Let« denote the number of pieces of the first kind. .

Thenwille—z ¢ « ¢« - of the second kind.
z c—x
Hence p + 5 = 1,
bz +ac—axr=ab,
_ale=b)
="
ac—bc—ac+ab _ab—bec bla—c)
Also, C—T= a—b' . =a—bd = a—0b"
Prob.46.  Let @—m denote the first part.
Then will +m ¢  the second part,
x .
poey “  the third part,
me % the fourth part.
Hence 2z+1%+mx=a,
2max+ 2+ m*e=ma,
___ma .  ma
w—_m2+2m+1._(m+1)2'
Prob. 47. Let 2 denote the original stock.
Then will 2—500 “  sum not expended the first year,
2—500 '

“  his gain the first year,

3
4

5(:1:—500) “  sum he had at end of first year;
42—2000 .., sumhbe traded with the second

3 - year,
4 42—3500 - « sum he had at end of second

3" 3 year;
&—:}M_m « sum he traded with the third

year, ,
%w “  sum he had at end of third year.
4 162—18,500
Hence 3 —z’g—,— = 2(8,

32— 87,000 =27z,
2="1400.
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Prob. 48. Let « denote the original stock.
Then will %(x—a):sum he had at end of first year,

3.4%”=smn he had at end of second year,
%.1—%;—375=sum he had at end of third year.
4 16z—37a
Hence §.T=2z,
642 — 1480 =54z,
_148a T4a
=710 =75 -

Prob.49.  Let # denote the required number of years.
Then will 54+2 “  the age of the father at that time,

942 % the son at that time.
Hence 54 +ax=4(9+2),
' x=6. _
Prob. 50. Let # denote the required number of years.
Then will a+z=n(d+z),
ne—e=a—nb,
: a—nb
r= 1"
CHAPTER IX.
Agr. 151, Pace 102.
Ex.1. . 112+ 3y=100, 1)
Given { do—Ty—=4. @)
Multiply (1) by 7, 77z+21y="700. 3
Maultiply (2) by 3, 12z—21y= 12. 4
Add (#) to (3), 89z =Tl
Hence z=8. .
Substitute this value in equation (1),
88+ 3y=100.

‘Whence _ y=4.
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Verification.: 88+4-12=100,
32—28=4.
Ex. 2. Clearing of fractions, we have
8242y = 42, (1)
22+3y= 48. @)
Multiply (1) by 2, 6x+4y= 84. 3)
Multiply (2) by 3, 6z+9y=144. “
Subtract (3) from (4), 5y="60.
‘Whence y=12.
Substitute in (2) 2x+4+36=48. :
Hence z=6.
Ex. 3. Clearing of fractions, and transposing, we have
e+ 24y= 91, )
4024+ y= 768. @)
Multiply (1) by 40, 4024960y =3640, ° ®
Subtract (2) from (3), 959y =2871.
‘Whence y=38.
Substitute in (1) z+472=91.
Hence z=19.
Verification. 2 roa=3l,
§+ 190=192.
Ex. 4. Clearing of fractions, and transposing, we have
48y— 17Tz= 155, 1)
2y+ 80z= 160. ©)
Maltiply (2) by 24, 48y+7202=23840. @)
Subtract (1) from (3), 737T2=3685.
‘Whence z=5. N
Substitute in (2) 2y+150=160.
R Y= 5.
. . 8 5
Verification. 10—2=T+g,
: 3 11
20— 3= 241 — 5
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Ex. 5. . a b
~+-=m 1
Given{® 3(; ’ 0
S )e
zty=" )
Multiply (1) by ¢, ‘i:+b—y°=mc. ®)
Multfply (2) by a, % %d=m. (€))
be ad .
Subtract (4) from (8), ;—7=mc—na. . ()
Whence y= be—ad
me—na’
Multiply (1) by d, ‘fg+b§=md. ©
Multiply @ by 8, = %’ﬂb. @
Subtract (6) from (7) bo 29 nb—m.
bc—ad
mence = d
Ex. 6. . S5e— Ty=20 1)
Given { 9r—11y=44, @)
Multiply (1) by 9,  45z—63y=180. @)
Multiply (2) by 5, 452—55y=220. @)
Subtract (3) from (4), 8y= 40.
‘Whence y=>5.
Substitute in (1) 5z—385 =20.
z=11.
Ex.T. [ 1Te—13y=144, @
Given { 282+ 19y =890. ©)
Multiply (1) by 19, 323z—247y= 2,736. 3)
Maultiply (2) by 13, 29924247y =11,570. @)
Add (4) to (3), 622z =14,306.
®=23.

B2
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Substitute in (1) 391—13y=144.

13y =247,
Y= 19.
Ex. 8. 1 1
2=y
Gi
ivend
—=——nN.
y @

. . 1 1
Substitute (2) in (1), S=m—_+n.
Hence Z: m+4n,
or -2

w=g

. . 1 m4n  m—n
Substitute in (2), g= 3 =g
Whence y= 2 .

m—mn
Ex.9. Clearing the equations of fractions, and transposing, we
have 4r—60y=—183,
122— 60y = —165.
Subtract (1) from (2), 8z = 18
‘Whence =25
Substitute in (1) 9—60y=—183.
60y =192,
y=3-};.

Ex.10. Clearing of fractions, we have ‘
z+a+n(y——b)=2na,

a(z+a)+(y—b)=a+na'.
Multiply (1) by @, a(z+a)+an(y—b)=2na’.

Subtract (2) from (8), (en—1)(y—0b)=na’—a.

Divide (4) by an—1, y—b=a.
‘Whence y=a+b.
Substitute in (1) x4+ a+na=2na.

‘Whence r=na—a.

e
@

1)
)]

1) -
@
3
O




ART. 151. EQUATIONS WITH SEVERAL UNENOWN QUANTITIES. 33

Ex. 11 . 1209 = 60z4-77: 1

Given { 1523 = -24z+35§: 8

Multiply (1) by 2, 24183 = 120z+154y. 3)

Multiply (2) by 5, 7613=—1202+175y. 4

Add (4) to (3), 8180}= 329y.

Hence ' y=93

Substitute in (2) 152} = —24x+ 338%.

Hence =173

Ex.12. Clearing of fractions, and transposing, we have

Se— Tiy=— 151, (1)
. 192— B4y=— 49. @)
Multiply (1) by 19, 57z—1463y=—2869. (3)
Multiply (2) by 8,  57z— 102y=— 147. #)
Subtract (4) from (3), —1361y=—2722.
‘Whence y=2.
Substitute in (1) 8z—154=—151.
Whence z=1.
Ex.13. Clearing of fractions, and transposing, we have
y—z= 2, (1)
Y+a= 12. (2)
Add (1) to (2), oy=14,.
y =T.
Substitute in (2) 2=>5.

Ex.14. Clearing of fractions, and transposing, we have
55z— b9y=— 87, 1)

1052— 101y=_— 73. @)
Multiply (1) by 21, 11552—1239y=—1827. ®)
Multiply (2) by 11, 11552z—1111y=— 803. 4)
Subtract (4) from (3), =  128y= 1024.
‘Whence y=8.
Substitute in (1) 552—472=—8T7.
‘Whence 55¢=2385,

z=".
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Ex.15. Given { & —y'=a,
2—y=>.
Divide (1) by (2), ety "%
Add (2) to (3), 2"’—5'*‘6—“-;6’
‘Whence z =%b‘"
Substitute in (2), y=a—d="12= %’ngb.'

Ex.16. Clearing of fractions, and transposing, we have
202+ 15y =145,
. 92+ Y= 25.
Multiply (2) by 15,- 1352+15y=3875.
Subtract (1) from (8), 1152 - =230.
‘Whence x=2.
Substitute in (2) 18 +y=25.
‘Whence y=".
Ex.17. Clearing of fractlons, and transposing, we have
152—14y= 17,
242+ Ty= 86.
Multiply (2) by 2, 48z+14y=172.
Add (1) to (3), 63z =189,
‘Whence £=38.
Substitute in (2) 72+ Ty=86.
‘Whence : Ty= 14
y =
Azr. 154, PAGE 107.

2+ 4y— 32=22,
Given { 4z— 2y+ 52=18,

6zx+ Ty— 2=63.
Multiply (1) by 2, 4z+ 8y— 6z=44.
Subtract (2) from (4), 10y—112=26.
Maultiply (1) by 8, 6z+412y— 92=66.
Subtract (3) from (6), by— 8z2= 8.
Multiply (7) by 2, 10y—16z= 6.

Ex.1.

(1)

@

®

1)
@)
®)

@)
@)
C)

@)
@
3
*
®
(6)

(8)
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Subtract (8) from (5), 52=20.

Hence z2=4,
Substitute in (7) S5y—32=3.
Hence y="T.
Substitute in (1) 22428—12=22.
Hence z=3.
Ex.2. z+y=a, 1)
Given { z+2=0, (2)
y+e=c. 5 ®)
A4 (1), 2),50d (), a+y+2="151 @)
Subtract (3) from (4), .w:%—c
Subtract (2) from (4), - y=2"s*",

b+c—a
N 2 )
Ex. 3. Clearing the third equation of fractions, we have

Subtract (1) from (4), 2=

2+ y+ 2= 29, )
2+2y+32= 62, (2)
6x44y+32=120. (3)
Multiply (1) by 6,  6z+6y+62=174. 4)
Subtract (3) from (4), 2y+382= 54 (%)
Substitute (5) in (2), z=8.
Subtract (2) from (3), Sz+2y=>58. ) (6)
Substitute in (6) . 404 2y=>58.
Hence y=9.
Substitute in (1) 8+4+9+42=29.
Hence z=12.

Ex. 4. Clearing of fractions, we have
6z+ 3y+ 22= 192, (1)
202+15y+122= 900, (2)
152+12y+102= 720. (3)
Multiply (1) by 6, 36z +18y+122=1152. 4)
Subtract (2) from (4), 162+ 3y = 252. (5)



38 KEY TO TREATISE ON ALGEBRA.

Multiply (1) by 5,  30z+15y+102=960. (6)
Subtract (3) from (6), 152+ 3y =240. (D
Subtract (7) from (5), z=12. '
‘Substitute in (7) 180+ 3y =240,
Hence y=20.
Substitate in (1) 72460 422=192.
Hence 2=380.
Ex. 5. z+y—2=1320, 1)
Given{ 2—y+2= 654, ®))
—z+y+2=—12. )
Add (1) to (2), 2w =1974. ' o
Hence z= 987.
Add (1) to (3), 2y=1308.
Hence y= 654.
Add (2) to (3), 9z= 642,
Hence 2= 321.
Ex. 6. Clearing of fractions, we have o
z— Y+ 2= 6, (])
142—19y + 222128, @
21219y +222=142, 3)
Subtract (2) from (3), Te=14.
Hence . =2,
Multiply (1) by 19, 192—19y+192=114. @
Subtract (4) from (3), 22 - + 3z= 28. )
Substitute in (5) 44 32=28, '
Hence 2=8.
Substitute in (1) 2—y+8=6.
Hence ) - y=4

Ex. 7. Clearing of fractions, we have
63z+ 45y+ 352= 81,270, 1)
450+ 35y+ 632= 95,760, (2
352+ 63y+ 45z= 93,240. 3
Add (1), (2), and (3), 1432+ 143y+1432=270,270. 4
Hence z+ y+ 2= 1,890. )
Multiply (5) by 85, 852+ 35y+ 852= 66,150.  (6)
Subtract (6) from (3), 928y+ 10z= 27,090. ™
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Multiply (5) by 45, 45z+ 45y+452= 85,050.

Subtract (8) from (2),  — 10y+18z=10,710.
Multiply (7) by 9, 952y +902=243,810.
Multiply (9) by 5, — 50y+902= 53,550.
Subtract (11) from (10), 302y =190,260.
Hence y=630.
Substitute in (7) +17,640 +102=27,090.
Hence 2=045.
Substitate in (5) 246304945 =1890.
Hence x=2315.
Ex.8. 1.1
zty=o
Given 1 1= X
z 2
1.1
y+5‘c
‘1 ‘a+b+te
A2 (1), @) 0 (), 4 5=2Tg
Subtract (3) from (4), 5:‘5-'7;’—9.
g -
Hence e=
Subtract (2) from (4), 1 _a__+ ; b.
2
Hence s
Subtract (1) from (4), 1_b+;—-a
Hence 2=y +§—a‘
Ex.9. 111
ety z=%
. 111
Given 5—?7-{-;:6,
111
——+- 4> =e.

. z'y 2

@)
@
®
@

(1)
@
G

®

®)
(10)
(11)
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111
Add (1), (2),and (3), 5+§+5=a+b+c. 4
Subtract (3) from (4), §=a+b.
: 2
Hence e=
Subtract (2) from (4), §=a+c.
: p)
Hence =m.
Subtract (1) from (4),  2=b-+c.
2
Hence 2=y 5
Ex.10. Put 224 8y=a, 8z+42=5, 5y+92=c. Then we have
12 73
;"’Ty: 1, (1) .
30 37
T+_c‘= 3, (2)
222 8 :
= 5. '(3)
48 30
Multiply (1) by 4, 2" 5= % 4)
48 37
Add (4) to (2), =2t o= 7. (%)
8 1332
Multiply (8) by 6, —%—+ic3—=30. ) (6)
1369 '
Add (5) to (6), - =3T.
Hence ¢=3T.
Substitutein (8)  6—o=5.
Hence a=38.
Substitute in (2) §£+1=3,

Hence b=15.
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‘We have then 2+ 3y= 8, ()
3x+ 4z= 15, €))
Sy+ 9z2= 3T. 9)
Multiply (7) by 3, 6z+ 9y= 24. (10)
Multiply (8) by 2, 6z+ 8z= 30. (11)
Subtract (10) from (11), —9y+ 8z= 6. (12)
Multiply (12) by 5, —45y4-40z= 30. (13)
Multiply (9) by 9, 45y+812=333. (14)
Add (13) and (14), 1212=2363.
Hence 2=38.
Substitute in (8). Sx+12=15.
Hence ' z=1.
Substitute in (7) 2+ 3y=8.
Hence . Cy=2.
Ex.11. 2+ 5y—Tz=—288, 1)
Given% Se— y+32= 227, @)
Te4+6y+ 2= 297. 3)
Multiply (3) by 3, 21z+ 18y+3z= 891. (4)
Subtract (2) from (4), 162+ 19y = 664  (5)
Multiply (3) by 7, 492+ 42y+Tz= 2,079. (6)
Add (6):to (1), S5la+ 47y = 1,791. (7)

Multiply (7) by 19, 9692+893y  =34,029.  (8)
Multiply (5) by 47, 752+893y  =81,208.  (9)

Subtract (9) from (8), 2172=2821.
Hence r=13.
Substitute in (5) 9208 +19y=664.
Hence . : - y=24
Substitute in (3) 91+144+2=297.
Hence 2=62.
Ex.12, Clearing of fractions, we have .

, 85z+21y+302=6,090, . (1)
1524+ 2y+ 42= 912, @)
202+ 8v+152=38,160, ®)

: v+ Y+ 2= 248. 4)
Multiply (4) by 8,  8v+ 8y+ 82=1,984 (3)

Subtract (5) frem (3), 20— 8y+ 72=1,176. (6)
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Multiply (2) by 4, 60z+ 8y+16z2= 8,648.  (7)
Add (6) to (7), 80z+ 23z= 4,824. ©))
Multiply (2) by 21, 3152+ 42y + 842=19,152. 9)
Multiply (1) by 2, 702442y +602=12,180.  (10)

Subtract (10) from (9), 245z  +24z=6,972.  (11)
Subtract (8) from (11), 165z + 2= 2,148. (12)
Multiply (12) by 24, ~ 3960c - +242=51,552.  (13)
Subtract (11) from (13), 87152=44,580.

Hence ’ z=12. .
Substitute in (12) 1980 +2=2148.
Hence 2=168. '
Substitute in (2) 180+ 2y+672=912.
Hence y=30.
Substitute in (4) v+304168=248.
Hence v=>50.
Ex.13. Te—2243u=117, (1)
'  \dy—2z4+ v=11, 2
Given< by—8z—2u= 8, 3)
dy—3u+20="9, (4)
32+ 8u=33.. ()
Multiply (2) by 2, © 8y— 424+ 0= 22.  (6)
Subtract (4) from (6), 4y— 42+ 3u= -13. )
Multiply (1) by 3, . 2lz— 624+ - 9u= 51 (8)
Multiply (3) by 7, —21e+ 35y— 14u= 56. 9)
Add (8) to (9), - 85y— 62— B5u= 107." (10)

Multiply (7) by 85,  140y—1402+105u= 455.  (11)
Multiply (10) by 4,  140y— 24z— 20u— 498. (12)

Subtract (12) from (11), —1162+125u= 27. (18)
Multiply (13) by 8, . —34824+375u= 81. (14)
Multiply (5) by 116, 3487+ 928u=23828. '(15)
Add (14) to (15), 1308 =23909.

Hence u=3.

Substitute in (5) 82+24=33.

Hence 2=38.

Substitute in (1) Tx—6+9=1T7.

Hence z=2.
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Substitute in (3) 5y—6—6=8.

Hence y=4.
Substitute in (4) 16—-9+2v=9.
Hence v=1.
Ex.14. The sum of the six equations divided by 5 gives
z+y+z+i+utv=383. (N

Subtract (1) from (7), ¥=8.
Subtract (2) from (7), t="T.
Subtract (3) from (7), %=86, ete.
Prob. 1.-Let = denote the first number, and ¥ the second.

Then we have z+4y= 29, 1)
and . 6z+ y= 86. 2
Multiply (2) by 4, 24x+4y=144. 3)
Subtract (1) from (3), 232  =115.
Hence z=>5,
Y= 6.
Prob. 2. Let « denote A’s money, and ¥ denote B’s money.
Then 2+86=3y;
also, y—5 =g.
Hence 2=42, and y=26.
Prob. 3. Let  denote the price of a pound of tea, and y that
of sugar. Then 2+3y=6, )
11z 3
o +3-3y=". )
Multiply (2) by 10, 11z+45y="70. 3
Multiply (1) by 11, 112+ 33y=66.. 4
Subtract (4) from (3), = 12y= 4.
Hence y=1 shilling, or 4 pence;
also, ' 2=5. . '

Prob. 4. Let « denote the numerator, and y the denominator of
the fraction. Then 24+4 1

i -9
y%:%. | ©)
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Clearing of fractions, .2x+8=y, 6))
5z . =y+1. )

Subtract (3) from (4), 3x—8=7." ‘ .

Hence z=>5,

and . Y= 18.

- Prob.5. Let 2 denote the sum of money, and y denote the rate
per cent.

Then —o 700 Will denote the interest for one year,
g%‘g “ “  for eight months,
Hence - z+§%g=1488, (1)
e+ 22 _1530. )

Subtract (1) from (2), 1ok 42. '

Hence 2y ="7200.

Substitate in (1) x+48=1488.

Hence :2_1440

7200

y_1440_5 per cent.

Prob. 6. -1%3(;6 will denote the interest for one month.

Hence w+%?{)=a, @)
:c+1 500 =2 )

Subtract (1) from (2), (n—m)m =b—a.

Hence =12(;O—_(_67;&.

Substitute in (1) w+”;~i_‘—g)=a.

Clearing of fractions,
(n—m)x+mb—ma=na—ma.
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Hence z=nﬂ—b,
n—m
_1200(b—a)' n—m 1200(6—a)
¥Y="n—m Xna—mb_ na—mb °

. Prob.7. Let « denote the left-hand digit, and y the right-hand
digit. :
Then 10z+y will denote the required number

1024y
Hence z—_*_y = 4, (])
10y 42
Py 2=14. )]
Clearing of fractions, and reducing, we have
2=y, 6)]
152—4y=28. 4)
Substituting (3) in (4), 152—8z=28.
Hence =4,
and y=8.

Prob. 8. Let & denote the number of apples, and y the number

of pears. Then z will denote the cost of the apples, and %/
the cost of the pears.

z, Y
Hence its= 30 1)
® y ’
stiz= 18 )]
Clearing of fractions, 5z+4y= 600, 3)
1524 8y=1560. 4
Multiply (3) by 2, 102+ 8y=1200. 5)
Subtract (5) from (4), bz = 360.
Hence =172,
and ’ y=60.

Prob. 9. Let # denote the amount of the fortune.

—300 1500
The first receives 300 4 — g Or 6+m'
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After the second has received 600, there will remain
1500 4z 52—5100
——§ =600, or =—g—.
- 5
The second receives 600+5w 32100’ or 16, (;% + 5:0.

150042 16,500+ 52

Hence 6 = 35

or 9000+ 62=16,500 4 5.

Hence x="T500 'dollars.

The first receives 1502 +m= 1500 dollars.
7500

=5, the number of children.

1500
Prob. 10. The first receives a+ ;a’ or ™" +naz_a
After the second has’ recelved 2a, there will remain

antx—a " nex—38an—a+a
w——7——2a, or—0—m———,

* The second receives
—1e—(Bn—1 .
+(n )2 n*( * )a, which equals
Hence z2=an’'—2an+a=a(n—1)"
The first receives
W, which equals 2=

a(n—1y

Hence a=1) =n—1, the number of persons.

an+x—a

—an:.a(n—l).

Prob.11. Let « denote the cost of a quart of the poorer wine,
and y that of the better
Then " 9z+ Ty= 16x55=880, 1)
3o+ by= 8x58=464  (2)
Multiply (2) by 3, 9z+15y=1392.
Subtract (1) from ®), 8y= 512.
Hence y=64,
' r=48.
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Prob.12. Let # and y denote the two debts.
bz y

Then Tt +s0= 530, 1)
3;’+iy 10=  420. 1)

Clearing of fractions, 24z +11y= 33,000, 3)
‘ 54z+55y= 85,140, *)

Multiply (3) by 5, 120z 455y =165,000. (5)

Subtract (4) from (5), 66z = 79,860.

Hence . x=1210.

Substitate in (1) 44o+?= 500.

Hence - y=3860.

Prob.13. Let # denote the time réqmred if all worked together.
A and B together would perform 44 T of the work in one day.

AandC « « s “ «
BandC ¢ € o “ “
Hence 13;+.115+'§'v=§:
- bz + 424 82=120.

Hence z=10.

A can do in one day Y — 5=

B “« - &« Tl'o' 1.1.‘_—_3‘.0.

o « L& b — =k

To—
Hence A could perform the whole work in 20 days, B in 30
days, and C in 60 days.

Prob. 14. ' .1.+1 1.2
H @' b’ ¢ a
enCe  oabe
=T actbe the time required if all worked together.

abtac+be 1  ac+bec—ab
In_one day A can do odbe 2 " oubs

ab+ac+be 1  ab+tbe—ac
9abc 8% T 2ade

ab+ac+be 1  ab+ac—be
 Qabe 2% T %abc

« B can do :

“ C can do
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Prob.15. Let # denote the gallons contained in the first cask,

and ¥ the gallons in the second cask.

After the first operation the gallons in the two casks will be
denoted by z—y and 2y.

After the second operation the contents will be

2¢—2y and 2y—az+y, or 3y—=.
After the third operation the contents will be
22—2y—3y+x and 6y—2z.

Hence 3z—b5y=6y—2,
Se=11y,
5
and y:l—:;.
But 3z—by=a.
A 25z
By substitution, 3g——7 =0
11
Hence - w:—gg,
5
and =—8(§.

Prob.16. Let « denote the number of working days, and y the
number of idle days.
Then pa denotes the number of pence he earns,

9 : “« . forfeits.
We have rr—qy=a, : 1)

. z+ y=n. )
Multiply )by ¢, go+gy=ng. 3
Add (1) to (3), pr+ge=ng+ta. 4

_ng+a

Foa e

—n_ gta 'np—'

and Y= e T e

Prob.17. Let 2 denote the left-hand digit, and y the rlght -hand
digit. Then 10z+y

8 g = M
W24y _s - @

wy .
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- From Eq. (1), y=2. 3
From Egq. (2), 102+ y=3zy. 4)
Substitute (3) in (4), 12z=622
Hence z=2,
and y=4.

The required number is 24.
Prob.18. Let # denote the age of the father, and y that of the

younger son. e+2=2Qy+4+ 4), 1)
2—6=6(2y+4—12). @)
From Eq. (1), = 4y+14.
From Eq. (2), - e=12y—42.
Hence . 4y+14=12y—42,
Therefcre y=",
" and - r=42.

Prob.19. Let @ denote the second part, and y the third part.
Then 96—:0—;1/ will denote the first part.

6—2—y " 3
e - 2+;, )
_ y 4+— )]
From (1) we have 82+ - y=93. 3)
From (2) we have . z— 4y='5. 4
Multiply (4) by 8, - - 8z—12y=15. ()
Subtract (5) from (3), - 13y="18.
Hence y=6,
- . 2=29,
and 96—29—6=61.

Prob. 20. The total number of apples was 128 x 7=2896.
After the first distribution the number of apples in the
first basket was doubled at each distribution. Hence, after
_ the sixth distribution it contained 64 apples; after the fifth,
32; fourth,16; third, 8; second,4; and after the first dis-
tnbutlon 2 apples
- Let « denote the number of apples in the first basket at first.
Then the other baskets contained 896 —z apples.
C
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Hence the number of apples in the first basket after the

first distribution is denoted by
2— (896 —z), which equals 2.
Hence =449,

For a like reason, the number of apples in the second
basket after the second distribution was 4. Let y denote
the number of apples in the second basket at first. Then 2y
denotes the number of apples after the first distribution, and
896 — 2y will denote the apples in the other baskets. Hence,
after the second distribution this basket will contain

2y—(896 —2y), which equals 4.
Hence y=225.

So, also, after the third distribution the third basket con-
tained 8 apples. If we put zto denote the number of apples
in this basket at first, we shall have

42— (896 —42)=8.
Hence - 2=118. .

We may proceed in the same manner with the other
baskets.

‘We notice, however, that these numbers follow a simple
law, thus: 22=896+ 2.2=449;

dy—896+ 4.y=995; °
82=896+ 8. 2=113;
16v=896+ 16..v= 5T;
- 32u=896+ 82.u= 29;
64:=896+ 64. t= 15;
1285=896+128., s= 8.

CHAPTER X.
Arr. 164, Pace 118.

Ex. 1. What number is that whose third part exceeds its fourth
part by 16 ¢

Ex. 2. The sum of two numbers is 8 and their dlfference 2.
‘What are those numbers ¢
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Ex. 3. What fraction is that to the numerator of which if 4 be
added the value is one half, but if 7 be added to the denom-
inator its value is one ﬁfth?

Ex. 4. Find two nuinbers whose difference is 6, such that five
times the less may exceed four times the greater by 12.

Ex. 4.
Ex. 7.

Ex. 2.
Ex. 8.
Ex. 4.

Ex. 5.
Ex. 6.
Ex. 7.

Ex. 3.
Ex. 4.
Ex. 5.

Ex. 6.

Ex. 5.
Ex. 6.

Ex. 7.

Agrr. 180, Page 126.

z>12. Ex.8. #>110,and £<126.
z>49,and 2<51. Ex. 9. @>14,and 2<16.

CHAPTER XI.
, Agrrt. 185, Page 128.
3240ty 2. Ex. 8. —243a'0"%™.
3843a%0°2". Ex. 9. 729a'%"z"
— 51222 Ex.10. 64ab"z*.
256a*6°c". Ex. 11. 128a“z"y".
625a"b . Ex.12. a"™a™.
32a° 5" x".
Arr. 186, Pace 129.
2162’z 243a"b" 2"
T 125mn’ Ex?. — 32m'y" *
alzd E 8 1024aloz|0
“T20my XS —oasem*
25642y 7290 ’b‘m‘y"
“Bibm Exd. —gimom
6250z
166*m*n®"
Agrr. 187, Pace 130.
——216a’ -, Ex. 8. Stb‘::c‘.
g ) B N 'z
2 ‘37 2‘ X. 9. §5—6b§.
5 510,
ve Ex.10, — 220

T
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Ex. 2.
Ex. 8.

Ex. 4.
Ex. 5.
Ex. 6.
Ex. 7.

Ex. 8.
Ex. 9.

Ex. 11.

Ex.12.

Ex. 1.

Ex. 2.
Ex. 3.
Ex. 4.
Ex. 5.

Ex. 6.
Ex. 7.

Ex. 8.
Ex. 6.
Ex. 8.

KEY TO TREATISE ON ALGEBRA.

Agr. 188, Page 131.

a'+mP+n'4 2am— 2an —2mn.
8a'+36a°+42a'—9a*—21a’ + 92 —1.
3a* 82 1
d+5+7+g I
a® + 80 + 272* + 6a'® + 9a’x + 12ad® + 27ax* + 366°2
+ 5452 + 36ab. - '

a'—4a*b -+ 6a’h*—4ab* 4 b
16a*—96a°b+ 2164°5*— 216ad’ 4 815°.
a®+4a°6* + 6a°0° + 4a’D’ 4 ™.
a*—5a'b+10a'0*—10a'6* + 5ab* — b°.
8a*+ 36a’h + 54ab*+ 275

m*—3m’n+3mn’'—n® °
a’—3a‘b+ 3a’0*—b°
a*—3a’h* +8ab*—b%

Arrt. 189, Page 132.

a4 b 4+ d 42+ 2ab+ 2ac+ 2ad + 2ax + 2b¢ + 262
+ 202+ 2cd + 2cx+ 2d.

a'+ b0 +c*—2ab+ 2ac— 2be¢.

14424102 +122° + 9a*.

1—224 82— 4a’ + 32 — 22 4 2°.

a’'+ 40* 4+ 94’0’ + m*— 4ab + 6a°b — 2am —12ad* + 4bm
—6abm.

1—6z+152"—202* + 152 — 62" +2°. .

a'+46’+9¢'+16d° ~4ab+ 6ac—8ad —12bc+16bd— 24 cd,

~ CHAPTER XIL
ARr. 196, Pacr 135.
+15078%". Ex.11, +220%
—Tabat, 8am'y”
£ dab'at. Ex.13, - >2%%

6c’2* "
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Ex. 14. :i:;—g—:::. Ex. 17. +4a % .
Ex.16. —8a~"6~". Ex.20. (a+0Xz+y)"
Ager. 198, Pace 137.
Ex.2. a+b+e. Ex. 5. a*—3a'h+43ab'—0"
Ex 3. 382—-22+2—1. Ex. 6. a'—2ab—20".
Arrt. 199, Pace 138.
Ex 2. 3a—43. Ex. 8. 32"—5ab.  Ex.4. Impossible.
~ ARr. 203, Page 141.
Ex. 2. 917. Ex 5. 8531,
Ex.3. 1069. Ex 6. 59,319,
Ex. 4. 5678. : - .
Arrt. 204, Page 142.
Ex.2 137 Ex 6. 0.747.
R TEY Ex.7. 0.1865.
Fx 3 1 * Ex.10. 8.01662.
X9 819 . - Ex. 11. 2.09165.
Ex. 4. 3.143. Ex. 12. 0.27735.
Ex. 5. 7.656. Ex 13. 0.54233.
Agr. 207, Page 145. ‘
Ex.2. 2'422—4. . Ex. 5. 22'—3z+1. ..
Ex 3. 2'+2z+2. ) Ex. 6. 22"+ 4ax—38a'.
" Ex. 4. 8'+6-—1 Ex.7. 22'—8ax+4a’.
.. Agrr 210, Pack 149, -
Ex. 4. 2345, Ex.5. 5678. Ex.6. 9123,
: Agrr. 211, Page 149.
Ex.3. 237. Ex.10. 2.22398. -
Ex.4. 12.37. Ex.11.'0.69336.

Ex. 5. 0.1234. Ex.12. 0.90856.
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Ex.3.
Ex. 4.
Ex. 5.
Ex. 6.

Ex. 2.
Ex. 3.
Ex. 4.

Ex. 6.
Ex. 7.

Ex. 8.

Ex 1.
Ex. 2.
Ex. 3.
Ex. 4.
Ex.5.
Ex. 6.
Ex. 7.
Ex.8.
Ex.9.

Ex. 10.
Ex 11.
Ex.12.

KEY TO TREATISE ON. ALGEBRA.

CHAPTER XIIL

Agrr. 215, Page 152.
75 V6a. Ex.7. 12ab'z v6ba.
28¢Vbabe. Ex.11. 2ax*V3ab,
Tax'y V2. Ex 12. 276V 3a%. -
3abc v/ 5bz. Ex. 13. aVa-—=a.

Agr. 218, Pace 154,
V6ab. . /52
Va. Ex 5 Afg
V5a°64. '

Azt 221, Pace 157.

Vo, V125, V7.
V8a’t?, V Ya’dt, V5ab". -

(a+8)¥8, (a—B)7T, (@'~ 8.

Agrr. 222, Page 158,

3v3+4v/3+5v38=12V5.
28/3+15v/348v3=51v3.
6vV2+8v2+9v/2=28V2.
6v5+9V5+8v5=23V5.
2V10+1v10+4vV10= V10.
5Va+3Va+4Vi=12V4
2V5+3V5+4V5=9V5.
2vI8+2vV15+ VIB+3V15=3843 V5.

'8¢VBe+4cVbe+aVie=(a+T¢)Ve.

3a’b V' 2ab+ bub vV 2ab==(3a+ 5ab) v 2ab.

Vir iV i=Gr iV

2aVab+5bVab+5bVab=(2a+106) Vab.



ART. 227, RADICAL QUANTITIES,

Arr. 223, Pagr 159.

Ex.1. 8V7—4VT=4V7.

Ex.2. 10v5-9V5=v5.

Ex. 3. 10V2—-3V2=7V2.

Ex. 4. 4a*V5z—2zV5z=(4a'—2az)V5z.
Ex.5. 12¢v2—-92V2=3aV?2.

Ex.6. 4V/3—2V3=2V3.

Ex.7. 8V/5—6V5=2V5.

s fa'z s Ja'z s [a’z
Ex. 8. 34\/,%—— %=(3a—1)\/ %"

Agrr. 224, PacE 160.

Ex.1. 6V48=24V3.
Ex. 2. 15v/40=30V10.
Ex. 3. V‘—Z XV§=V§ xV§=V7—25.
Ex. 4. 35v16=140.
Ex. 5. cdVa*=acd.
Ex.6. 35V72="701/9.
Ex.7. 3 V102. .
Ex. 8. 5Y/360=>5V45.
Ex.9. ;V/120=7V15.

" Arr. 225, Pace 161.
Ex. 3. 12xy.

Ex. 4. }4+3+i—1=1. Ansa.
Ex.5. }—3+4+%+1%=1. Ansa.

Agxr. 226, Pace 161.

55

| Ex5.vT5=v3=3V3; 2V05=2v3=14v]; 2VBx17V]=34

Az, 227, Page 162.

Ex. 1. 4V18=12V2.
Ex 2. 2V/256=8V4.
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Ex. 3.
Ex. 4.
Ex. 5.
Ex. 6.

Ex.T.
Ex. 8.

Ex. 9.

Ex 2.
Ex. 3.

Ex. 6.

Ex. 2.
Ex. 8.
Ex. 4.

Ex. 5.

Ex. 6.
Ex. 7.

Ex. 8.
Ex.9.

Ex. 10.

Ex. 3.
Ex. 4.

KEY TO TREATISE ON ALGEBRA.

2Y/27 =6.
2V4.
2V2a’l=2aV§.

(2" -
4V -2V T 2Vm 2V3g.
V64 -V32=V2.
Yare N aTE=

Axr. 2928, Pace 163, -
aTE'
4YaP - o/“ 5= 2v—
41‘_4?__4 ';_
Vi

Agrr. 230, Pace 164
=5V2T=4V3.

9V9. o
17*v21=17"x 21v21=108,173v21.
lyg 8 1 1 “

6" T6T6 36

16 Y305 =16 V335 =164 VoaF".

Cbl a‘b‘___ GbG. °

(a+8)F=(a+b)y.

(4)' (5) $41_1._1

5/ *\8/ =5* 275 )

(4ab*)=x(2a*b)8 (Sa’b")‘ (2ab)-
A.RT 231, PAGE 165

10 —1/100 =10v10.

3a¥.
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C L

Ex. 5. 2a®.
Ex.6. ida'. . )

@ T . a T
Ex.7. Cuabe root of (3) is (:—3) .
Ex.8. 3V5=V133.
4‘
Ex.9. ;V%:&/;. Its fourth root is /3, which equals 3 {/12.

ARrr. 234, PacE 167.
Ex.3. 6v—1.
Ex.4 16—v 3.
Ex.6. 1-2vV—-1-1=—2v—1.
Ex.9. abV—-bxabV —b=a%vV —1xV—1=—a"%"
Ex.10. b—a.
Ex. 11. vV—119=vTV1TvV—=1; V=133=v7V19v 1.
We have —17V7T—vVTVITVI0+VTIVITVI9+19V7=2VT.

Agr. 235, Pace 167,

ay_—
EX'. 4. —_— b 1.
Exj. —vV—a.

Ex.6. 2+v2+V3.
Ex.7. -2V —44+vV5=—4vV—_1+4+V5.

Agrr. 237, Page 168.
Ex.1. Multiplier, V3—v3; product, 5—3=2.
Ex.2. Multiplier, V3+ Vz; product,3—z.
Ex.3. First multiplier, vV3+Vx; product, 3—Vz; second
multiplier, 3+ v'z; product, 9—=.

Arr. 238, Page 169.
"Ex.1. First multiplier, V3+V3+v2; product, 6+2v15;
second multiplier, 6—2v15 ; product, 36 —60=—24.
Ex.2. First multiplier, 1+v2—v3; product, 2V2; second

multiplier, V2; product, 4.
C2
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Azr. 239, Page 170.
(B+v2)v2 3V§+2

Ex.8 —5——= 7
Ex. 4. 9_—2@.
a’—b
Ex 4V3—V2+1) 4V3-4V2+4

-5 (V34+V2+1)x(V3—v2+1) 242V3

_=16— zi\/82+81/é_2 V3.

at/_

3
Ex. 7. a,i
Ex.9. Multlply both numerator and denominator by the nu-
merator, and we have
(1+4a)+2(1+a)Vi—@+1—a*

2a(1+a) ’
which equals (1+a)+2 2a_a +1 -2
D) ‘/. %
which equals _-iﬁml_a.

Arr. 240, Pace 170.

7V  1VEB—7Vi3 V9695— /733
L2, — = = =3. 3
Ex VTR 3 3 3.1003
V6 V4218
.8, ——= =0.5595.
Ex Vit V3 i 5595
e 3v15+3v6 Vv15+Vv6
Ex.4.-3 /s B—18 = 9 =0.7025.
ExB. 94+2v10 121+3ev 10 121+V14960_5.7278.

9—9v10 41 = 41




Ex. 8.

Ex. 4.

Ex. 6.

Ex. 8.

Therefore

Ex. 9.

Ex.10.

Hence -

ART. 245.

Agrr. 244, Pace 173.
11+ VI91—120
= 5 =

6;
 11—v/121—120
y: 2 =
9+v4-3 3
=g =g’
_2-v4-3 1
y=—""% "%
T4+vV49-40
w=_-—2__=
H—+/E9—40
y=—T—=2.
z_18+1/324—-320
——2—=

5.

5;

10;

18— /324—320
y=—T"""""_3

Azr. 245, Pace 173.
—3+vi+3 1

Bt a4 2t 2
) =

y:

NES

‘\/:-iz-l,, and '\/gz-} —3.

4
w=£=1;

2

S —vV4

_V6+21/3=1/5+1;
Ve—2v5=v5-1.
V64+2v5—V6—2vV5=2.

RADICAL QUANTITIES.
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60 KEY TO TREATISE ON ALGEBRA.

Ex.11. V443V —-20=3+vV—5;
V43V _20=8—v 3.

Hence - V4+3V -—20-} 1/4—3V —20=6.
—3+v9416

Ex. 12. g=—g—— =1 H

—8— V9716 _
R

Vz=1; Vy=2v—1.
Ex.13. ‘ w:i‘g—‘—i=4;

Vod
y=——g =—*%

‘Hence Vz=2; Vg=2V —1

ART. 246, PacE 174.
Ex. 2. Clearing of fractions, and transposing, we have
' ax+r'=a—2.

Squaring, ax+a’=a'—2ax+2'.
Hence : Bax=a*; -
a
w=§.
Ex. 3. 17—-5Vz=-83.
Transposing, Vz=10;
£=100.
Ex.4. 4o — Tz —6=81—362+ 42"
Hence " 2=38.
Ex. 6. 36 +2=324+ 36V +2.
Hence Vz=—8;
) r=64. :
Ex. 7. z+4ad=45"4+4bVz+ 2.
Hence " Vz=a—b;

z=(a—"0)"




ART. 248. RADICAL QUANTITIES.

Ex. 8. Transposing a, and squaring, we have
2 —2ax+a'=a'+zvVb'+2'—a.

Hence z—2a=Vb+2—a'
Squaring, 2 —4ax+4a’=0"+2'—a'.
Hence 4ax=>5a"—0;
_5a'-¥
r=—p
Agxt. 248, Page 175.
Ex. 9. Va'—3z=06—z.
Squaring, 2?*—32=386—12zx+2"
Hence =4

Ex10. V92+13+vV9%=13V9%z+13—13V9.
Transposing, 7V 92=6v9z+13.

Squaring, - 4410 =2324x1468.
Hence =4
Ex. 11. az+b=cx+d.
Henée _a=t
Ta—c
Ex.12. 50'Yz+24—-9=21+435"Vz+24
Transposing, 15 "'\/ z+24=30.
Hence z+24=2"=1024;
2=1000.
Ex.13. By Art. 84, 21 _ oa
V3z+1
Hence 1/3_&2—1:1 +£;;1.
Clearing of fractions, V3z=3.
Hence c2=3.

Ezx.14. Clearing of fractions,

2+4mVz+nvVe+imn= :c+2m1/—+3n1/_+6mn.

Uniting terms, 2mVz—2nVz=2mn.

- omn
Hence Ve= .

61
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Ex.15. Performing the Multiplication indicated,
32—6Vz+15Ve—150=5Va+15+3z+9Vz.

Reducing, Va=
Hence z=9.

Ex.16. Squaring, 22—3n=9n 1 22— 6V 2na.
Reducing, V2nz=2n.
Squaring, 2nx=4n".

Hence x=2n.

Ex.17. Clearing of fractions,
82—4Vz+120Vz—160=15v2+32+30+6 V.

Reducing, Vz=2.
Sguaring, z=4.
V6e—2 4V6z—9

Ex.18. Gi = .
x vl V6z+2 4V6z+6

Clearing of fractions,
242—8V6z+6V6r—12= 24:2: 91/_:5+81/_:E—18.

Uniting terms, Veéz=
Squaring, 6:::_36.
Hence - z=6.
: bz—9
Ex.19. By Art. 84, ——=Vbz—
y > Vbz+38 e
Hence Vbz—3—1= V—a:——
Clearing of fractions, V52 Ba=5.
Squaring, ' 52=25.
Hence _x=5.

Ex. 20. Squaring, 4a+2=4b+42+2—4Vbe+a"
Transposing, Voe+o=2+b—a.
Squaring, bz+a*=a"+ '+ a’+ 2be— 2az—2ab.
Transposing, 2ax—bz=a'—24b+6*=(a—b)"

_(a=8)
Hence =50




ART, 255. EQUATIONS OF THE SEOCOND DEGREE.

CHAPTER XIV.
Agrr. 255, Page 179.
Ex. 3. Clearing of fractions,

42 + 5=405.
Reducing, 2'=100.
Hence z==x10.

Ex. 5. Clearing of fractions,
wVa’+a:’+a +a'=2a"

Transposing, a'+o=a'—2
Squaring, w’a +at=a'—2a'c+ .
Transposing, 3a'z*=a'.
Hence : @=t—=
. - Vg'
Ex.6. Transpoging, ax’'—ba'=2c+d.
e ' 2c+d
Dividing, . @'= a—b"
: L
Hence == (w) .
a—b

Ex. 7. Clearing of fractions,
8 — 72+ 102’ =T— 242"+ 299.

Reducing, 422*=378.
Dividing, «=9.
Hence L e==38.

Ex. 8. Transposing, «'=4a'—12ab+ 95"
Hence - 2=+ (2a—30).

Ex. 9. Clearing of fractions,
11¢' —2—25=38a* —w+25
Reducing, - 82*=50.
. Hence r==+3.
Ex.10. Clearmg of fractions,

avVa —17+m’—17 =4,
Transposing, 2Va'—17=21-2"
Squaring, o —1T2' =441 - 422"+ 2.
Reducing, . 252°=441.
Hence r=+31

63



64 KEY TO TREATISE ON ALGEBRA.

Ex.11. Clearing of fractions,
9a* + 20° — 200" — 20* = 2a°z— 2a* + 22" — 2.

Uniting terms, 4a’z*=40’.
‘Dividing, 2*=1.
Hence e==x1.

Ex.12. By multlphcatxon, _
@+ 82—T=2+2 + —.
8
Transposing, @'+ 20=9+—
Resolving into factors,
x(z+2) =5(a: +2).

Clearing of fractions, = «’=9.
Hence =3,

Prob.2.  Let ma denote the sum of the numbers.
Then will n2 ¢ . the greater number,
and mz—nz < the less number.

Hence ma(me—nz)=a.
. < a
Dividin, P
& ml—mn’

H =y/_2 .
ence | z \ /m(m—n) ;
nr—= :i:\ / .ﬂ__'

m(m—n)’

. am?

m(m—n)
ML — N2 = /;“n(z;‘z:';); 4 /“(mm—”)

Prob. 8. By the conditions, 202 _8

me=x

Hence m’__36 H
_ r=+6,
Prob. 4. By the conditions, a—;::b.
Hence . w’:ma—}ﬁb;
=== m.

%%, and § are in the ratio of 6,8,and 9. -
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Prob. 5. Let 6z denote the first number. '
Then will 8¢ “ the second number,

and 92 ¢ ° the third number.
Hence *36x* 4 642’ + 81x*="724.
Reducing, =4

Hence o= =+2.

The numbers are +12; +16; +18.
Prob. 6. Let mx, nz, p2 denote the numbers.
By the conditions, m’z'+n'2’ +p's* =a.

Hence z=i\/__a__.
ms+n:+Ps

Prob. 7. Let  denote the greater part.
Then will 49—z «  the less part.
By the conditions, E?——z : 9-5_—” : :g: g
Clearing of fractions,

2 (49—2)'::16:9.

- Extracting the square root,

2:49—2::4:3.
Multiplying, 8r=196—4z.
Hence z=28;
49 —2=21.
z a—

Prob. 8. By the c9nditions, Tz min

Clearing of fractions,
2':(@a—a):im:n.
Extracting the square root,
zia—z::Vm:Vn.
Multiplying, zVn=aVm—zvVm.
H . avm .
ence z=— VAL
_aVm+aVn—avVm
- T Umivn

Prob. 9. Let  denote a side of the smaller square.

Then will 2410 ~ « of the larger square.
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By the conditions, #*: (z+10)"::9: 25.
Extracting the square root,

. z:2+10::3:5.
Multiplying, . ba=3z+30. ¢
Hence e=15;
2+10=25.
Prob. 10. By the conditions, (z+a)*:a’:: m :n.
Extracting the square root,
zta:z::Vm: V.
Multiplying, zVn+avVn=avVm.
H __avn .
ence = Vm—Va'

w+a_a1/;a-—a1/;a+m/r—b avVm
- Vm—+vna T Vm—v7n
Prob.11. Let # denote the distance B traveled.

Then will #+18 « “ A traveled;
w-‘g-sl 8 « the miles B traveled per hour;
%‘ “  the miles A traveled per hour.
Then w:m+18::%§:%§.

e e -, 152 9
Multiplying, o= —2—81:(:1: +18) =:—m(w +18)".

Extracting the square root,

x=3(x+18).
Hence _ ;= 54; )
x+18=172.

Prob.12.  Let # denote the distance B traveled.
Then will z+a « “ A traveled.
Then < m:z+a::w:£
Maultiplyi = rap

ultiplying, me'=n(z+ a)'.
Extracting the square root,

zVm=evVn+avn.
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Hence 2= ava —3
~Vm—vn o’
~Vave
- Prob.13. 256(z—1)*=81z",
Extracting the fourth root,
4(z—1)=3z.
Hence z=4.
That is, one fourth part was drawn each time. The first
256

time he draws T_64 gallons, and 192 gallons remain.

1
The second time he dra —%—2: 48 gallons, and 144 remain;
and so on.

~

Prob. 14. The first remainder=¢——=———= ;
n n n
the second remainder—a(n—l) a(n—1) a(n—1)
oo . a ?
the third remainder—a(n_l)'_a(n—1)’_a(n— 1)
. =T po e
4
the fourth remainder= ("’n LY
Extracting the fourth root, (n_1)a'}=,,b-}.
1 :
Hence ”=_1a—1-
af—-b*%

Prob.15. Let « denote the number of days engaged.

A worked z—4 days, and his daily wages were z—4’
B « w_7 days, [{3 €« [43 « 34_87.

( 5(;5%) =A% wages if he had played 7 days;

48(:_ ) B’s wages “  only 4 days.

Henco 75(z Z) 48(2_ 7)
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Clearing of fractions,
25(x—T7)'=16(x—4)". .
Extracting the square root,

S5(@—T)=4(x—4).
Reducing, z=19.
Prob.16. A worked z—a days, and his daily wages Were
B ({4 a _b days, {3 [{3 (4 €« Eﬁ__b'

Hence m(z%b) =n(z%b).
Clearing of fractions,
m(z—b)'=n(z—a)’.
Extracting the square root,
(x—8)Vm=(x—a)Vn.
Expanding, «Vm—bvVm=zVn—avn.

Hence r= bYm—avn
Vm—vn
Arr. 259, Page 184.
Ex. 2. 22+ 82=90.

Completing the square,
o +4e+4=45+4.
Extracting the square root,
x+2==+ .
Hence z=+D5 or—9.

AgrT. 260, Pace 185.-

Ex. 6. Multiply by 28,
196.1:’ 8424+ 9=4480 + 9.
Extracting the square root,
142—8==+67.
Transposing, 142=+"70 or—64.

- 82
Hence z=+5 or—T.




ART. 261. EQUATIONS OF THE SECOND DEGRERE.

Agrr. 261, Pace 186.
Ex. 9. Multiply by 12, 144a*—32x=252.

Completing the square, .
4k g, L _16128 1
e ="61 tor
Extracting the square root,
1 127
122 — 8= = 5
. 63
Transposing 122=+16 or —.
21
Reducing, 2= +§ or —3g
Ex.10. Clearing of fractions,
—22=133.

Completing the squaré,
92" —62+1=399+1.
Extracting square root,

3z—1=:20.
Reducing, “a=Tor —12
Ex.11. Completlng the square, :
—z+1 1.

Extracting square root
r—i=+32

Transposing, =15 or —14.
Ex.12. Transposing, ~ 3z'42z= 85
Completmg the square,

94 62+ 1=255+1.
Extracting square root,

3z+1==16.
Reducing, T @=bor —4L

Ex.13. Completing the square, .
92" 6z 4+1=28+1.
Extracting square root,” '
3:1:—1:.:[:-;.
Reducing, . Ta=3or—45.

69
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Ex.14. Multiply by 22—1, and we have

62*—232+10

6m’—3z—6a:’+40— 992 =4r—2.

6x®—23x+10
Transposing, 42 —Tx—= T2_x—
Clearing of fractions,

378 —147x+ 142 = 62* — 282 4 10.

Transposing, 8z —124x= —368.
Dividing, ' — 317” =—46.
Completing the square,

o812 961 961 . 995

2 t16 =16 ~*0=Ts"
Extracting square root,

x—31— +=15,
x=23 or 4.
Ex.15. Clearing of fractions,

302 —T2+ 6x=42",
Transposing, 4’ — 86z =—"72.
Completing the square,

w’_gz_{_%l_:el_‘lﬂ:o.
Extracting square root, T

¢=%i%=6 or 3.
Ex.16. Reducing, 10_10 _ 3

. ERES +2°
Clearing of fractions, -

. 10:::‘+30;c+20—10:a’—203:=3z’+ 3x.
ucing,

} 3&®—Te=—=20.
Completing the square,
. 862" —84x 4 49—
Extmchng square l‘OOt, 240 +49.
6x—7T=
Redncing, T=x17.

=4 or —§,

Transposing,

Ex. 17. Tmnspoﬁng,
¥-a(V3+1)=—3v3,

\.u
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Completing the square,
$ —
a’,_m(‘/§+1)+(x/é+1) _3+2v3+1-2v3

2 4
Extracting square root,

_V3+1, . V343 V31
=3 *x1= o) or 9
Ex.18. Clearing of fractions,

32’ —~152+12—3x'+152—18=—22'+122—16.
Transposing, 2z —12z= —10.
Completing the square,

'—6x+4+9=4.
Extracting square root,
@=3+2=50r1.
Ex.19. Clearing of fractions,
2z + 2a* + 4ax + 22 = Sax 4 5a*.

=1.

Transposing, o'+ ax=2a"
Completing the square,
. a 9a
x +a:c+
Extracting square root,
a 3a_ %a.
@=—g+5 =a or —
Ex. 20. Completing the square, :
b\ a'+2ab+8'—4ab
o (a+b)x+(“+ ) _Treot :
Extract_;mg square root, g
a+b a—b
z=—g—t—5—=aor b.

Ex. 21. Since the product of the two factors is zero, at least
one. of the factors must be zero.
If 32—-25=0, then 2=8};
if Tx429=0, then 2=—32
These values may be found by the usual method.
Expanding, we have’ ‘
‘212" —882="725.
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Completing the square, .
882 (4_4)*_1_5@ 15,225
—ot\el) THEL T
Extracting square root,
4 131 .
=57+ 97 =8} or —

Ex. 22. Clearing of fractions,

272’ — 362412+ 122" — 6024 75 = 602* — 19024 100.

Reducing, 212 — 942 = —13.
Completing the square,
94 (4 * 9209 273
o1 t\91) =&l @t
Extracting square root,
47 44 13 1
T=FAT B T
Ex. 23. Performing the mnltlphcatlon,
o —344-2 42— 6+ 8= 12— 30,
Transposing, 2x* — 212 = —40.
Completing the square, :
e, (2141 830
2 167 16"
Extracting square root, :

at—

29 SO |
gEg=8org

Ex. 24. Clearmg of fra.ctlons
170(& + 82+ 2)— 170(e* + ) = 512 +51z,

Reducing, 170(x+2) =512+ 51z.
Transposing, - 81z'—1192=340.
Reducing, w,_%:g=2:;) .
Completing the square,
o5, (1) 49, 340
.8 '\6/ 36" 36"
Extractmg square root, .
z= 7 17 =4 or—5
=gt g =

3
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Ex. 25. Multiplying,
;]
as_,g+as+zs=_“b(a""”).

3a—4b+2
. _ Ya'-=")
Reducmg, %’—m.
Clearing of fractlons,

6a'— 6+2a =ah-ba'.
Transposing, b2’ + 2a°z=9a’b— 6a’.

2 )
Dividing, o4 202 0000
Completing the square,
20’z o a'(d’ 6ab+9b’)
Extracting square root,
_ & a'—3ab_ 32 or 3 2a’
e=—g+—p—=—3a or 3a——-.

AgrT. 262, PacE 187.

Ex. 1. Completing the square,
13\* 169 144
v-tiv+(g) =5
Extracting square root, '

y:lgigzg or 4.
Ex.2. Completing the square, -

35\' 1225 864

y'—35y +( )_T" y
Extracting square root '
_ 35 19

=3*73 g=2Tor
Ex. 3. Completing the square,
y+4y+4=25.

Extracting square root,
y=—2=x5=8 or .
D
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Ex 4. Completing the square,
y*—26y 4169 =49,
Extracting square root,
y=13+7=20 or 6.

Completing the square,
@ +2+1=201.
Extracting square root,
r=—4}+§=4or —b.
Completing the square,
@+ +1=6L

Extracting square root,
e=—32+5=2 or —3.
Ex.5. By substitution,  3*+y=6.
Completing the square,
¥+y+i=6%
Extracting square root,
y=—3+§=2 or —3.
By substitution, 2+12=2 or —3.
Involving, x+12=16 or 81.
Ex. 6. Completing the square,
. Ytyti=R
Extracting square root,
y=—3xj=8 or —4.
By substitution, V2z*+1=38 or —4
By involution, 22*+1=9 or 16.
Reducing, z'=4 or 7.
Ex. 7. Put '—6x=y.
Completing the square,
¥'+8y+16=9009+16.
Extracting square root,
y=—4+95=91 or —99.
By substitution, &'—62=91 or —99.
Completing the square,
2'—6x+9=100.
Extracting square root,
2=3+10=13 or —T.




ART. 262. EQUATIONS OF .THE SEOOND DEGREE,

Also, '—62+9=9—-99=—90.
Extracting the square root,
=3+ v —90.

Ex. 8. Completing the square,
(@*—2)'—(*—2)+1=182}.

Extracting the square root,
e—zr=3+32=12 or —-11.
Completing the square,
-z Lt=42,
Extracting the square root,
z=%+tf=4o0r -3,
Also, #—zti=—1141
Extracting the square root,
e=%+t1v —43.
Ex. 9. Completing the square,

Extracting the square root, -
@=—2+4=2 or —6.
Hence z==xv2or +vV—86.
Ex.10. Completing the square,
2*—82*+16=513116.
Extracting the square root,
©*=4+23=27 or —19.

Hence - x=8or —-V19.
. Ex.11. Completing the square,

z%+w%+%=756-,‘p

Extracting the square root, .
@P= —}£35=97 or —28.
Extracting the cube root,
a:"l‘=3 or —V/28.
Involving, . z=8or —}{/28%.

o L@ 1
Ex.12. Multiplying, &'—g=—1¢

5
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Completing the square,
1 -
PASG
Extracting the square root,
© =1

Extracting the cube root,
PX= V-I- = '} Vé.
Ex.13. Completing the square,

s 3% 9 1202
e +5 +15=1+15

Extracting the square root,

)
a:’f=-—3i-; =%or —2.

Involving, ‘g=%or —8.
Ex.14. Completing the square,
2 \/:E

Extracting the square root
Vae=3+£32="7 or —12,
Involving, x=49 or 2§,
Ex.15. Completing the square,

VI0tz—VI0tz+i= 2;
Extra.ctmg the square root,

V 10+$—%:t-5-_2 or —1.
Involving, " 104-z=16or 1.
Hence =6 or —9.

Ex.16. Completing the square,
' +202°+100=169.

Extracting the square root,

#*=—104+13=3 or —23.
Extracting the cube root,

z=V3 or —V23.
Ex.17. Completing the square,
2« 1 8
—3 1t9=3ty

w‘h

Sl -
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Extracting the square root,
*=3i*x§=2or —%.
Ex.18. Put Vitz—z'=y.
Completing the square,
y 1 1 1 1
y- 2 167167187 144
Extracting the square root,
y=}h=jori

Squaring, 1+z—a'=} or 4%
Completing the square,
T—zt+i=3+1i=
Extractmg the square root,
w—yﬂ:gm
Also, o' —z+i=3+i=

Extracting the square root,
’ w:%-:i:}\/l—l.
Ex.19. Completing the square, -
Vorl/ori=2.
Extracting the square root, = -
Va=—3+3=4or —5.
Involving, @=256 or 625

Ex. 20. Completing. the square,
. —-2.1:)’+3(a: —2:c)+-;=18+;
Extracting the square root, *
' r—2=—F+§=3 or —-6.
Completing the square, ° ‘ a
- @ —224+1= 4
Extracting the square root,
2=1+2=38 or —1.

Also, 2—-2+1=—6+1."
Extracting the square root, .
2=1xv =5, " -
Ex. 21. Put x4 b+ 28=1"

By substitution, ¥ —5y=24. .
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Completing the square,
—sarl=80r -3
Squaring, a:’+5ac+28=6& or 9.

Completing the gquare,
a2+ b+ 22=36 +24

Extracting the square root, _
) w:_--'—%:l:—r,;a—:‘i or —9.
Also, o+ br+2p=—19 +3=—

, Extracting the square root,
e=—5%F e 51.

Ex.22. Put 20+ 2=Y"
By substitution, P —2y+1 =0.
Extracting the square root,

By substitution, £—2x+2=1
Transposing, o —2+1=0.
Extracting the square root,

p—
=l

Ex. 23. By gubstitugion,
v yft— =20,592.

. t
Completing the S_Q‘lare’ , . 1 82,369
y—y+i=T&

Extracting the squa.ré root,

y*=%4=2%1= 144 or —143.

Extracting the square root,

. y==x12
By substitution, x4+ Vae=12.
Completing the square,
e+ Vet+i=4%

Extracting the square root,

Ve=—3xF=3o0r —4.

Squaring, x=9 or 16.

Ex. 24. Transposing, 25+z+ V25 +x=182.

Completing the square,
29

Y+y+i="-

0 TREATISE ON ALGEBRA.
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Extracting the square root,
y=—}+37=13 or —14
By substitution, v25+2=13 or —14.
Squaring, 25 +2=169 or 196.
Hence @=144 or 171.

Ex. 25. Squaring, we have
e—1=2'-2x41.
Completing the square,
?-3z+$=—2+%=%
Extracting the square root,
x=3x3=2o0rl.

Agrr. 265, Page 192.

Prob. 2. Let « denote the breadth.
Then will z+60  “ the length.
By the conditions, «*+602=5500.
Completing the square,
2=—30+:80=50 or —110.
Hence 2+60=110 or —50.
The negative value satisfies the equation, but not the condi-
tions of the problem.

Prob. 3. Let  denote the less number.
- Thenwill 2+2a ¢« the greater number.
By the conditions, #*+2az+a*=a’+d.

Extracting the square root,
r=—axVa+b.
Hence z+2a=a+Va'+b.

Prob. 4. Completing the square,
«*— 602+ 900 =386.
Extracting the square root,
2=380+6=36 or 24.

Prob. 5. Let 2 denote the number of coins of one kind.
Then will 52— « « of coins of the other kind.
By the conditions, 52z—a*=100.
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Completing the square,
2'—522+26°=676—100.
Extracting the square root,
2=26+24=>50 or 2;
that is, there were 2 coins worth 50 cents each, and 50 coins
worth 2 cents each.
Prob. 6. Let z denote one of the numbers.
Then will 2¢—2 ¢  the other number.’
By the conditions, 2az—2a'=4.
Completing the square, '

z=axva-—b.
Hence 20—z=axVa'—b.

Prob. 8. Since the dlﬂ’erence of the squares is 5, the'sum of the

squares must be &2 or 13.

Hence if 2 denote the less number, 13—2* will denote the
square of the greater. .

By the conditions, = 13—22'=5.

Transposing, «*=4=the square of the less.

Hence 18—a*=9=the square of the greater.

The two numbers are therefore 2 and 3.

Prob. 9. Let * denote the square of the less.

Then will m—z* “ of the greater.
By the conditions, m—2z'=a.
Hence m’:m;a.

Extracting the square root,
m—

2= T =the less number
Also, m—x :m; z
Hence —m—éﬂ=the greater number.

Prob.10. Let  denote the length of one trench.
Then will 26—z <« «  of the other trench. .
By the conditions, (26—x)’+«*=3856.
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Reducing, 22 — 522 = — 320.
Completing the square,
x'—26x+169=9.
Extracting the square Toot, - -
- #=13+3=16 or 10.
Prob.11. Denote the two numbers by 24-a and 2—a.
By the conditions, 2&° +2a 2.

Reducing, =vb—a'
Also, a:+a—-a+ vbo—a'

Prob.12. Clearing of fractions,
80z + 320 =80z a* + 4.
Completing the square,
o'+ 4e+4=324.
Extracting the square root, .
= —-2:!:18—16 or —20,

Prob.13.  Let « denote the number of articles.
Then ?vill. :—: «  the price of each.

By the conditions, . g p +2 6+°"
Clearing of fractions,
w2+ 2ab=ax+ cx* + 2bce.

Completing the square, 9ub
o'+ 2z +b'=—-+0"

Extracting the square'root,
o= B /2a6 +b%
Prob.14. Let 2 denote the ﬁrs: number.
Then will !;5 “  the second number,
and ' 2;1 “  the third number.
By the conditions, ?'*’4}471':7 4.

D2

81
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Clearing of fractions, 74x*=666.

Reducing, z'=9.
Extracting the square root,

2= =+3, the first number.
Hence %z +5, the second number.
Also, -3;%: +=7 ,.the third number.

: 3
Prob.15. Denote the three numbers by «, g, and _.

o b
By the conditions, FTz=¢

Reducing, e==x4/ g ':b’.
Hence gz‘a\/ aTj-?'
Also, 2=54 / ;%

Prob.16. Let 84+« and 8 —z denote the two numbers.
By the conditions, 1024 4 48z*=1072.

N

Reducing, =1
= Extracting the square root,
r==+1.
Hence 8+x=7Tor9.

Prob.17. Let ¢+ and a—« denote the two numbers,
By the conditions, 2a*+ 6ax’=26.

Reducing, z=4/=%
b—

8o
Hence atr=a+ @ or a—4/ b—a,’.
3a 3a

Prob. 18. Let « denote the distance of the needle from the
weakest magnet. Then will 20—2 denote its distance from
the strongest magnet.

9

By the conditions, F=@0—a)
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Extracting the square root,
2(20—2)= +32.
Hence 40—2z=+3z;
=8 or —40.
e .M
Prob.19. By the conditions, P e
Extracting the square root,

(a—a)Vm==xzVn.

Reducing, z=_2YV™
vVm+vn
+aVn
Also G—T=—""""
’ vVm+vn

Prob. 20. Let 2 denote the distance from C to D. Then will

2% denote the number of miles B traveled per hour, and also
the number of hours he traveled before he met A. Hence

(2—%) denotes the distance B traveled ; and g—g+45 denotes
the distance A traveled.
By the conditions, C24454. 2=

y the conditions, g55+45+55==.

Reducing, «*'—280z= —18,000.
Completing the square,
x'— 2802 4 140°=1600.
Extracting the square root,
2=140+40=180 or 100.

Prob. 21, Let # denote the distance from C to D.
Then will g “  the number of miles B traveled per hour.
2
By the conditions, > +b+%=2.
Completing the square, )
A\ —m\§
w’+(an-n’):c+(an2 n') ___(an2 L\ WY W'Y
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Extracting the square root,

_ an—n’ \/—an——n_’___,
2= 3 + ( E —bn’,
or z=n { '-'—'219:!-:\/. (n—g—)’—b } .

Prob. 22. Let @ denote the cost of the horse.

. . &
The loss in selling was 2 X755

z
By the conditions, 1—00=z—24.

Completing the square,
2*—1002+2500=100.
Extracting the squaré‘ root,
' 2=50+10=60 or 40.

Prob. 23. Let 2 denote the number of melons less than 18.
Then - 18+ denotes the price of each;
18—a2 %  the number of melons.
By the conditions, 324—a'=315.

Reducing, «'=9.
Extracting the square root,

r==+38.
Hence 18+3=21 or 15.

Prob. 24. Let « denote the length of the produced part.
By the conditions, g(w+g) =a’

Reducing, 42*—2ax=a’.
Completing the square,
- w’_a__m + 2’. — ig:
2 167 16°

Extracting the square root,

a a
m:;ﬂ:;‘/g.
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Agxr. 268, Pace 197.

Ex.1. Reducing, 3y'+Ty=26.
Completing the square,
73/ ( ' 49 312
v+ =361 36"
Extracting the square root,
y=—F+132=2 or —32
Hence . x=T—2y=3 or 4.
Ex. 2. From Eq. (2), z:l —;3y.
Substituting in (1),
L+0y+97 +IE g0,

'Reducing, 2y*+Ty=39.
Completing the square,
Ty ( * 49 39
Y+9+3) =16t e

Extracting the square root, .
y= ’—';ilg.=3 or —13,
Hence z=>5 or —3L,
Ex. 3. From Eq. (2), y=a+2.
Substitating in (1), 102+ 2+ 2=3z"+ 6.

Reducing, 30’ —br=2.
Completing the square, :
, 5z (5)’ 25 2
T3 36T

Extracting the square root,
e=%+3=2or —3.
Hence y=4or$.

Agrr. 269, Pace 198,

Ex. 4. Clearing of fractions,
120 —24=7'+4.
Completing the square,
o llo+ (R =11—2

85
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Extracting the square root,
v=12t+5=8 or 8.
Hence y*'=1or
Extracting the square root,
y==1or =T
.. 8
Also, 2=vy==+3 or :l:%.
Ex. 5. By substitution, %’ = 7,1T21
Clearing of fractions,
120 —65v=—"TT.
Completing the square, -
, 65v (65)’_4_2% (i
T127\24/ T 576 T 12
Extracting the square root,
v=45xt3i=For 4.
Hence '%*=16 or 3.
Extracting the square root,
y==x4or = vy
11
Also, e=vy==+Tor =—.

V2
Ex. 6. By substitntion,
20 41
20+ 3v+1" 5v+4
Clearing of fractions,
18v°—123y=—39.

Completing the square,

, 4lv (41)’ 1681 312
76 T\12

6 T144 T 148
Extracting the square root,
v=$x§=tor i
Hence ¥'=9 or &.
Extracting the square root,
y==3or d:—2-.

vel
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13
Also, z=vy==1or :i:m.
Ex. 8. Assume z=4+v and y=4—».
By substitution,
'+ =2048+ 1280+ 40v'=3368.

Reducing, v'+320'=33.
Completing the square,

v*+ 320" +16'=256 4 33.
Extracting the squarg root,

v’=‘—16:tl7=1 or —33.

Extracting the square root,

v==1.
Hence z=4+1=5or 3.
Also, y=4x1=38 or 5.

Ex. 9. Assume =2+ and y=2—v.
By substitution, 22"+ 620'=341,
and 22 —2z0° —330
Subtract (2) from (1), 8z0"= 11.
Substitute (3) in (1), 22'+32=341.
Clearing of fractions, 82'=1331.

Hence 2=12,
From (3), 440*=11.
Hence v==x1};

e=z4+v=1rt+ti=060r5;
y=z2—v=Fi=5or6.

Ex.10. We find 2=10—y.
By substitution, 10y—y'—y*=8.
Completing the square,

y'—By+(@)=2—
Extracting the square root,
y=§+3=4orl

Hence z=10—y=6or 9.
Also, 2=—-12—y.
By substitution, —12y—y*—y'=8.
Completing the square, -

Y+ 6y +9=9—4.

87
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Extracting the square root, -

o= —_12—y=—9FV3.

Hence

Ex.11. Wehave . . 2=6—Y.
Hence wy=6y—y’=8.
Completing the square,

y’—6y+9=1. .

Extracting the square root,
y=3:i:1=4 or 2.

Hence g=6—y=2 or &
Also, ay=6y— Y= —12.
Completing the square, T
. ys-_\_6y+9=21.'
Extracting the square root,
Y= 3+ '\/éi.
Hence w=6—?/=3:‘=‘/2_i'
Ex.12. We find z_3
-y 38
Hence 'w:r%y;y+2;
y=38 and z=>5.
- z 17
Also, -3
17y
Hence m:-——3—=y+2.
Therefore y=—+% and z=}J.
Ex.13. Squaring Eq.(2), . - . .
4 2xy+y' =4
Add this to Eq. (1), 22 =5.
Hence = Vi
Also, y=2—x=2Fv%
Ex.14. Clearing of fractions, we have
ba+ ay= ab H

bz +ay = 4wy —=abd.

3
4
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Hence m:gé.
Y
By substitution in (3), iy —+ay=ab.
Reducing, y— 6y+?i =0.
Extracting the square root, -
y=9
ab a
Hence T=gr=5.
Ex.15. Put =2+ and y=2z—2.
From Eq. (1), 32+ 0'=84. 3)
From Eq. (2), 22+ VZ—v'=14. 4)

Squaring (4), 2'—v'=196—562+42"

Transposing, 32'+9'=562—196=84.

Hence 2=>5.

From Eq. (3), v'=84-382'=9,

Hence v==%3;
2=5+3=8 or 2;
y=bF3=2 or 8.

Ex.16. From Eq. (2), 2y =180. (6]
From Eq. (1), y+a:=%y= 36. 4

Hence 2=36—1.
Substituting in (3), 86y—y*=180.
Completing the square,

y*—36y +18'=324—180.
Extracting the square root, - .

_ y_18:t:12 =30 or 6.
Also, #=36—y=6 or 30.

Ex.17. Put z=2+v and y=2—v.

Substitute in (2), 15

22" —1)=380 .2'—v'=—.

Substitute in (1), 2(z*+v")(z*—v")'=468.
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225
By substitution, 2(z*+2°) x - =468.

Hence 2252 4 2250 =2342".
Reducing, 2250'=92",
Extracting the square root,

15v=32.
Hence bv=z.

Therefore z=6v, y=4v, and z=gg.
Substitute in Eq. (2), (233/_‘_ y) %:30.
Reducing, 1042 =270.
Extracting the cube root,
. y=3 and z=2.
Ex.17. Otherwise. Squaring Eq.(2),
oy + 2%y 42"y =900. 6))
Subtracting Eq. (1), 2x%/=432. 4)
Hence xy=6. %)
Dividing (2) by (5), z+y=5.
Squaring, o+ 22y +y*=25.
Subtracting 4 times (5),
Extracting the square root,
r—yY= +1.
Hence =3 or 2;
y=2or3. ~

Ex.18. Add twice (1) to (2),
2+ 2y+y'=50+2a.

Extracting the square root,
Subtract twice (1) from (2), and we obtain
2—y==x+vb—2a.
Hence 2==+vVb+2a+vVb—2a;
2y=+Vb+2aFVb—2a.
Ex.19. By substitution, »*+2=72; 3)

v+2=6 or v=6—2. 4)

\
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Substitute (4) in (3),
216—10824182'="72.

Reducing, . 2—6z=-8.
Completing the square,
2—62+9=1.
Extracting the square root,
2=8+1=4o0r 2.
A.lSO, . v=6~2z=2o0r 4;
x=2"or 4*;
y=4’ or 2%

Ex. 20. From Eq.(1), (z+y)xy=20. 3)
From Eq. (2), z+y=§7?. 4
Substitute (4) in (3), $2’y*=20. (5)
Extracting the square root,

Combining (4) and (6), we find
2+ 2xy+y' =25.
Also, - o —2y+y'=9.
Hence z+y==%5;
rz—Y= +3.
Therefore ae=4or1;
y:l or 4.
<y

Ex. 21. From Eq. 2), #'+y'=—= 8. 3)

Hence xy=4 (C)

Add twice (4) to (1), '+ 22y+y'=16.
Extracting the square root,

z+y== 4.
Subtract twice (4) from (1),

e —2zy+y'=0.
Extracting the square root,
T—=Y= 0.
Hence r=+2=y.
Ex. 22. Divide (1) by (2),
o +ay+ 'y + a2y’ +y =1031. 3)
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Extracting the square root,
v=9+1=10or 8.

Hence z=8 or 10.

Therefore . @#=2z—T=1or3;

y=v—6=4or 2
Prob. 1. Denote the two parts by z and 100—z.
By the conditions, Vz+ vV100—z=14. .
Squaring, z+100—z+2v100z—z'=196.
Reducing, V100zx—z*=48.
Squaring, 100z —z*=2304.
Completing the square,
2*—100z+2500=196.
Extracting the square root,
z=50xt14= 64.- or 36
Prob 2. By the conditions, - = -

Ve+Va—z= b
Sqnanng, z+a—z+2Var—2=0b"
Reducing,, =~ 2Vaz—o'=b'—a.
Squaring, daz—4x* =b'—2ab’+a’.

Completing the square,
4’ daz+a*=2ab'—b'.
Extracting the square root,
2z—a—- +V2ab*—0".

b
Hence 2 +5 2a—0b°

Prob. 8. Let 4+ and 4—2 denote the two numbers.

By the conditions, -
512+192x’+2z ="706.

Completing the square,
o' +962°4-48'= 2304+97.

Extracting the square root,
' +48=49.
Extractmg the square root,
: . e==%x1;
. 4+1=>5 or 3, the two numbers.
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Prob. 4. Let a+= and a—a denote.the two numbers.
By the conditions, 2a‘+ 124’ + 22*=2.
Completing the square,

o+ 6a’z*+ 9a* =9a'—a' + b.
Extracting the square root,

?=—38a’+V8a'+6.
Hence a+zr=a+V —8a’+V8a'+b.

Prob. 5. Let 3+ and 83—z denote the two numbers.
By the conditions, 486 4 540z*+ 302*=1056.
Completing the square,

o' +182*+81=81+19.
Extracting the square root,
*=—9+10=1or —19.
Extracting the square root,
_ z==+1or =V -19
Hence 8xx=4 or 2, the required numbers.

Prob. 6. Let a+2 and ¢—z denote the two numbers.
By the conditions, 2a°4-20a"*+10aa*="5.
Completing the square,

1 5
a4 20’2 + a* _6102a +a,
Extracting the square root,
6 4a*
d=£V 19, +5 9"

b 4a*

H = —
ence atr=a+ 10a,+ 5 a’.

Prob. 7. Let @ denote the greater number.

12
Then will — denote the less number.

By the condltlons, (z+ 8)( 20 ):300.

Completing the square, -
. #'—282+196=196—192.
Extracting the square root,
= 14:!:2 =16 or 12.
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Hence 120 =73 or 10.

Prob. 8. By the conditions, (a:+6)(5+c) =

Expanding, #+Q—i#£ x
Completing the square,
2 m'_m' ab
Mt =T T
Extracting the square root,

m n_zf ab
-Also,

Prob.9. By the conditions, zy=a*—y*; 1)
wy=z+y. (2)
Divide (1) by (2), 1=2z—y or z=y+1. (3)
Substitute (8) in (2), 3*+y=2y+1.
Completing the square,
¥—y+i=141
Extractmg the square root,
y=%4+1v5=1.618 or —0.618.
Also, z=3+4V5=2.618 or +0.382.

Prob. 10. Let  and 100—z denote the two parts.
By the conditions,

1002 —2*=(100 —z)’—2*=10,000 — 200z.
Reducing, ' —300z= —10,000.
Completing the square,

' — 3002+ 150*=22,500—10,000.
Extracting the square root,
2=150+111.803=238.197 or 261 803.
Also, 100—2=61.803 or —161.803.

Prob. 11. Let # and a—z denote the two parts.
By the conditions, ax—a*'=a'—2a.
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Completing the square,
e sy 2052
B A S
Extracting the square root,

3 a

Hence a—z= —gq:gx/g.
Prob. 12. By the conditions, 2+y=a;
11
aty="
Clearing of fractions,w+y=bry=a.

Hence w'—'bl'
.0y

Substitating (4) in (1), %ﬂj:a.

a

Reducing, . y—ay= -
Completing the square,

:ﬁﬂ
| R
Su 8

@

~

Agr, 275, Pagr 204, .

Ex.2. o+ 11o=—26. e 1

Ex.8. o' +4x=45.  ExT St =g

Ex.4. o*—52=66. Ex 8. 2*—2=4.

Ex.5. @’ +ax=2. Ex.9. #*—2z=—6.
z 1

Ex. 6. w’—gzé.

Agrr. 276, Pace 205.
Ex. 1. (242)(x+4).
Ex. 2. (z—3)x+9). .
Ex.8. (z—6)(z+4).
Ex.4. Completing the square,
o4 T3w+ (%) =2222. - 780.

1)
(2)
(3
%)
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Extracting the square root,
o=—724+47=_13 or —60.

Ex. 5. Completing the square,
' —88z444'=1936—1612.

Extracting the square root,
x=44+18=62 or 26.
Ex. 6. We have 2 +x=86.
Completing the square,
z 1 1
@+3+15=16+%
Extracting the square root,
= —%:i:%: —2o0r 13;.
Ex.7. We have 3’ —102=25.
Completing the square, .
: , 10z (5)’_%_5 5
T3t =9ty
Extracting the square root,

z:g:t-‘,,‘l=5 or —-g-.

CHAPTER XY.
Agr. 300, Page 217.
Ex.1. 25.
Ex. 2. 124"
Ex. 3. 6ab’.
Ex. 4. 1524
Ex.5. a—b.
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Ex. 6. Product of extremes=9a’'—165"; product of means=

9a’—10ab—160". No proportion,

Ex.7. Product of extremes = 225a*— 2444%* 4 645*; product

of means=225a'—385a°0°+ 645*. ~ Vo proportion.

Ex. 8. Product of extremes=a‘+ ad’—a’h—5&*; product of

means=a*'—b'. o proportion.

Ex. 9. Product of extremes=a*—5*; product of means=a’—2".

Proportion.
E
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Arxrt. 319, Pace 225.
Ex. 5. Divide (1) by z—y,
. Crayt+yiay::T:2.
By composition, &'+2xy+y':ay::9:2.
Substitute Eq. (2) in (4),

86:xy::9:2.
Hence xy=8.
Substitute Eq. (2) in (6),
63/—3/’:8.
Completing the square,
y=8+1=4or 2.
Hence 2=6—y=2or 4.
Ex. 6. Substitute (1) in (2),
Vy:Va—=z::5:2.
Squaring, yia—2z::25:4.
From Eq.(2), Vy-=z:Va—=z::3:2
Squaring, y—zia—z::9:4.
By division, = y—a:a—x::5:4
Comparing (4) and (7),
y:y—a::b:1,
Hence y:iﬁ.
. . 5a
Substitute in (4) g o—::25:4
Reducing, a:a—z::5:1,
Hence m=%a.

Ex. 7. By composition and division,
" 22:2Vz::5Ve+6:Va+0.
Reducing, Vz:1::5V2+6:Vz+6.
Hence z+ Vz=6.
Completing the square,
2+ Va+i=6}.

®
®

(5)
()

(3)

4)
(5)
(6)
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ART. 819. RATIO AND PROPORTION.

Extracting the square root,
Vae=—3+5=20r —3.
Squaring, z=4or9.
Ex. 8. By the conditions,
: z+1l:24+5::2+5:2413.
Hence 2 +14x+13=2"+102425.
Therefore z=3.
Ex. 9. By the conditions,
t 2ta:x+b:i2+b:z+e.

Hence o +ax+crt+ac=x'+20bx+0"
. ' —ac
Therefore w:;_m.

Ex.10. By the conditions,
2ue+4:32+4::5:7.

Hence 142428 =15z + 20.
Therefore x=8.
The numbers are 16 and 24.

Ex.11. By the conditions,
met+ainetaiip:q.

Hence mqx+ag=npx+ap.
Therefore =M;
mg—np

mp=2"P=D . . P=9)
mqg—np mq—np
Ex.12. By the conditions,

z—yx+y::2:8.
Whence z:y::5:1, or z=5y.
Also, z+yiay::8:5.
By substitution, 6y:5y°::3:5.
‘Whence y=2 and 2=10

Ex.13. By the conditions,
z—yix+yiimin.
Hence c:yintmin—m;
n+m
‘n—m'

=Y

99



100 KEY TO TREATISE ON ALGEBRA.

Also, zty:xyinip.
2n n+m
Hence ' y.n_m:y’.n_m..n.p.
| 2p _%
Therefore Y=nim and #=—""".

Ex.14. By the conditions,
z+y:42::2—y:6.

Hence w:iy::48: 86::4:3;
3z
4
‘ ziyiiet+yi42.
_ 3 9
Hence 2z=xy+y' =4 +7¢
Therefore x=382;
y=24.

Ex.15. By the conditions, :
zt+yix—y:iah

Therefore @iy ca+b:a—b.
_,atbd
Hence @=y —7.
Also, z:yixty:a.
b 20
By substitution, y.%: Yy i
Therefore a+b:1::2y:1.

a+d  (a+d)
2 =@ty
Ex.16. Let 82 and 2z denote the two numbers.

By the conditions, -
81a*—16a*: 272+ 82°:: 26: 7.

Hence y=

Reducing, 652:35::26: 7,
Hence 52:5::2:1;
x=2.

Ex.17. Let ma and na denote the two .numbers.
By the conditions,
met —n'et i miet 0t p i g.
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Reducing, (m*—nf)gz=(m*+n’)p.
3
Hence _p(m +n‘)
-~ g(m'—n’)’

. Ex.18. Let @ denote the diameter of a circle, and y its area.
Then, since y varies as *, y=ma’. The sum- of the areas
of the circles whose diameters are 6 inches and 8 inches is
m(6'+8%); that is, m(86+64); that is, m10*; that is, the
area of a circle whose diameter is 10 inches.

Ex.19. Let # denote the radius of a sphere, and ¥ its volume.
Then, since y varies as a*, y=ma’ The sum of the vol-
umes of three spheres whose radii are 3,4, and 5 inches is

- m(8'+4*+5%; that is, m x 216; that is, m6®; that is, the
. volume of a sphere whose radius is 6 inches.

Ex. 20. The volumes of the three globes may be denoted by
mr’, mr”, and m»'”. Let R denote the.radius of the single
sphere whwh is formed. Then its volume is mR>

Hence mR =m(r*+r"+2"%);
R! 7‘8 + r’;+ rlll
Hence R=Vrr"+7"

CHAPTER XVI.

Agt. 326, Page 229.
Formula 4. By Formula.(3),

28=an+In.
Substituting from (1),
2s=an+an+n'‘d—nd.
28—2
Hence d= £8—2am 5 an.
n'—n

Formula 5. By Formula (4),
2an=28—n'd+nd.
28—n'd+nd
*Hence a=—"g —
. Also, by Formula (4),

L FH Y
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: 28 '
Hence 2A=—+(n—1)d.

Formula 9. By Formula (8),
2 l—a+d
= m = T.
Hence 2ds=al—a’+ad+0V—al+1d.
Transposing, P+ld=2ds+a'—ad..
Completing the square,
]

n

l’+ld+%=2ds+a’—ad+%.

4 d /7 ay
Hence .l=—§;t 2ds+(a—§).

Also, l=a+(n—1)d£%s—a.
Hence an+n'd—nd=2s—an.
Reducing, n’+2a;d .nz%s.
Completing the square, .
2a—d 2a—d\' (2a—d)'+8ds

w+—g '”*( %d ) =T 4

Extracting the square root,
d—2a V(2a—d) +8ds
"=Ted T od

Formula 10. By Formula (8),
a'—ad=0+1d—2ds.
Completing the square,
. d? d
a'—ad+4 =l'+ld+

Extracting the square root,
d a\
a=g+V/ (1+3) -2as.

Also, a=l—(n—1)d=§;—-l.

Clearing of fractions,
in—nd+nd=2s8—1In.

3 —2ds.
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Transposing, - n'd—2ln—dn=—

Completing the square,
, 20+d (2z+d)' (2l+d)’ 28
me—g "2 ) =\ed ) @
« Extracting the square root,
2l+d:t1/(2l+d)’—8de
~ 24 2d :
Ex.2. 13.
Ex.3. 73.
Ex.4. —1.
Ex.6. 1700.
Ex.7. 61}.
Ex. 8. -—-2.

Ex.9. From Formula (9),
_3-4xVITHxEI_,
= = =

Ex.10. From Formaula (10),
a=1£v20'—4x99=1+2=48 or —-1.
Ex.11. From Formula (8),

92'—5*
4=3910—97 g7 =2
Ex.13. I=14+2(n—1)=2n—1.

Ex.14. s=3(2+2(n—1)} =n"
n(n+1)

Ex.15. s——{2+ -1}=
Ex.16. 8=§{4+2(n—1)}=n(n+1)

Ex.17. d._ _7 The numbers are 8,15, 22, 29, 36,and 43.

2
Ex.18. =—8§=3 The numbers are 3,1,%,3,2,7,and §.
Ex.19. 1=16419 x 32=624;

4
=52 + 16 . 20=6400.

Ex. 20. s=2n(n+1)=200 x 101=20,200.
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Awr. 327, Pace 281,
Prob. 1. Denote the digits by z—y, ,and z+v.

By the conditions,
100z —y)+10z+x+y+198= 100(w+y) +10z+2—y.

Uniting terms, 198y=198.

Hence . y=1.-

00(z—

Also, 100(e—3) '3;10”*'”5" 26.

Hence 332=99;

z=3 5

2—1=2 and +1=4.
Prob. 2. By the conditions,

(@—y)"+a' +(2+4)'=1232; 0]
—(z'—y")=16. @)
Hence - y=x=4
From Egq.(1), 32 + 2y =1232.
Hence 32*=1200;
o= %20.
Prob. 8. By the conditions,
-y +2' +(@+y)=a; 6y
@ — (@ — 1) =b. @
From Eq. (2), y=Vb.
From Eq. (1), 3z’ + 2y’ =a.
By substitution, m';a—32b.
Hence e= a—326.

Prob. 4. By the conditions, =
(x—3y)+(@—y)+ (@ +y)+ (@4 3y)=28.
Hence z=".
Also, (*—9y")(«*— ") =585.
By substltutxon, 9y —490y*+ 2401 =585,
Completing the square, .
490y - (245\° 60,025 1816
v-37+(%)

=781 9 -
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Extracting the square root,
y’:l{iil&‘l:A},
Hence y==x2;
' 2—3y=1; e—y="5; a+y=9; =+3y=13.
Prob.5.  Let z denote the number of days A travels.
Then will z—5 « “ “ B travels.

A travels 22D Hites

By the conditions, 20D (z—5)12.

6

Reducing, 2+ =242—-120.
Completing the square,
—23x+(” '=532-120.
Extracting the square root,
e=32+1=15or 8.
Prob. 6. By the conditions,

wz+1
Reducing, a +a: 2ba:—2ab
Completing the square,

25—1 20—1\' 8ab
e—@-e+(*5) =(5) =%
Extracting the square root,
26—1  V(2%b—1y—8ab
= 2 = 2 .

105

Prob. 7. Let « denote the number of days the second person

travels.

The distance he travels is 2(24+:z: 1)_ X (z+283).

The distance the first person travels is (:c+ 3).
@ +23m

By the condltmns, (z+3)'=

Expanding, 22'+12x+418=2* + 232.
Completing the square,
@ —Ta-+ (5= ()~
Extracting the square root,
e=11l+i=9 or 2.
E 2
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" Prob. 8. Let « denote the required number of days.

The number of miles A traveled is g(l +a).

The number of miles B traveled is 2(42—290).
By the conditions, ?2—’(43—:1:):165.

Expanding, o' —432=—330.
Completing the square,

w’_43x+(43)! 1849_330
Extracting the square root,

e=43+23-10 or 33.

Arr. 335, Pace 236.

Formula 2. Substitute in Formula (1),
[

n—1

Ir—

=1

Multiply numerator and denominator by »*~', and we have
=1
=
Formula 3. From Formula (2),
W =l=s(r"—r")=(r-1)sr*""

_(r=1)sr*!
Hence l—-—r__—l-—. .

.

Formula 4. From Formula (1),
sr—s=lr—a.
Substitute the value of 7,
1

o) e

1
Multiply by a*—7,
1 » "
sl=1 —eam—l"_:—a::i.
Hence 8= l—‘—,_li,_.
Zn— —_r ni—1
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Formula 5. From Formula (1),
sr—lr=s—a.

Hence r_8-—_d
8—1{’
a—1
From Formula (1), ‘%:1“"= (H) '
Hence Ys—1)y"'=a(s—a)"

Formula 6. From Formula (2),
s —sr—'=0r-1.

Hence  ar—lr—art=—l.
Formula 7. From Formula (1),
rl=-,
a
Hence (n—1) log. r=log. I—log. a.
Therefore n—1 _log.ll—__ﬂg )
og. 7

Formula 8. From Formula 5),

(s—a ~=t 1
8— l) =a

Hence (n—1){log. (s—a)—log. (s—?)} =log.l—log. a.

- vy log.l—log. @

Therefore  n—1= log. (.9—g a)—logg. (s=2)

Formula 9. From Formula (5),
ar*=a+7r8—s.

a+rs—s

Hence =

Therefore n.log.r=log. (a+rs—s)—log. a.
log (a+rs—s)—log. a
log.»
Formula 10. By Formula (2),
A

-1

Hence

¢
“a"lr=rst+s

Hence (n—1) log. r=1log. 2—log. ({r—rs+s).

log. 2—log. (lr—rs8+-3)

log.» ’

Therefore n—-1=
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Ex. 2. 1=2.8"=2x19,683=39,366.
3"—1 5314411

EX. 4. 8= 9 = D) =265,720.
s—a 1023-—-1
Ex.5. r=—7=10s3—513— 2
2048 2048
Ex. 6. L 2

e=F =97 =g048=1"
_aor—a_63)’—6_ 10,101
Ex.7. s= 1 —1I = 512
_s@y—s_saer_ ..,
="_3 = g04g —1o%%E

=193%3.

Ex.8. ¢

1
, T
Ex. 9. r= (-1—3—2-) = 81%= 3.

6,18, and 54 are the required numbers.

1
T
Ex. 10. r—= (2T'56) =4,

16 and 64 are the required numbers.
S d
Ex.11. r= (—) .

a.
. Com\E o\ o\
The numbers are a(a) , a(a) , a(;) H

or (a’b)'l‘, (aé)’}, (ab’)%.
Ex. 13. s=

Ex. 14, s=

1
Ex 15 r=1——=1-3=3. .
Ex. 16. a=s(1—-r)=§- 1%—:%.
n

Ex. 17. a=_7f___(1_1) = X—-—=.1.

Ex.18 s=7—=1=9a»
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Ex.19. s=%4+1=18

Ex. 20. s=2"—1=16'—-1=42,949,672.96—1.
Prob. 3. By the conditions,

z+zy+ay’'=210; (1)
xyt—ax=90. (2)
Subtract (2) from (1),
2z +xy =120. (3)
H 120 90
ence v e -1
4 3
Therefore m_?:—l'
Clearing of fractions,
4y*—4=3y+6.
Completing the square,

. 3y (3)’ 9 10
y—2+\8/=att
Extracting the square root,
y=§+12=2 or —4.

120 -
Also w=m=30 or 160.
The numbers are 30, 60, and 120
or _ +160, —200, 4 250.
Prob. 4. Let = denote the second number, and y the ratio.
By the conditions, §+ x+oy=42; 1)
§+wy=34. ()

Subtract (2) from (1), «=8.

Substitute in (2), §+ 8y=34.

Clearing of fractions, -
8y'—34y—=—8.
Completing the square, :
17y 17)'_239
v-+(5) =1



110 KEY TO TREATISE ON ALGEBRA.

Extracting the square root,
y=4+lt=4or L
Prob. 5. By the conditions,

§+w-+way’=5s4;

z'=64.
Hence =4,
Substitute in (1), 3},+ 1+ y-=%f='%‘i
Reducing, , 6—6_582'; —1.

Completing the squafe, '
65y (65)’ 4225
¥-"5 *\1e) =z 1
Extracting the square root,
P=34+83=8 or d.
Extracting the cube root, y=2 or §.

Prob. 6. Let z, 2y, 237, zy* denote the four numbers.

By the conditions, ay*—ay*=36;

. ry—x=4.
Divide (1) by (2), y*=9.
Hence y==%3.

From Eq. (2), - ¢=?%;2 or —1,
The numbers are 2, 6,18, and 54;

or —1,438,-9,+27.
Prob. 7. By the conditions, .
z+wy'=a;
xy 'l'(l,‘yt =b.
Divide (2) by (1), - ,—_g.
. . b
Substitute in (1), z+—r=a.
Reducing, dr+br=a’.
e
Hence T=—7 -

1)
2

@)
@

M,
@’
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Prob. 8. By the conditions,
ety ay+ay': 7 3.

Hence 84+ 3yt =Ty+Ty".
Divide by 1+y, 38—3y+3y*=Ty.
Completing the square,

10y (5 25 9
y’—?+(§) =99

Extracting the square root,
y=§+t$=3or i
.A].SO, a:y' —.'cy=24. ’
By substitution, Mz —3x=24.
Hence z=1;
z @
F—3=24
Clearing of fractions, #—9x=0648.
Hence . e=-=8l1.
The numbers are 1, 3, 9, and 27;
or —81, —-27, -9, =8.
Prob. 9. By the conditions,
@+ zy+ay'+ay="T00; oY)
' oy —e=15(y'~ay). @)
Divide (2) by #, $—1=3"-¥). ®)
Divide (3) by y—-1, e
12(y'+y+1)=38T7y.
Completing the square, N
25y 25\ 625
y- ( ) =576~ 1
Hence :l/—r;i'n' =%ori
Substitute in (1),
. 4r 16z 64x

T+ +— 9 +27_700

or

Clearing of fractlons,

21z + 362+ 482+ 64w=27 x 700.
Reducing, 1752 =27 x 700.
Hence x=108.
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Prob. 10. By the conditions,
z+zy+zy +ay’ +oy'+2yf=1365; (1)
- ay P =80. (2)
Substitute (2) in (1),

—?/—?+80+80y’=1365.

Reducing, 1?64-163,’: 257.
Completing the square,

¥—16 T\32/) =109z —102¢

Extracting the square root,
y'=35T+288-16 or /4

Extracting the square root,

Y= +4 or =1
Substitute in (2), 162+ 64x=80.
Hence ' z=1;
or 16z—64a2=280.
Hence =-$.

The numbers are 1,4,16,64, 256, and 1024 ;

5 190 _ 80 4 320 _ 1280
or -5 +% — 5%, +33%, =152, 8320,

257y* (25 * 66,049 1024

CHAPTER XVIL
Arr. 337, Pace 241.

jury

-

e
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1
Ex. 6. m
4+1
5+1
6-
Agr. 338, Pace 242.
Ex. 2. &%, - Ex. 4. $45.
Ex. 3. 3.
ART. 341, Pacr 243.
Ex2 3,103 Ex.3. 3,7, 70 13

Agrt. 342, Pace 244.
Ex.4. The numberis 3+1

T¥1
1541
1.
Ex. 5. The fraction is 1 T
. T+
141
4,
Ex.6. The fraction i 1s 571
: 6+1
T+1
I+1
2.
Ex.7. The numberis 141
1+1
2+ 1
29.

3 8 938
Values, $, $, 135
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1
Ex. 8. The fraction is —— ers i

2+1

Values.
Ex.9. The numberis 3+1 s v 7 3 0 T ToE

3+1
1+1
B 1+1
:?;.Va] 10'13 23 89
g ‘Valu
Ex.10. The numberis 241 €8y <3525 7 TF
441
o 1+1
7.
Values, , 4, 33
Ex. 11. The fraction is 1 i
1+1
1+1
5.

‘ 11 3 11
Values} K 3] %, ) 30

ARrr. 347, Pace 247.

Ex.2. 926.25.24.23=2358800.

Ex.3. 12.11.10.9.8.7=665,280.

Ex.5 1.2.3.4=24.

Ex.6. 1.2.3.4.5.6="T20.

Ex.7. 1.2.3.4.5.6.7.8.9.10.11.12=479,001,600.
8.7.6.5

Ex9. 393477
10.9.8.7.6.5

Ex.10. 0 =g s e =210,
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Ex. 11. The first arm can be placed in # distinet positions ; so

. also can the second : thus with these two arms we can form

" n* signals. The third arm is also capable of n distinct po-

sitions, and each position may be combinéed with any pair of

positions of the first and second arms: thus we have 2’ x n,

that is n* signals. In like manner, with 4 arms we can make
n* signals, and with 7 arms we can make n* signals.

Note.—The telegraph here referred to is that which was in common use in
Europe before the invention of the electro-magnetic telegraph. It consisted
of an upright post with two movable arms, each of which could be exhibited
in yarious positions. If each arm can assume six different positions, then
two arms can be made to furnish 86 different combinations, and each combi-
natior may be employed to denote a letter of the alphabet or a numeral; or
it may denote a word or sentence in a telegraphic dictionary. .

Ex.12. 1.2.3.4.5.6.7.8.9=2362,880.

CHAPTER XVIIL

Arxt. 359, Pace 253,
Ex.8. a'—Ta'z+21a%*—35a'2* + 85a’s' —21a’x’ + Tax® —2'.
Ex. 4. +105a"0"
Ex.5. +1225a°%%.
Ex.6. +252a%2.

Ex. 9. Coeflicients, 1 . 4 6 4 1
Powers of 2z, 162* 8z* 4z Oz 1
Powers of 50’y 1  5a° 254* 1252° 6254°

Ex.10. Coefficients, 1 4 6 4 1
Powers of &, 2" o z z 1
Powers of 43, 1 . 49 16y* 64 25638
Result, " +162°y + 962y + 2562y + 2563/

Ex.13. ' :

Coeflicients,
. 5 10 10 3 1
Powers of 5a?,
81252  625a° 125a* 25at ba? 1
Powers of —4zx%,
1 —4z% +16z4y? —642%°  +2562%* —1024x'%°
Result, i : ’ ’

8125a1°—12,500a%z% +20,000a%z%y? — 16,0004*z%y> +6400az°y*— 10242 "
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Ex. 14.
Coeﬂiclents,
6 15 20 15 6 1
Powers of a’z, .
a'’z*  a'%2® a®z* atz® a‘z? a'z - 1
Powers of by®, :
1 by Byt By b4y oyt beys

Result, a"x‘+6a‘°x‘by’+15a'x‘b’y‘+204‘x’b’ ‘-I-l5a‘.1:’b"3/'+6a’:tb5 10402,
Ex. 15,

Coeflicients, 1 5 10 10 5 1

Powers of az, o'z —a'zs* 4o’ —a'* +ax-—1

Result, “:c"—5 ‘2 +10a*— 100z + Saz—1.
Bete, $ 200 iy
Ex.17. 28—7— 3‘:1:”4 =7,838 208m”y
Ex.18.
Coeflicients, .
1 6 15 20 15 6 1
Powers of 5, - :
5 5 B¢ 5® 5 5 1
Powers of -—%, '
1 ® z hd xz @ 2
6 t¢ T Tte ~& te
6.5% 15.5%" 20.5% 15.5% 6.52° of
Reﬂlllt, 5“"‘ 6 + 62 —_— 63 + 64 - 66 +.6_6 b

81950 6252 19504 B8 o
or 15,625—8125e+—75———51—+ 35 — 1396 T 46,656

AERT. 361,v Pace .255.

Ex.2. (z+y) =2+ 52ty + 102% + 102 + byt + o ;
(w+a+b)‘ 2+ 5(a+ b)Yt +10 (a*+ 2ab + %)a* +10 (a* + 3%
+3ab’+ 0’ + 5(a*+ 4a’D + 6a°6'+ 4ab*+ bz
+ & +5a'0+100%0* + 102’6 4 5ab* 4+ b°.
Ex 4, 14102 + 552+ 2002* 4+ 5302+ 10522° + 15902 4- 18002
+ 14852+ 8102° + 243",
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A ARrr. 363, Page 257.
Ex. 2. 87. Ex. 3. 1.58490.

AgxT. 364, Pace 258.
Ex. 1. The square root of this polynomial is a'—2abd+-3*, whose
square root is a—b.
Ex. 2. The square root of this polynomial is @+ 32’6+ 3abd*+ ',
whose cube root is a+8.
Ex. 3. The square root of this polynomial is
- 1624 32y + 242’y + 8zt + 3.
The square root of the latter polynomial is 4a*+4xy -+,
whose square root is 2+ ¥, which is therefore the eighth
root of the given polynomial.

CHAPTER XIX.
Art. 369, Page 260.
Ex.3. Given 1 16 81 - 256 625 1296

1st diff,, 15 6 175 . .869 671
od diff,, 50 110 194 302
3d diff., 60 84 - 108

4th diff, 24 24

Ex.4 Given 1 32 243 1024 3125 7776 16,807
1st diff,  81. 211 781 2101 4651 9081

2d diff., 180 570 1820 2550 4380
3d diff., 390 450 1230 1830
4th diff,, 360 480 600
5th diff., 120 . 120

Ex.5. Given 1 3 6 10 15 21
1st diff.,, 2 3 4 ] 6
2d diff, 1 1.1 1

Arrt. 370, Page 261.
Ex. 3. a=1,D'=4,D"=5,D""=2.

12.11 _ 12.11.10
Tyy=1+12.4+-5— .5+

.2=819,
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Ex 4. a=1,D'=3 D"=
T,=1+14. 3+H 9.=295.

Ex.5. a=1,D'=7,D"=12, D"’_
Ty =1+10.74+ 2518 194 221817 65000,
Ex.6. a=1,D'=2,D"=1. )
T,,=1+2(n—1)+(n—1)2<n—2)_n’;-n.

Ex.7. a=1,D'=3,D"=3, D=1
T,=1+8(n— 1)+3(" 1;“"2) ("-l)(n—2)(n—s) n(n+l)(n+2)

Ex 8 a-_l D/._-4 DII=6 D/II 4 D//ll__l
6(n— 1)(n—2) 4n—1)(n—2)(n—3)

T,=14+4(n—1)+ 5 53
(n—-l)(n—-2)(n 3)(71-—4) n(n+1)(n+2)(n+3)
2.3.4

Axt. 871, PagE 263. -

Ex.2. a=1,D'=38,D"=8,D"=1.
©90.19 . 20.19.18 _ 20.19.18.17 °

85=20+ 5 .3+‘ 93 34 9 3.4 =8855.

Ex. 3..a=1, D’'=1.
S=n+

Ex.4. a=1,D'=38,D"=2.

S—nt 3n(n— 1)+2n(n—-1)(n -2) 2n'4-3n’+n n(n+1)(2n+1)
- 2 2.8 = 6 - 6

Ex.5. a=1,D’'="7,D"=12, D" =

7 n(n 1) 12n(n—1)(n—2) +6n(n—1)(n—2)(n—3)

n(n—1) n'4ai
2 T 2

S—,' 2 2.3 ° T 2.8.4
'_n +2n‘+n’_(n +n)?
- 4 - 4

Ex.6. a=1,D'=9, D"=1.
S— 2n(n—1) ﬂ(n—l)(n—2) _n(»’ +3n+2)
=ntTg 2.3 6
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Ex.7. Each term. of this series is double the corresponding
term of the preceding series.

Ex.8. ¢=1,D'=3,D"=3,D"'=

371 (n— 1) 3n(n-— 1)(n—2) + n(n—1)(n —2)(n—3)

S=n+—7 2.3 2.3.4
n(n +6n*+11n+ 6)
24
Agr. 372, PacE 264.
D D’ 3.914868
Ex.2. T=o+5 -3 + 10815
+ 29
, 3.925719, Ans.
3D’ 3D 3.914868
Ex.3. T=a+———35~ + 16222
+ 92
3.931112, Ans.
3D’ 8D 8.914868
Exd T=ety—g5 + 12978
+ 98
3.997874, Ana.
33D’ D~ 3.914868
Ex.5. T=a+555 -5~ + 7187
: + 2
3.022031, Ans.
Ex. 6. D' = +0.090538, D" = —0.001448, D"’ = +0.000067.
o, 8D #1D” D" 5ATT226
=e¢+710—200 T 17" + 27162
+ 152
+ 4
5.504544, Ans.
4D’ 12D” D 5.477226
Ex 7. T=o+35—q50 +76~ + 36215
+ 174
+ 4

5518619, Ans.
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D D’ D 5477226
Bx8. T=at3—3+75 + 45269
+ 181
+ 4
5522680, Ans.
6D’ 12D” D" 5.477226
Ex.9. T=et+q5—100 18" + 54323
+ 174
+ 4
5.531727, Ans.
sD’ §D” D" - 5477226
Ex.10. T=a+35—760 + 31" + 72431
+ 116
+. 2
5.549775, Ane.
Agr. 873, Pace 265. |
Ex.2. 1+2)1 (1—z+a’—a'+a'+ ete
142
—_—&
—x—t
T
4+
—7
—ot—at
+a
Ex. 3. z = .
“+w)‘;+w(1_5+¢7’_3‘+ ete.
—_—2 z
—_—
7
&
a
2 o
PR

-— -E".
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z o
a—m)az (1+‘;+¢?+;‘,+ ete.
a—2
+z x
r—_

8

R sy
88

18

a
Ex. 5. 1—2)1 + (14224 22*+ 22*+ ete.
l—z

+22
2o—2z*
2z
2 — 22
. N 2#'
Ex. 6. a—2)a +w(1+2—m+£+-2£+ ete.
d—m g

a

2
2@—2_:0’
[/

2z®

a .
2 2

e @

2*
a!
Ex7. 1-z+a% (14z—2—z+2*+ ete.
' 1—z4a
x—x
22— o*
—2
—fat—o
-4
—xt b —at
F T2

121
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Ex. 8. 1—z+4+2)l—2 - (1—a—a*+2*+ ete.
1—z42
-
—2 42— a
—z*+a
i et
=

Ex.9. 1—w—a:’)1+w w’(l+2a:+3m’+5:c’+ ete.
1—2—
2+ &
w— 20 — 2
8’422 . -
8x'—82*— 8"
b5 + 32"

Axr. 874, Pace 267

Ex.2. @ +w(a+2a g»*‘l@ .lg&z + ete.
2a+§é) :_,_i
LT
2 . .
AT,
2a+a zﬁﬁa) : ’3%," T;%

e
8t 1604 64a° T 256a°
W & @
~4a T 64 2564°"
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x* a*
Ex‘ 3’ . a‘+w(a’+_—--8—a‘+16am— etc.
4
2a!+§_a’) @ m’ .
v
SER Ay
. 2a+a’ 8a' T 4at
2 2 at
i 8p  6agn
2.
8a° 64a™"
z a x
Exd A ’”( ¥ 27~ Ba " T6an
2“’_%) T \
. “""E
. « .z
2 a 8_a°> T 4q
EE I
~15 87 T oagn
. at
T 8a° 64a™
: e £ 2 -
3 T e — —
Ex.5. Z.+w’(a+2a 8a'+16a‘ ete.
LAY .
2a+2—a) x* ot
w’+4a,
20y ®_ )
a+a 82/ T4
ﬁ‘. o
i 8 T e

LA
8a*” 64a°°
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. Agkr. 380, Page 270.
Ex. 3. Assume
1__—_—]_‘_';2_zw,=A+Bz+Cz’+Dm‘+Ew‘+ ete.
Hence
1422=A+(B—-A)2+(C—A—-B)*+(D—-B—-C)z*+ ete.
Therefore
A=1; B—A=2"B=3; C=A+B=4; D=B4+C="T.
Ex. 4. Assume
Hence
1-z=A+(B- 2A):c+(0 3A -2B)z*+(D-3B-2C)2’+ etc.
Therefore
. A=1; B-2A=-1-'B=1; C=3A+2B=5; D=3B+2C=13.
Ea.ch coeflicient is equa.l to twice the precedmg one, plus
three times the coefficient next precedmg
Ex. 5. Assume
V1—2=A+4Bz4Cz'4 Dz’ Ez* + etc. -

. Squaring,
1—2z=A'4+2ABz+(B'+2A0)z’+ (2BC+2AD)2*
+(C*+2BD +2AE)2*+ etec.
Hence :

A=1; 2AB=—1B=—}; B'+2AC=0C=-};
D=- 1!;; E:—Tg-s-, ete.
Ex. 6. Assume 1_'1_ +z,_A+Bz+Cw’+Dz'+ ete.
Hence
l—w—A+(A+B)w+(A+B+C)m’+(B+C+D)w'+ ete.
Therefore
.A.=1; A4+B=-1-B= —-2; A+B+0=0-C= +1;
B+C+D=0"D= +1, ete.
Ex. 7. Assume
Va—a*=A+Bz+ Co’ 4+ Dol + Ext+ ete.
Squaring,
&'—&'=A"'+2ABz+ (B'+2A0)2'+(2BC+2AD)s*
+(C'+2BD +2AE)2* + ete.
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Therefore 1
A=a; 2AB =0+B=0; B'+2AC=-1" —-—2—0;
2B0+2AD=0--D=0; *+2BD+2AE=0--E= ggefc.
. 2 & &

Hence Va’—w’:a—%—w—m— etc.

ARrr. 382, Pace 272.
5z+1 A B
Ex. 2. Assume 71 m+1Ta:—1

Hence S2+1=Az—A+Bz+B.

Therefore 1=—A+B;

b=A+B.

Hence A=2 and B=3.

Baz—19 A B
CEx3 Asume o =g tow
Hence bx—19=Axr—3A+Bz—5B.
Therefore 19=3A+5B;
5=A+4B. ,
- Hence A=38 and B=2.
Ex. 4. Assume -1 A B O

P—o —atite—1Tz
Therefore 32'—1=Az'—Az+Bz*+Baz+Cz2'—0.

Hence 1=C;
0=—A+B;
3=A+B+C.

Hence A=1,B=1, and C=1.

Ex.5. Assume .
%z’ —62+-6 A B C

F—De—2)@—3) a—1te=2 z—3
Therefore
22'—6x+6=Az'-5Az+6A +Br'-4Bx+3B+0z'-8Ce+20.
Hence - 6=6A+3B+20;
6=5A+4B+3C;
2=A+B+C.
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Hence A=1,B=-2, and C=3.

Ex. 6. Assume C )
52° 422 —1 A B C
D) @—-D)@z+1) 241 a—171 2at1
Hence
54’422 —1=2Az'— Ax— A +2B2'+3Bz+B+Ca'—C. .
Therefore 1=A—-B+C; ‘
. 2=-A43B;

Hence A=1,B=1, and C=1.

Ex. 7. Assume

184212422 A B C D
16+ —1tet1—2 152 1—%
Therefore . *
13421+ 20 =A — Az 4As*4-4A2*+ B4+ Bex—4Bx'—4Bx’
+C—-2Cz—Cz*42C2*+D + 2Dz—Dz*— 2Dz,

Hence 13=A+B4C+D;
21=—A+B—-2C+2D;
—2=4A+4B+C+D;
0=4A—-4B+4+2C—-2D.

Hence A=1, B=—6, C=2, and D=16.

Agxr. 383, Pace 273.‘

Ex.2. y=Ay+B | ¥+C | ¥+D | ¥+ ete.
—LA? —AB —-AC ‘
-I——}A’ —-}B’ -
: +2A’B
—1A% .
Hence

A=+1; B—}A'=0+B=+}; O—AB+1A*=0C=+1;
D—AC—}B'4+2A'B—1A*=0D=+1.

AN "
Ex. 3. y:Ay+(B—-§-)y"+(C—AB+—3-I)y’
B . A
+(D—AC—§+A’B_%)¢

+(E~AD—BO+ A0+ AB—AB4+ 5yt ete
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Hence A B A
¢
A=1; B=}; C:AB——g:-}; D=A0+'§—A’B+I

]
—¢; E=AD+ BO—A'0—AB'+ AB— =l ote.

Ex. 4. Proceeding in the nsual manner, we find B=0, D=0,
F=0,etc. Hence it is more convenient to omit these terms,
and assume 2=Ay+Cy’+Ey'+Gy'+ ete.,
and we find
y=Ay+(O+A%,+(E+3A'C+AY+(G+3A'E 4 3AC
+5A‘C+A"y + (I+3A'G+6ACE +C'+ 5A‘E410AC?
+TAC+ A%y + ete.

Hence -
A=+1; C=~1; Ex=+42; G==5; I=+14, ete.

Ex.5. y=Ay+ (B 4+ 3A"y+ (C+6AB + 5A%*+ (D 4 6AC

+3B’+15A"B 4+ TAY*+ (E4+6AD+6BC4+15A*0 +15AB*
+28A'B+9A% 4 ete.
Hence A=1; B=—38; C=+13; D=—67; E=+381, etc.

Agxrt. 384, Pace 274.
A (B A C AB A*
Ex1 ‘=§‘+( t3 )""(2+ . +48)
D AC B' AB A*
+(“+—+—+W+3Tsz)8‘+ etc.

2

Hence A=2; B=-1; C=+%; D=-},etc.

Value of z, +0.500000 .
—0.062500
+0.010417
—0.001953
+0.000390

: ~0.446354
Ex 2. Assume 2=As+Cs'+Es+Gd', ete.,
and we have ' '

8=2As+ (20 + 3A%) 8 + (2E + 9A’C + 4A%)s"
+(2G+9A'E+9AC 1 20A‘0+5A"6" 4 ete.



128 KEY TO TREATISE ON ALGEBEA.

Hence
’ A:-}; =—T‘8') E= +m, G__lgog’g;,\ ete.
Value of , +0.2500 '
_ —0.0234
+0.0046
—0.0012
0.2300
Ex. 3. Assume 2=As+Cs'+Es+Gs'+ ete,
.and we have

14
s=As+4 (C—A)s + (E A’G-}-—A—)s’

(G_A’E_A09+A«c—7')gv+ ete.

Hence A:l; C:%-; E:ﬁ; G=-3!r73-, ete.
Value of z, +0.33333

+0.01235

+0.00055

+0.00002

0.34625

Ex. 4. This series is similar to that in Ex. 8, Art. 383, except
the signs of the terms.

Value of =, +0.2000000

' —0.0200000

+0.0013333

—0.0000667

+0.0000027

—0.0000001

© 0.1812692

Agrr. 389, Pace 279.
Ex.4.  a7'+2a7 %+ 305"+ 40~ b+ 50— %+ ete,,
1 2 80 45 55

or P a—.-l-'(;"-l-— '—+ ete.
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Ex. 2. Arr. 390, Pace 280.

1 1 1 1 3 1.3 5 1.3.5 7

=27 _la 3g—s— 30— It Jai—
(e—a)T=2 ‘%w 0-33° ¥ 946 22468 4-ete
Al e o 8 _ 35¢
=% { —23;,—2.44;"‘2.4.6@—2.4.6.8#“”°'}°

Ex.6.

1 { 9z 22  2.40  2.4.7s | 2.4.7.1028 }
@+af=d 143278.65 15.6.98 5.6.9.12a° 15.6.9.12 155~ > J

Axr. 393, Pace 9283,

Ex.3. Vo=(+1)%.  Computation. 9.0833333
—0.0034722
+0.0002411
—0.0000201
+0.0000019
—0.0000003

2.0800838, Ans.

Ex.4 V31=(Q27+4% Computation. 81481481
—0.0073159
+0.0006021
—0.0000594

" 40.0000064
—0.0000007

3.1413806, Ana.

Ex.5. Y/30=(32—~2)%. Computation. 2.0000000
- —0.0250000

—0.0006250

| —0.0000234

—0.0000010

1.9743506, Ans.

CHAPTER XX.

Agr. 411, Pace 293.

Ex.3. 355.5. Ex. 4. 2.220.
F2
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Ex. 8. 27.69.

Ex. 3. 3.207.

Ex. 4. 0.6156.

Ex. 2. 386.70.

Ex. 2. z=1.544.
. Ex. 3. =0.7093.
Ex. 4. 2=0.8451.

Ex. 5. $620.70.
Ex. 6. $270.70.
Ex.7. b per cent.

Ex. 8. $8515.00.

Ex. 4. $5972.00.
Ex.5.

Ex. 4. 36.98 years.

Agxrt. 412, Pace 294.
Ex. 4. 317.5. -

Arr. 413, Pace 295.
Ex. 4. 0.4605.

Agrt. 414, Pace 295.

Axr. 415, Pace 296.
Ex. 3. 7380.

AgRr. 417, Pace 296.

Ex. 5. 2=2.262.
Ex.6. £=3.831.

' ART. 419, PacE 298.

Ex. 8. 11.89 years.
_ Ex. 9. 14.20 years.

Agrr. 422, Pace 300.

A .
7;+1=(1+r)';

A Ar

log. §
ﬂ=w=&59 years.

AEr. 423, Pace 300.
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Agr. 429, Pace 304.

Computation of log.2, 0.666666
0.024691
0.001646 °
0.000131
0.000012
0.000001

log. 2=0.693147

Computation of log.3,  0.693147
0.400000
0.005333 .
0.000128
0.000004
log. 3=1.098612
Computation of log. 5,  1.386294
0.222222
0.000915
0.000007
log. 5=1.609438

Computation of log. 7,  1.791759
0.153846
0.000303
0.000002

log. 7=1.945910

CHAPTER XXI.
Agxr. 435, Page 308.

Ex.3. The ﬁrst member is divisible by —2, and gives
«'—92+4+18=0.
Ex. 4. The first member is divisible by 2—4, and gives
Ex. 5. The first member is divisible by 41, and gives
'~ 392" 424924289 =0.
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Ex. 6. The first member is divisible by 2+ 5, and gives
- o'+ at—1ba—3T2x—22=0.
Ex. 7. The first member is divisible by #—3, and gives
o+ 4af — 20 — 202" —112°+ 162+ 12 =0.

. Arr. 436, Page 309.
Ex. 1. Dividing by —1, we have
2 +4x—-12=0,
which, being solved, gives
xz=+2 or —86.
Ex. 2. Dividing successively by #—1 and #—3, we have
@ —62+8=0,
which, being solved, gives =2 or 4.
Ex. 8. Dividing successively by 2—3 and —5, we have

2 —4x+1=0,
which, being solved, gives
z=2+v3.
Ex. 4. Dividing successively by #—2 and #—3, we have
4’ 4-62+1=0,
which gives m=—“-§345-‘/-5—-.
Ex. 5. Dividing successively by —2 and 2+ 2, we have
a:’—6:v+4=0,
which gives z=38+ V5.
Arr. 437, Pace 310.
~1+v=3 —1-v=3
—14+v—38 —1—-v—3
1—-v -3 1+4/-3
—vV—3-38 +v—3-8
—2—2v—3=the square. —24-2v —3=the square.
—1+v_3 ~1—-v_3
2+2v -3 2—-2v -3
—2v—3+6 +2v—3+6

8=the third power. 8=the third power.



Ex. 1.

ART, 448, GENERAL THEORY OF EQUATIONS.

a,‘=81 =39 = :!:1/§= 43 or —-3.

Also, 2=V -9=x3v -1,

Ex. 2. 2*=64a*=x8" 2=+20r —2
Dividing 2*— 64 by 2*'—4, we obtain
o442 4-16=0,
which gives ?=—2+2v 3.
Hence =%V _2+24y/-38.

Ex. 6.

Ex.1.
Ex. 2.

Ex.3.

Ex. 1.

. Substitute

Arr. 438, Pace 312.

. o —4a?+22' + 82— 2=0.
. ot —6z*4182'— 262421 =0.
, a*—62'+112'—10242=0.

ARr. 441, Pace 314.

. Substitate % for a.
. Substitute % for .

. Substitute % for =, and we obtain

¥'+13y+6y—72=0.
for @, and we obtain
2 —18y"+ 64y +33=0.
Substitute % for , and we obtain
' —14y"+ 63y —90=0.
Arr. 442, Page 315.
—1,—3,and +2.
—1, -2, and =3.
+1, -8, —1—v—1,and —14+ V1.

y
2

A.RT.:44:3. Pace 316.

133

One root is 1—-+v'—1. Dividing the given polynomial
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by #'—2z+2, we obtain #4+2=0. Hence —2 is a root of
the equation.

Ex. 2. One root is 2—v'—1. Dividing the given polynomial
by «*—4x+5, we obtain #+3=0. Hence —3 is a root of
the equation.

Ex.3. One root is1—2v —1. Dividing the given polynomlal
by a*—22+5, we obtain #4+1=0. Hence —1 is a root of
the equation.

Ex. 4. One root of the equation is 2—v3. Dividing the given
polynomial by a*—42+1, we obtain 2*—~1= 0 Hence +1
and —1 are roots of the equation.

Ex. 5. Two roots of the equation are —1— V:T, and1+vV=3.
Dividing the given polynomial by &'+ 22+ 2, and this result
by &*—2x+4, we obtam a*—~4=0. Hence x==v2 or

+vV -2,
ART. 444, Pacr 317.

Ex. 1. Substitute y—1 in place of . -
=18+ 3y—1
8'=- 8y'—6y+3

—4r= —4:1/-{-4
+1= 41
Ans. § —Ty¥7=0

Ex. 2. Substitute y+1 in place of .
=y 43y +8y+1

—2'= —2—4y—2
x= " 8y+3.
—4= —4

Ans. ¥+ y'+2y—3=0
Ex. 3. Substitate y—3 in place of . '
A=y — 12 4 54y~ 108y + 81

9= 9y*-813'4243y—243
122'= 12y°— 72y+108
—ldp=" — 14yt 49

Ans. ¥ — 3y —15y'+ 49y— 12=0
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Ex. 4. Substitute y+2 for 2.
5a:‘—5y‘+40y’+120y’+160y+80
—122= —12/— T2y'—144y—96

8z = 3y'+ 12y+4-12
4r= . 4y+ 8

Ans. 5y +28y*+ 51y’'+ 32y— 1=0
Ex. 5. Substitute y—2 for .
#*=y'—10y'+40y"— 80y'+ 80y— 32
102'=  10y'—80y 42403’ —320y+160

422 = 42y — 252, + 504y — 336
86a*= 86y —344y+ 344
702= .  70y—140

12= 12

 Ans. + 2y~ Gy 10y+ 8=0
' Apr. 445, Pace 818,

Ex.1. . ‘=94 6y"+12y+ 8
—62'= —6y'—24y—24
8= 8y+16
—2= R
Ans. y' - 4y— 2=0
Ex.2. #*=y+16'+ 96y’+256y+ 256
- =16z*= —16y’—192y"—768y—1024
—6z= ' —6y— 24
15= .15
Ans. yf  — 96y°—518y— T17=0

Ex. 3. Put z=y-38. -
=y —15y+ 90y‘ 270y’+ 4053,— 243
5= 153/—1803'+810y'—~1620y+1215

12= - 12/ —108y*+ 824y— 324
—202'= — 20y*+ 120y— 180
14z= . © 14y— 42
—25= L . 95

Ans. 3 — 78y +412y'— 757y+ 401=0
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Ex. 4. Put 2=y+2.
= y‘+8y‘+24y’+32y+16
— 8= —8y’—48y’—96y—-64
b=
Ans. of —243/’—643/—43..0

Agrr. 446, Pace 319.

Ex. 2. When =4, the first member of the equation reduces to
—6; and when =5, it reduces to +10. Hence there must
be a root between 4 and 5; that is, 4 is the first ﬁgure of one
of the roots.

Ex. 3. When @=—2, the expression reduces to — 4.

m=_1’ « « 40,
= 0’ ¢« « + 8.
r= +1, “ “« -1
e=+2, « « 12
z=+8, « « —19.
=44, « « —18.
w___+5 « “ + 3.
Hence the initial figures of the roots are
—1,0,and +4.

Art. 448, Pace 321,

Ex.1. There are three variations of sxgn, and therefore three
positive roots. ’

Ex. 2. There is on]y one permanence, and therefore only one
negative root.

Ex. 3. There are three variations of sign, and therefore three
positive roots.

Agrr. 450, Page 322.

Ex. 2. 1st derivative, 4a*— 242+ 282 4-4.
2d « 122'—482+28, -
ad « 24048,
4h ¢ 24
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Ex. 3. 1st derivative, '+ 122+ 62'—62—2.
2d « 202*+ 3624 122—6.
ad “ 60z + 722412,
4h  « 1202+ 72.
6th  « 120.
Ex.4. ne'+An-1)**'+Bnr—2x**+...+T.

Agrr. 451, PacE 323.
Ex. 2. The first derivative is 82'—26z+55. Find the greatest
common divisor between this and the given polynomial.
32 —3892'+1652—225 | 32’262+ 55
8a*—262°+ BB | =, —13
—132*4+1102—225
Multiply by 8, —89«*+3302—675
—392"+ 338z—"T15
— 8z+ 40
3x*—262+55 | 25
32’ —15z 3z—11
- —11z455
The greatest common divisor is #—5.
Ex. 3. The first derivative is 3z*—142+16.
32’ —212*+482— 36 | 32'—1424-16
8z'—142"+ 162 | = ~7
. — 24 82x— 36
Multiply by 8, —212*+4962—108
‘—212°4- 982 —112
— %22+ 4
" 82’ —~142+16 | x—2
3’ —62 3z—8
—82z 416
The greatest common divisor is z—2.
Ex.4. The first derivative is 42’—122—8.
o' —6r'—82—-3 | *»—3x—2
o —3x'— 22 z
—32'—62—3 -
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-3z -2 | 2!+ 2x+1
242 4w | 2—2
-2 —4p —2.
The greatest common divisor is °+22+1 or (z+1)". Hence
the equation has three roots equal to —1.
Ex.5. The first derivative is 3x*—6z—9.
£—382'—924-27 | #’—22—3

o —2'— 32 z—1
— &*—62+27
— o'+ 22+ 3
—8z+424 .
@ —22—8 | 2—8
23z - ~a:_+f
x—38

The greatest common divisor is #—3. Hence the equation
has two roots, each equal to +3.
Ex. 6. The first derivative is 32’4+ 162--20.
32*424a*+ 60x+48 | 3a*+162+20
32* 4162+ 202 z +1
8a°+40x 448
Multiply by 3, 32’4152+18
. 8x'+162+20
- - 2
32" +162+20 | z+2
32+ 6z - | 8x+10 -
102420
The greatest common divisor is z+2. Hence the equation
has two roots, each equal to —2.

Azr. 458, Page 330.
Ex.4. X ot Tz +1,”
. X1=3a>’—7,'
R =2z-—3,
R1= +1.
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" When #="+2,the signs are + + + +, gwmg no vana.tlons
r= +1§" « — +,

e=+1, “ S e — e, & 2 u.
w=_’_3’ (13 + + — +, [13 2 {3
w=_4’ €« - +_ .+’ R {4 3 €
Ex. 5. X =22'—202+19,
X1=2a!'—-5, ’ :
R =15z—19,
R,=+3157.
When 2= — o, the mgns are + — — +, g1vmg2 variations.
- 2=0, + - -+, 2 . «
m_+1 « +—-—=4, « 2 «
w=+1_§_’ {3 —_ + + +’ €« 1 €«
w=+2, [13 + + + +’ [19 O &«
e=+ cx, “ +++4+, ¢ 0
Hence this equation has but two real roots.
Ex. 6. X =2+ 2"+ 82* + 4a°+ 52—~ 20,
X, =52+ 82"+ 92* +- 82+ 5, -
R=-Tr—-212"— 42a:+255
R,=—388,147.
When 2= — c, the signs are — + + + —, giving 2 variations.
. e=0, “ -4+ + - « 2 «
¢=+], [13 — + + + - ({4 2 «
w_+2 ({4 + + + — _’ €« 1 [{1

z=+cx, ¢ ++___, €« 1 - «
Hence this equa.txon has but one real root, and it 1s situated
between 1and 2. = -

Ex. 7. X =a*+3x'+ 52118,
X, =382+62+5,
R =—4x+539,
R,="-884,579.
When &= — , the signs are — + + —, g1v1ng 2 varmtlons
z=0, « —_ 4 9
r= +4 “« —_4 + - 3 ) &«
- = +5’ « + + + — &« 1 &«
- @=+ cx, « ++—-—— “ 1 «
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Hence this equation has but one real root, and it is situated
between 4 and 5.

Ex. 8. X =2'—122"+122--3,
X1=w‘—6a:+3,
R =2¢—382+1,
R,=172-9,
R,=+8.
When 2= — o, the mgns aré + — + — +, glvmg4vanat10ns.
z2=—4, + -+ -+, 4
=_3 %3 __+_+" « 3 «
w=0, [ — + + —_ +, €« 3 &«
w=+_}’ (79 + + 0 — +, [{4 2 {3
w=+1’ ¢« -0 + +, « 1 158
w=+2, “@ —_— 4+, “« 1 «
z=+3, « +4+++4+, ¢ 0 “«
=+ o, « +4+++4+, ¢ 0 «
Hence this equation has four real roots.
Ex 9. - X =2*—82"+14x'+ 428,
X, =2*—62"4-Tx+1, '
R =52"~172+6,
R,="762—108,
Rz +45,375. ©
When 2= — o,the signsare + — + — +,g1vmg4var1atxons.
e=-—1, « + -+ =+, 4
w_o &« —_ 4 4 - +’ {1 3 €«
w=+1’ 11 + + —_— +, €« 2 &«
w=+2’ [{4 + —_ - + +’ 3 2 (13
=143, « —_——0 + +, « 1 13
w=+5, @ — + + + +, « 1 &«
z=+6, “ +++++, “ 0 “
=+ oc, “ + 4+ + + +, « 0 «

Hence this equation has four real roots.

Agrr. 459, PacE 332.

Ex.1. When y=2, Eq. 2 reduces to #42—5=0 or 2=3.
When y=38, « « 2+3—5=0 or 2=2.
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Ex. 2. When y=2, Eq. 1 reduces to @+ 82—18=0 or z=2.
When y=4, « ¢ ‘ w+§—18=0 or z=16.

Ex. 3. When y=1, Eq. 2 reduces to w’—z’+m-—3=0 or z=3.
Ex. 4. Bince 2—2y=0,when y=1,2=2; and when y=0, 2=0.
Ex 5. When =1 Eq 2 reduces to y’+y_0 Whence
y=0or —1.
‘When y=1, Eq. 2 reduces to #*—5z+46=0. Whence

25
e=3+i=3 or 2
Ex. 6. When y=2, Eq. 2 reduces to 2*+42=0. 'Whence

2=0 or —4.
‘When y=3, Eq, 1 reduces to
@' +62'+ 62 +5 =0, 1)
and Eq. 2 reducesto '+ 62 +5 =0. (2)
Multiply (2) by #,, 2’4 62'+52=0. 3
Subtract (3) from (1), z+5 =0.
Hence 2=—b.

CHAPTER XXII.
. ARrr. 464, Page 337.

Ex. 5. 1-12447-72486 | 1
1-11436-36 2
1— 9+18 3
1- 6 I
Ex. 6. 142-7— 8+12 | 1.
148-4--12 2
145+6 2
143 ‘ -3
The four roots'are 1,2, —2, and —3.
Ex.7. 14 0—55— 804504 | +38.
14+ 3—-46-—168 +7.
1410424 —4,
14 6 . —6.

The four roots are +3, +7, —4,and —6.
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Ex. 8. - 140-254+60—-36 | 1.
141-24436 2.
143-18 3.
146 . —6.
The four roots are 1,2, 8,and —6.
Ex.9. - 1-1-1+19-—-42 2.
’ 14141421 —~3.
1-247
Supplying the letters to the last coefficients, we have
a*—22+T=0.
Hence w’;2mll-1'=—6;
r= 1:!—;1/—— '
The four roots are therefore +2, —3 and 1=V =6.
Ex. 10. 145+ 1—16—20 16 +2
1+7415+144+ 8 -2
1+5+4 5+ 4 —4.
141+ .1, .
Supplymg the letters, we have .
@ +xz4+1=0.
Hence ‘e rti=—%;
. g=—3+1V =3

The five roots theréfore are +2, —2, —4,and —3+4v—3.

"~ ART. 467, PagE 343.

Ex 2. Dividing the original equation by m—3 21312, we obtain
«*+14.213122—56. 33154 0.
Hence a'+14.213122+50.50320=108. 83474;
@=—17.10656--10.33609
_3 22953 or —17. 44265

Ex. 4. Dividing the equatmn o 41500 —425 =0 by
. 2—"7.050256, .
we obtain '+ 8.5502562+ 60. 281494 0,

where ¢ is negatwe’, and greater than —i— See Art. 280. .
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Ex. 7.
1-15 463 =450 (1.39543—
— 8 + 7 49
-1 0=1st divisor. = 1=1st dividend.
+ 63 1.89 0.567
6.6 3.87=2ddivisor. 0.433=2d dividend.
6.99 4.4991 0.404919
7.08 5.1363=38d divisor. 28081 =23d dividend.
7175 5.172175 25860875
7180 5.208075=4th div’r. 2220125=4th dividend.
7.1854 5.21094916 2084379664

7.1858 -5.21382348=>5th div’r. 135745336=>5th divd.
Dividing the original equation by 2—7.89543, we obtain
' —17.60457246.76094=0.
Hence  2'—7.6045T2+14.45737="7.69643;
«=38.80228 +2.77424

, ~ =6.57652 or 1.02804.
Ex. 8. Changing the signs of the alternate terms, we have
. : ot —92° 4 242 =17.
1-9 +24 =417 (4.53209—
-5 4 16
-1 0=1st divisor. =~ 1=1st dividend.
+35 175 0.875
4.0 8.75=2d divisor. - 0.125=2d dividend.
4.53 3.8859 - 0.116577
456 - 4.0227=3d divisor. 8423=3d dividend.
4.592 4.031884 . . 8063768
4.594 = 4.041072=4th divisor." 359232=4th dividend.
4.59609 4.0414856481 363733 .

Dividing the above equation by —4.53209, we obtain
‘o' —4.46791243.75103=0.
Hence ~ 2*—4.467912+4.99055=1.23952;
*=2.23395+1.11334
. =38.34729 or 1.12061.
Hence the roots of the original equation are .
' —1.12061, —3.34729, and —4.53209.
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Ex.9.
140 +0 =48,228,544 (364
3 9 D14
6 27=1st divisor. 21228=1st dividend.
96 3276 19656
102 3888=2d divisor. 1572544 =2d dividend.
1084 393136 1572544

Ex.10. Let « denote the less number; then 42 will denote
the greater.
By the conditions, (2*+ 2z)(22+2)=100;

o4 3z + 22 =50.
148 432 =50 (2774494

5 12 24

7 26=1st divisor. 26 =1st dividend.

9.7 32.79 22.958
104 40.07=2d divisor.  8.047=2d dividend.
11.17 40.8519 2.859633
11.24  41.6387=3d div’r. 0.187367=38d dividend.
11.314 41.683956 . 0.166735824

11.318  41.729228 =4th div. 0.020631176-==4th divid’d.
11.3224 ’
The two numbers are 2.77449 and 4.77449.
Ix.11. Let 2+ 3 and #—38 dénote the two numbers. The dif-
ference of their cubes is 182°454.

Hence 2x(182* 4-54)=5000;
@+ 82=1388.
140 +3 1 188.888 (4.98571+

4 19 76 :

8 - B1=1st divisor. 62.888 =1st dividend.
12.9 62.61 56.349 .
18.8 75.08=2d divisor. 6.539888 =24 dividend.
14.78 76.2124 6.096992
14.86 77.4012=38d divisor. 0.442896=38d dividend.
14.945 77.475925 0.387379
14.950 77.550875 =4th div’r. 55517 =4th dividend.
14.9557 77.56114399 54292

. .1225

The two numbers are 7.98571 and 1.98571.
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Ex.12. Let 242 and —2 denote the two numbers. The sum
of their cubes is 2¢*+ 244, which equals 850. Hence

2 +122 =425,
1+0 +12 =425 (6.9874
6 48 288
12 120=1st divisor. 137=1st dividend.
18.9 137.01 123.809
19.8 154.83=2d divisor. ~13.691=2d dividend.
2078  156.4924 12.519392
20.86  158.1612=3d divisor. 1.171608=3d dividend.
20.947 158.307829 1.108154803 ‘
20.954  158.454507=4th divisor. 63453197=4th div’d.
20.9614 158.46289156 63385156

The required numbers are 4.9874 and 8.9874.
Ex.13. Let z denote the number of partners.
Then 10z denotes what each partner contributed ;
—102* < the whole capital;
2+6 « the gain per cent.-
102°(z+- 6)

The whole profit is —0p — =392
Hence 2’ +62°=3920;
e=14.
Ex.14. Let « denote the second digit.
Then 9—=z will denote the first digit,
and . 248 .« < the third. digit.

The product of the three digits is 2724 62*—2*
Hence 2Tz 4 62°— 2 4 38(9 —x) = 336.

Therefore 2 —62’+112—6=0.
1-6411—6 | 3.
1-3+ 2 2.
1-1 1

The roots of this equation are 1,2, and 3.
Ex.15. Let 2 denote the number of merchants.
252 denotes what each contributed ;
252 « “ they together contributed ;
25x°+ 4775 denotes the entire stock.
G
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They gain « per cent.; that is, ?@%7753
6z denotes what each received ;
62 «. < they together received.
252’ 447152 «*4-191x

Hence 6x*+126= 100 =z — )
Therefore o —242°+1912="504.
1—-244+191-504 |.7.
1-174 72 8.
1—-9 9.

The roots of this equation are 7,8, and 9.

Agr. 468, Paar 347.
Ex.1. This equation can be resolved into two quadratic factors,
viz., #'—22—2=0, and *—-6x+4=0.
The first of these equations gives
z2=1+v3
=2.7320508, or —0.7320508, _
The second of these equations gives
x=38 :t\/g - ) )
-=5.2360680, or 0.7639320.

Ex.3. . . :
1i+0o  -12 . +12 . =8 (2.858083.
2 -8 — 4 -8
4 0 — 4=1st divisor. 11=1st dividend.
6 12 +11.232 8.9856
8.8 19.04 © 82.608=2d divisor, - 2.0144=2d dividend.
9.6 26.72 84.388126 . 171940625
10.4 85.04 86.196500=8d div’r.  0.29499375=3d dividend.
11.28 85.6025 36.491110112 . 0.291928880896
11.80 86.1675 86.786450848 =4th div’r. 3064869104 =4th div.
11.85 86.7350 °  86.789411639 - 2943152931

11.408 36.826264 86.792372504 =>5th div'r. 121716178=5th div.
11.416 86.917592

11.424 - 87.008984

11.43208 87.0098985664

11.43216 387.0108131392
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1+0 -12 +12 =3 (0.606018.
0.6 ~—11.64 + 5.016 38.0096
1.2 —10.92 — 1.586=1st divisor. ~0.0096=1st dividend.
1.8 — 9.84 — 1.594953384 9569720804
2.406 — 9.825564 — 1.653819936=2d div’r. 80279696=2d div.
2.412 — 9.811092 — 1.653917901 16589179
2.418 — 9.796584 — 1.654015867=38d div'r. 13740517=34d div.

2.42401 — 9.7965597599
2.42402 — 9.79653656197

2.42403
2.424048
2.424056

Divide #*—122'+12z— 3 by £—2.858083, and we obtain
| @ +2.8580832"— 3.831360z + 1.049654 =0.
Divide this equation by £—0.606018, and we obtain

'+ 3.4641012—1.732052=0;

from which we obtain

@=—1.782050+2.175328
= 40.443278, or —3.907378.

Ex.4. We may proceed with this equation in the usnal way,
or we may resolve it into the two quadratic factors

mﬁ

Ex. 5.

1-20 4180

~ —10.1 +182.61
—18.2 +116.48
—17.3 410088
~164 + 86.10
—15.8 - 85.6359
—15.47 4 85.1727

—42+4+2=0, and 2 —122+29=0.
The first equation gives us 2=2+v?2
=3.4142136, or 0.5857864.
The second equation gives us z=6xv7
=8.6457513, or 3.3542487.
~ First Root.
—520 4806 ) =407 (0.984684-+
—400.471 4485761 40101849
—205.684 -4-179.4608=1st divisor. 5.98151—1st dividend.
—204.910 +-178.89027281 . 8.2017081698
| ~—202.340928  -167.39670005—=24 divisor. 0.7798018307=2d div'd.
—199.785742  -166.609080831856 0.666486277827424
—197.244430  -}-165.822784633680=—=38d div. 0.113365553372576=3d d.
—196.907679586 --165.706073922674 0.099428044853604

—16.44 + 847104

© 1541 + 84.2490
—1588 + 84.187616
—15.35 - 84.126248
—15.846 -+ 84.064806
—15.342 + 84.008560

—196.571174544 165.587893446328—4th div. 0.013942509018972=4th d.
~—196.234914060 )
—196.184518342684
—196.134127243536

—15.388 -} 83.99486286
—15.334 + 68.98516508

—15.880
~15.8204
—15.8288
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Second Root.
1-20 4180 —520 4806 =407 (8.3084234-
17T 4+ 9 —228 4137 a1
~14 4857 — 52 =~ 19=1st divisor, 4=—1st dividend.
~11 4+ + 2 ~ 18.1969 8.93807
—8 0 + 19.577 — 7.4995=24 divisor. 0.06198=24 dividend.
—~5 — 141 4 18.758 —  7.359268187904 0.058874145508233
— 47 — 278 4 17510 — 7.219866847520=8d div. 0.003065554496768=34 div.
— 44 — 896 - 17528076518
— 41 — 510 < 17.487730048
— 88 — Bb.127936
— 85 — B5.155808
— 8.493
— 8.484 .
Third Root.
1-20 150 —520 4806 =407 (3.824325
~1T +9 —928 187 41
—~14 457 — 53 — 19=1st divisor. —4=1st dividend.
-1 4+ + 2 — B.1504 —4.12033
—8 0 4+ 17.812 4 4.8080—=2d divisor. 0.12082=2d dividend.
—86 — 886 - 12448 4 4992255216 0.0984510438
— 4% — 608 4 5920 4 5.03324880=8d divisor.  0.0218689568=8d dividend.
— 84 — 816 - B727608 - 5.054460646656 0.0202178426
— 926 — 9.60 - 05534832 - B.OTOO1T062850=4th div’r. 0.0016511142=4th dividend.
— 18 — 9.6196 4 5.841680 . -
— 1.0 — 9.6888 4 5.302061684
— 0.98 — 0.6576 -+ 5.264229006
— 0.96 — 9.6760
— 0.94 — 0.679584
— 0.92 — 0,683163
— 0,90
— 0,896
— 0.898
Fourth Root.
1-20 4150 —520 4806 ’ =407 (4870508
—16 488 —116 +103 408
—12 + 88 — U < 6=lst divisor. —1=1st dividend.
-8 <+ 6 0 + 0.0096 . 4-0.00768
—4 =10 — 7.488 — 11.1520=2d divisor.  —1.00768=2d dividend.
408 — 9.86 — 13.952 — 19.48984809 0.8742890793
+ 16 — 808 — 18.880 — 18.84251195=34 divisor. 0.1383909207=3d dividend.
+ 24 — 616 — 19.112057 — 14.01834041 0.1261650837
+ 82 8.60 — 10.823828 — 14.10485042—4th divisor. 0.0072268570=4th dividend.
+ 4.07 8.8151- — 19.514970

+ 414 — 8.0288 — 19.536495921

+ 4859 — 2.391769
+ 4868 — $.852457

2.7306 — 19.557668084
2.4310
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Fifth Root.
1—20 +150 —520 4806 =407 (7.053058
—13 + 59 —107 + 87 899
—6 + 17 +.12 +141=1st divisor. T8=1st dividend.
+1 + 24 +180 -+150.20188125 7.5100940625
+8 480 © 184087635  159.60758125—=2d div'r. 0.4899009876=2d dividend,
41505 - 80.7535 188.118000  160.18495763 0.4805548729

41510 4 SLOOTS +192.226260  160.76815207=8d div'r. 0.0098510646=8d dividend.
41515 < 82.9650 - -+199.475469277

41520 4 83.0250 -+192.724811868

+15.258 + 83.070759

415256 | 83.116587

Ex. 6.
140 +0 +0 18389659776 (368
8 ] 7 81
6 14 108=1st divisor.  1028965=lst dividend.
9 [ 144936 869616
126 6156 186624=—=2d divisor 1548499776=24 dividend.
183 6948 192087473 1548499776
188 e
1448 780184
Ex. 7.
140 +0 +0 +0 20286674882048 (438
4 16 64 256 1024
8 48 256 1280=1st divisor. 160466748=1st dividend.
12 96 640 10050496 152408968
16 160 181812 26542080=24 divisor, 806278082648=2d dividend.
208 - 17664 986448 288759860681 806278082648

216 19892 1105920
224 21184 1112858637
283 28040

2408 2811209

Ex. 8. Let « denote the first digit; then 9—a will denote the
second, 10— the third, and 11—z the fourth digit.
Hence
990z —2992* + 302*—2* + 36(102~ 2*) = 3024 — 300z.
Therefore #—3802*+3352'—16502+ 3024 =0.
1- 30+335 1650+ 3024 | 6.
- 1-244191— 504 7.
1-174+ 72 8.
1—9 9.
Hence the value of  is either 6,7, 8, or 9. .

ArrT. 469, Pacr 351.

A —9r=10
EX. 30 ﬂ=_T_*—9.'.
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Suoppose z=3, £=0.5 nearly.
Su x=38.5, ‘ ’
R A== 0,05 nearl
—5775=—0.05 nearly.
Suppose 2=3.45,
0.013625
h= W: —0.0005 nea.r]y.
Suppose z=3.4495,
0.000273837
h="gg 6or1507— 00000103
Hence o=3.4494897.
”+9r+4r—80
Ex 4. L Y

Suppose 2=2, kh=+0.5 nearly.
Suppose 2=2.5, A= —0.028 nearly.

Su z2=2 472
T 00086 e
—66.828352
Hence r=24721359.

Agr. 470, Pace 352.
Ex. 2. Assume #=5; the resultis —10. Hence 5 is too small.
Assume 2=6; the resultis +80. Hence 6 is too large, and
is about 8 times as much too large as 5 is too small.
Assume z=5.1; the result is —2.629. * Hence 5.1 is too

small, ,
Assume @=5.2; the résult is +5.088.
Then 7.717:0.1::2.629:0.084.
Hence 2="5.134 nearly.

Assume z=5.134 ; the result is —0.044342, 5 little too small.
Asgsume 2=5.135 ; the result is 4-0.032285.
Then 0.076627:0.001 :: 0.044342:0.000579.
Hence o=5.134579 nearly
Ex. 3. Assume 2=10; the result is —1050 Hence 10 is too
small.
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Assume 2=11; the result is 4 3453. Hence 11 is too great
and is about three tlmes as much too great as 10 is too
small. -

Assume £=10.25 ; the result is —45.8086. Hence 10.25 is
too small. ,

Assume 2=10.26; the result is —4.0352.

Then 41.7734:0.01::4.0352:0.000965.

Hence 2=10.260965 nearly.
Ex. 4. Assume z=1; , the result is —1. Hence 11is a little too
small.
Assume 2=1.1; the result is 40.83. Hence 1. 1 is a little
too great.

Asgsume 2=1.05; the result is —0.16945, Hence 1.05 is
too small. ‘

Assume 2=1.06; the result is +0.01689. Hence 1.06 is

* a little too great. '

Assume 2=1.059; the result is —0.00206.

Then 0.01895:0.001 :: 0.00206 : 0.000109.

Hence 2=1.059109 nearly.
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EXAMPLES FOR PRACTICE.

EQUATIONS OF THE FIRST DEGREE WITH ONE UNENOWN
- QUANTITY, PAGE 865.

Ex. 1. Uniting terms, 11,+3x—'@—¥
Clearing of fractions,

279+72m—56w =18z.

Hence . 22=279;.
xT= 139-}.
Ex.2. 2ax+19ab—10a* =dx 4710
Transposing,
- (2a—b)x=10a"—19ab +-75' = (5a—7b)(2a—b).
Reducing, x=5a—"Tb.

Ex. 3. Clearing of fractions,
- 28—10—22=14—9+.
Uniting terms, 3x=18;
=43,
Ex. 4. Clearing of fractions,
abm+ bx=abn—abp—azx.
Transposing,  ax+br=ab(n—p—m).
Hence = ____ab(na f 3 m).
Ex. 5. Multiply by 120, -
162—24 —24x+ 54 =322—108— 80z + 405 —27.

Uniting terms, 402=240;
2=26.
Ex. 6. Divide both sides by @’+a’h+ab*4-3*, and we have
1 a—-b
‘ =—x_'.
Hence x=a—>b.

Ex.7. Suppress a—5 both in the numerator and denominator
of the first fraction.
@'+ a'b+ab' + b —a'x—b'=2a" 4 ab’.
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" Uniting terms, a’r=a’—a’b.
Reducing, z=a—>b.
Ex. 8. Multiply by 40,
24x — 2824 802 — 352 = — 600.
Uniting terms, 92=600;
r= 66%-.
Ex.9. Clearing of fractions,
92x=11x+4 535 —40x—"74.

Uniting terms, 121x=461;
=37
Ex.10. 8a+a—5z=86.
Transposing, 4x=3a—6.

Ex.11. Clearing of fractions,
8ac+ cx=384*+ ax+ am —ma.
Transposing, cx—azx+me=a(m—3c+3a);
a(m— 8¢+ 3a)
=,
c—a+m.
Ex.12. Clearing of fractions,
14— 282 —28 4 35x=—13.
Uniting terms, Te=1;
-1
. bl 4
Ex.13. MmN —mx—nx+a* =pr—pg+*—gz.
Transposing, mx+nx+pr—gr=mn+pq;
o _T1Dg
“m+n4p—q
Ex. 14. Clearing of fractions,
242’ — 842 1+ 1122— 392 =242 — 882 +1262— 462,
Reducing, 102="70;
x="1.
Ex.15. Clearing of fractions,
dex=ade+ bce+cf.
Transposing, dex—cfr=e(ad+bc);
e(ad+ be)
C==g— T
G2

153
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Ex.16. Clearing of fractions,
cx—ac—adzr+ 3a’bc—
Transposing, cx—adz=ac—3a’bc;

01— 3ab)
" c—ad
Ex.17. Expanding,
64—48z+92* 416 —32z+ 162 =81 — 902+ 252"
Reducing, 10x=1;
=%
x—16 1

Ex.18. Uniting terms, jm=—g-=07.

Clearing of fractions,
24— 384=177 —9:::
Uniting terms, 332=>561;
. =17.
Ex.19. Uniting terms, '
9r+10 12 1 73
Tiz—12-13T5~65
Clearing of fractions, ‘
5852+ 650 =803 876.
Uniting terms, 218r=1526;
z="1.

Ex. 20. Since (3 —4x)(7—8x)=21—52x+ 322", we have
21—662+482"— 45+ 11427227 =8 — 242",
Reducing, 482=32;

z=3

PROBLEMS INVOLVING EQUATIONS OF THE FIRST DEGREE WITH
ONE UNENOWN QUANTITY, PAGE 857.

Prob.1. Let x denote the required period.
By the conditions,
50—z=27T—2+24—2+19—-2+16 —2=86—4=x.
Reducing, 82=36;
x=12.
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Prob.2.  Let x denote the distance from D to E.
By the conditions,
T+x=84+z+5+2+2=13+3x.

Reducing, 2x=14;
z=".
Prob.8. Let z denote the dlstance from BtoOC.
By the conditions,

8(8742)+6x=11(34—z)+9(48—=z).
Reducing, 296 + 82+ 62=374—112+432—9z.
Uniting terms, 842="510;
x=15.
Prob. 4. Let = denote the number of minutes supposed.
2—252 will denote the number of qts. received in the first case;

5%” “ « “« “ the second case.

By the condltxons, 23 +40__52a:_ 72.

Clearing of fractions,
100z +600=1562—1080.
Reducing, 562=1680;

2=380 minutes;
20z

—5~+40=240 quarts, the capacity of the reservoir.
Prob. 5. Let # denote the excess above 888 cubic feet in the
first case.

By the conditions, oo+ 888—=2

10— 8}

Clearing of fractions,
7548 4 8}2=8880—10z.

Uniting terms, 18}2=1332;

. *="72;
888—72=816 cubic feet.
Prob. 8. The discount is 6704980 —1594.41 =§55.59.
4% per cent. per year is % of one per cent. per month.
- Let « denote the number of months required.
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By the conditions,
670X 2 1 980(2+43) X —ar = 55.59
X 1006 T 980(=+43) X 1555="55.59.

Reducing, 268024 392024-17,640=55,590.
Uniting terms, . 66002=37,950;

2=5-}.
Prob. 7. Let  denote the loss per cent.
3600 8200
The cost of a hogshead of oil is =— 108° % 00—z
Hence 36 __82
108 7100—2’

or 1_382

37100—x

Clearing of fractions, 100—z=96;
@=4 per cent. loss.
Prob. 8. Let @ denote the gain per cent.

The cost of a bag of coffee is 3:,;) ,O , OF 1‘(1)(1)5-{(-):1:’ |
Hence 10=700

10042
Clearing of fractions,
400+42=415;
=33 per cent. gain.
Prob. 9. Let z denote the number of months required.
By the conditions,
2007 x 548395 x 746740 x 18=12,142z.
Uniting terms, 12,1422=121,420.

Hence x=10.
Prob. 10. Let = denote the amount of the third sum.
By the conditions, i

1018 x 34+ 431 x 73 +11}x=(1444 4 x)6}. |
Reducing, 85454+ 3232} +113x=9025 + 6}
Uniting terms, 5lr=2247;
x=428,.
Prob.11. Let « denote the quantity of the better sort.
Then will 64—x denote the quantity of the poorer sort.
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By the conditions,

402 4-24(64—2x)=64 x 34.
Expanding, 40241536 —24x=2176.
Uniting terms, 16x=640;

r=40.
Prob. 12. Let « denote the number of hogsheads of water.
He wishes to sell his vinegar at 4 cents per quart, or $4.80
per hogshead.
By the conditions,
(293 +2)$39=293 x 6=17T.
Reducing, 29} +ax=1}790 =285,
Clearing of fractions,
236 +8x=295; *
r=73.

Prob. 13. Let = denote the pounds of copper added.
The 94} pounds of the compound contain 54 pounds of cop-
per, and 40} of silver. .
By the conditions, 54+4x:40%::7:2.
Hence 1084 2:=283%;
€r= 87;

Prob. 14 The 255 pounds of spirit contain 102 pounds of water
and 153 of alcohol. ' :
Let  denote the pounds of water to be extracted.
By the conditions, 102—2:153::8:117,
or 102—2:9::3:1.
Hence 102 —2=27;
- x=T5.
Prob. 15. Let  denote the required number.
By the conditions,
(52—} (45 —2)=(66—z)(87T—x).
Expanding, 2840—97x+a'=2442—103x 42"
Uniting terms, 6x=102;
x=17.
Prob. 16, By the conditions,
' —1188= (a:—6)"-—m’—12ac+36
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Uniting terms, 1220=1224;
Prob. 17. Let = denote the number of dollars on & side of the
square in the first case.
By the conditions,
' —25=(x—2)'+31.
Reducing, 42=60;
z=15.
152 —25 =200, Ans.
Prob.18. Let 7z denote the nnmber of plants on the longer
side in the first case;
then will 52 denote the number of plants on the shorter side
o in the first case.

By the conditions,
352’ +2832=(Te+14)(52+10)+172
=385z'+ 1402+ 1404-172.
- Reducing, 1402=2520 ;
2=18 H

72=126, and 52=90.
126 x 90+ 2832=14, 172 Ans.
Prob. 19. I.et  denote the number of pounds of powder.

23:c+10 the nitre;

6_4{, =the sulphur H

&%iliq —2=the charcoal.

Hence 2x+z+2z2~|;30+3’_w
Maultiply by 42,
2824 Tz4-4x 4 60+147=422.
Uniting terms, 32=207;
. 2=69.
Prob. 20. Let 3z, 4x, and 52 denote the three numbers.
By the conditions,
152+ 16x+152=690.
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Uniting terms, 462x=690;
z=15.
Prob. 21. Let z—1 denote the first part.
Then will x—2 the second part,
+38 “ the third part,
x

i « the fourth part,

bz  « the fifth part.
By the conditions, 83x=165;
x=20.
Prob. 22. Let x denote the rate at which the criminal traveled.
Then will 43 denote the rate at which his pursuers trav-
eled.
By the conditions,
(8+23)+8)=(10 +8—23)r.
Reduncing, 103(x+3)=153.
By division, 2(x+3)=3x;
=6 miles per hour.’
The criminal has 60 miles’ start, which would be gamed in
£0=20 hours.
Prob 23. Let « denote the required distance.

% denotes the number of revolutions of the fore wheel ;

« « « the hind wheel.

N |

By the conditions, §_3=n'
Clearing of fractions,
bx—ax=abn;
abn
= e
Prob. 24. Let 2 denote the time reqmred

In one hour the first pipe will furmsh , the second B ete.

. 11111
By the conditions, titetaz
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Clearing of fractions,

abex + abdx + acdx 4 bedx=abod ;

abed

L= gbe+ abd+ acd +bed'

EQUATIONS OF THE FIRST DEGREE WITH SEVERAL UNENOWN
QUANTITIES, PAGE 860.

Ex. 1. Clearing of fractions, we have
6x+5y=>540;
Maultiply (2) by 8, 6x—3y=252.
Subtract (3) from (1), 8y=288.

Hence y=36.
From Eq. (2), 2x=84+36=120.
Hence 2=60.
Ex. 2. Clearing of fractions, and uniting terms,
z+5y=48;
T4 :l/=132.

Multiply (1) by 7, 7Tx+35y=336.
Subtract (2) from (3), 34y=204.

Hence y=6.
From Eq. (1), x=48—-30=18.
Ex. 8. Clearing of fractions,
8x+42y=6;

Multiply (1) by 38,  9z+46y=18.
Multiply (2) by 2, 8z + 6y=24.
Subtract (4) from (3), x=-—6.

From Eq.(1), =  2y=6+18=24.
Hence y=12.

Ex. 4. Clearing of fractions,
11z+y="81;
13y —2="793.

Mnltlply (2) by 11, 143y—112=8723.
Add (1) to (3), 144y=9504,
Hence y=66.

From Eq. (2), *=858—793=65.

V)
@)
G

@)
@
G

@)
(2)
@)
O]

)]
(2)
®
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Ex. 5. Clearing of fractions, and uniting terms,

8ly—14w=25; 1)
) z=4y. @)
Substitute (2) in (1), 81y—56y=25.
Hence y=1and z=4.
Ex. 6. Clearing of fracﬁoné, and reducing, we have
11le="Ty; 1)
8z=1+5y. @)
Multiply (1) by 5, 552=2385y. 3)
Multiply (2) by 7, 562=T+385y. 4
Subtract (38) from (4), =z=7.
From Eq.(2), by=56—1=5b.
Hence y=11
Ex?. 2+ ¥ =1 @)
z2.Y_
a+2b_2‘ @)
Subtract (2) from (1),  Z=-1.
Hence =—2b.
From Eq. (1), g:l +2=3.
Hence z=3a.

Ex. 8. Adding the two equations, we have
. -2 -1 1 2a
a+b_a+b+a-—b—a’—b"

) a
Hence r=—-7.
a—b

Subtracting the first equation from the second, we have
9% 1 1 2
a—b"a—b a+b a'—b

Hence ’ y:a%[;.
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Ex. 9. Clearing of fractions, and uniting terms, we have

1lz— 27y=— . 80; )
9z— 2= 96. @)
Multiply (1) by 9, 992—243y—— 270. ®
Multiply (2) by 11, 99z— 22y= 1056. )

Subtract (3) from (4), 221y=1326.
Hence y=6.

From Eq. (2), 9r=96+412=108.
Hence e=12.

Ex.10. Uniting terms, we have from the first equation

3@:—63/_ 2_3

22—8 2
Clearing of fractions,
62—12y=—6z+24.
" Transposing, 122=12y+24.

Hence e=y+2. @)

Also, from the second equation,
3y+5z 3

4y—6
Clearing of fractions,
3y+52=12y—18.

Hence bz=9y—18. )]

Substituting Eq. (1) in (2),
5y+10=9y—18.

Hence 4y=28.

Therefore y="T and =9.

Ex.11. Add the three equations together, and divide by 2.
+2=6. @)

24
Subtract (1) from (4),

§=2, whence 2=2¢.
Subtract (2) from (4),

%:2, whence y=2b.

.
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Subtract (3) from (4),
§=2, whence 2=2a.

Ex.12. Multiply (3) by 6, 12¢4-6y+ 362= 276.  (4)
Add (4) to (1), 172 + 402= 291.  (5)
Multiply (3) by 4, 8z+4y+ 242= 184. (6)
Subtract (2) from (6), o 4 27z= 165. ()]
Multiply (7) by 17, 17z +4592=2805. (8)
Subtract (3) from (8), 4192=2514.

Hence 2=6.
From Eq. (7), 2=165—-162=3.
From Eq. (8), y=46—6—36=4.

Ex.13. Olea.nng of fractions, and transposing, we have

e+ 4y= 21; @)
224 3z= 27; (2)
9y+152=128. ®)
Multiply (1) by 2, 224 8y= 42. 4)
Subtract (2) from (4), 8y— 8z= 15. (5)
Multiply (5) by 5, 40y—15z= 75. (6)
Add (3) to (6), 42y=203
Hence y=322—-48
From Eq. (1), 2= 21—-3— 3
From Eq. (2), 82=27-12=71,
Hence z=1,1-=7v.

Ex.14. Multiply (1) by 5, 52+5y+ 5z= 25. 4
Add (2) to (4), 8  + 12z= 100. (5)
Multiply (5) by 9, "2  +4108z= 900. 6)
Multiply (3) by 8, T2  — 882=-80. )
Subtract (7) from (6), 1962=980.

Hence 2=5.
From Egq. (5), 82=100—60=40.
Hence z=5.

From Eq.(1), ~ y=5—5—5=-5.

Ex.15. Add together the three equations, and we have
142=14 or x=1.
'
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Substituting in Eq. (2), 2y—82=—5. 4)
Substituting in Eq. (3), 3y— 2= 8. %)
Multiply (5) by 3, 9y—8z2= 9. 6)
Subtract (4) from (6), 7Ty=14.

Hence y=2.

From Eq. 8, 2=4+6—-7=38.

Ex.16. Multiply (1) by 2, 2z—4y+ 62=12. 4
Subtract (4) from (2), 7Ty —10z= 8. (%)
Multiply (1) by 3, 3z—6y+ 92=18. (6)
Subtract (6) from (3), 4y— 42= 8. )
Hence Y- 2= 2, ¥
Multiply (8) by 7, Ty— T2=14. (&)
Subtract (5) from (9), 32=86.

Hence 2=2.
From Eg. (8), y=2+42=4,
From Eq. (1), 2=6+8—6=8.

Ex.17. Multiply (1) by 7, 492— 21y= 1. )
Multiply (2) by 3, 122— 21y= 3. 6)
Subtract (6) from (5), 49z2— 122= 4. ()
Multiply (4) by 7, 138z— 21u= 1. (€))
Maultiply (3) by 8, 332— 2lu= 3. )
Subtract (9) from (8), 183z— 33z= 4. (10)
Multiply (10) by 12, 1596z—3962= 48. (11)
Multiply (7) by 83, 16172—3962=132. S ¢ )]
Subtract (11) from (12), 21x=84.

Hence _ z=4.

From Eg. (1), 8y=28—-1=217.
Hence y=9.
From Eq. (2), 42=63+1=64.
Hence " 2=16. :
From Eq. (4), Bu=T76—-1="75.
Hence u=25.

Ex. 18. Multiply (2) by 5, 102415y=195. (5)
Multiply (3) by 2, 102—~14z= 22. 6)
Subtract (6) from (5), 15y+142=173. N
Multiply (7) by 8, 45y +422=>519. (8)

Multiply (4) by 14,  56y-+422=574, ©)
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Subtract (8) from (9), 1ly=»55.

Hence y="5.
From Egq. (1), Bu=2+10=12,
Hence u=4.
From Egq. (2), 22=89—15=24.
Hence =12,
From Eq. (4), 82=41-20=21.
Hence z=".
Ex.19. Add (1) to (3), 4u— 3y+2z= 43. (5)
Subtract (2) from (5), 4u— Ty 29. (6)

Multiply (6) by 8, 12u—21y = 8. (™

Multiply (4) by 4, 12u+20y 128. (8)

Subtract (7) from (8), 4ly=4L.

Hence y=1.

From Eq. (4), 3u=32-5=27.

Hence. u=9.

From Egq. (2) 22=14—4=10.

Hence . - z=5.

From Eq. (3), 22=86—30=6.

Hence x=3.

Ex. 20. Clearing of fractions,
20z 4 33y= 1,260; @)

114241452 = 9,510 )
8982 4 385u=41,496 ; (3)
710w+ 801z =75,150. @

Multiply (2) by 328, 37,3922+-47,560z= 8,119,280. (5)
Multiply (3) by 145, 47,5602+ 55,826u= 6,016,920. (6)
Subtract (5) from (6), 55,8254—387,392e= 2,897,640. (7)
Multiply (7) by 142, -
7,927,150u— 5,309,664 —=411,464,880. (8)
Multiply (4) by 11,165,
7,927,150u -+ 8,943,1652=2839,049,750. (9)
Subtract /8) from (9), 14,252,8292=427,584,870.
Hence 2=30.
From Eq. (1), 33y=1260—600=660.
Hence y=20.
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From Eq.(2), 1452=9510—3420=6090.

Hence 2=42.
From Eq. (3), 885u=41,496—18,776=27,720.
Hence u="T2.

Ex. 21. Multiply (4) by 3,
1524+ 12u4+ 6v— 6z= 9. (6)
Maultiply (5) by 2, —4y+ 12u— 6v4 8x= 12. (7)
Add (6)to (7), 152+ 2u— 4y+ 2= 2. (8)

Add (1) to (), Te— 6y+ 82 = 1. (9)
Add B)to (4),  —2%+ 10y+ 2+ Tu= 5. (10)

Sz— by4+ 25— 4u= 11. (2)
Multiply (9) by 2, 14e— 12y+ 62 = 34 (11)

Multiply (10) by 8, —6z+4 30y + -62+21u= 15. (12)
Subtract (12) from (13),

20z— 42y — 2w = 19. (13)
Multiply (9) by 5, 35z— 30y + 15z = 85 (14)
Subtract (8) from (14),

33z— 26y — 24u = 64 (15)
Subtract (10) from (2), 5z— 15y — 11w = 6. (16)
Multiply (16) by 33, 1652495y —363u = 198." (17)
Multiply (15) by 5, 1652—130y —120u = 320." (18)
Subtract (17) from (18), : 365y +243u = 122, (19)
Multiply (16) by 4, - 20z— 60y — 44w = 24. (20)
Subtract (13) from (20), — 18y — 23w = 5 (21
Multiply (19) by 23, 8395y + 5589w =2806. (22)
Multiply (21) by 243, —4374y —5589u  =1215. (23)
Add (22) to (29), 4021y —4021
Hence - - .oy=1l . -
From Eq.(21), 28u=—18—5=—23.
Hence u=-—1.
From Eq.(16), 5x=6+15—-11=10.
Hence 2=2.
From Eq.(2), 22=11—-6+5—-4=6.
Hence - 2=3.

From Eq.(4), 20=38-15+4+4=—4.
v=—2.
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PROBLEMS INVOLVING EQUATIONS OF THE FIRST DEGREE WITH
SEVERAL UNKNOWN QUANTITIES, PAGE 863

Prob. 1. Let « and y denote the two snms of money.

1

By the conditions, %+%= 284.40; (1)

4z 5y
100 T 100= 279.90. (2)
Clearing of fractions, 10z+ 9y=56,880; ®3)
92+ 10y =55,980. 4)
Add (3)to (4),and divideby19, 2+ y= 5,940. (5)
Multiply (5) by 9, - - 92+ 9y=53,460. 6)

Subtract (6) from (4), y=2520 and 2=3420.
Prob. 2. Let z denote the left-hand digit,and y the right-hand
digit.
By the conditions,

1024+ y=3(x+y); §))
v 302+ 3y=(x+y)=92+y). @)
From Eg. (2), 2+y= 9. 3)
Substitute (3) in(1), = 9z+9=2T.
Hence =2 and y="1.
Prob. 3. Let « and y denote the cost of the two bales.
1ne 3
By the conditions, %161':"'%%/: 987.62; 1)
8832 911
%+ Td’g—’ =992.87. @
Clearing of fractions, and reducing, we have
1824+ Tly=179,010; 3)
Tz+ 78y="79,390. *)
Add (8)to(4),and reduce, z+  y= 1,100. - )
Multiply (5) by 71, - 7la+ Tly=18,100. (6)
Subtract (6) from (4), : 2y= 1,290.

Hence y=645 and x=455.
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Prob. 4. Let z denote the rate of A, and y that of B.
573—5%2 ...
¥y " oF
57353y
x4y

Clearing of fractions, and transposing, we have

952+ 49y= 460;

4524 9ly— 460.
Subtract (4) from (8), and divide by 2,

9%5z— 2ly= 0.
Multiply (4) by 5, 2252+ 455y=2300.
Multiply (5) by 9, 2252—189y= 0.
Subtract (7) from (6),  644y=2300.

By the conditions,

=58,

Hence Ty=25;
y=3%.

From Eq. (5), - 252="T75.

Hence z=3.

Prob. 5. Let  denote the carats of the first mass, and y of the

second.
By the conditions, 102+ 5y=11(10+5) =165;
Tie+13y=10(T3+13)= 90
Divide (2) by 1}, 5z+ y= 60.
Multiply (3) by 2, 102+ 2y=120. -
Subtract (4) from (1), 3y= 45.

Hence y=15.
From Eq. (3), 52=60—15=45.
Hence 2=9."

Prob. 6. Let # denote the number of oxen, and y the number
of days the provender will last. Then zy will denote the

days the provender would last one ox.
By the conditions, (z— 75)(y+20)=2y;
(z+100)(y—15)=ay.
Reducing (1), 4z—15y= 300.
Reducing (2), 8z —~20y=— 800.
Multiply (3) by 8, 12z—45y=  900.
Multiply (4) by 4, 122—80y= —1200.

@)

@

(3)
)

(3)
(6)
(M

(L)
2
(3)
(#)

)
@)
(3)
®
(%)
(6)
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Subtract (6) from (5), 35y=2100.

Hence y=60.
From Eq.(3), 42=3004900=1200.
Hence =23800.

Prob. 7. Let z denote the number of laborers, and y the pounds
carried by each at one time. Then xy will denote the
pounds carried by all the laborers at one time; 62y will
denote the entire work done in 6 hours.

By the conditions,  5(z+2)(y+4)=6xy; (6§}
8(z—3)(y—b)="62y. @)

Reducing (1), 10y+202+40= zy. (3)
Reducing (2), 12y +4202—60= xy. 4)
Subtract (3) from (4), 2y—100=0.

Hence y=>50.
- Substituting in (3), 500+ 202+ 40=>50z.

Reducing, 30z=>540.

Hence . z=18.

Prob. 8. Let y denote the number of miles per hour the second
wagon travels ;
y+1} will denote the miles per hour the first wagon travels;

y+%g_ €« (4 -“ the third €« €«
Let  denote the distance from A to B.
oy & x
By the conditions, -?/—_!_—1—1--_—,5—4; 1)
z
7. 2
Y 3/+T° yrut @
Reducing (1), - 52=16y*420y. 3
Reducing (2), 52=12y'+ 35y. 4
Subtract (4) from (3), 4y'=15y.
Hence y=3%.
From Eq. (4), 52=23800.
Hence 2=60.

The first wagon travels 5 miles per hour, the second 33, and
the third 63. _
H
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Prob. 9. Let z denote the sum, and y the rate per cent.
By the conditions,

3
Zx%: z— 1,208; (1‘)
2x%= z— 1,160, @)
Reducing (1),  8ay=400z—483,200. (3)
Reducing (2), = 80z— 92,800, (4)
Multiply (4) by 8, 3xy=2402—278,400. %)
Subtract (5) from (3), 160z=204,800.
Hence x=1280.
From Eq. (4), 1280y =9600.
Hence y=T%

Prob. 10. Let « denote a side of the smaller square; then will
«+118 denote a side of the larger square.
By the conditions, (2+118)'—a'=26,432.
Reducing, 236x=12,508.
Hence ' 2=>53 and #+118=171.
Prob. 11. Let  denote the difference of the two numbers;
then 52 will denote their sum,
and 18z their product.
Therefore 3z will be the greater number, and 2z the less.
Hence 62’=18z;
=3,
The required numbers are 9 and 6.
Prob. 12. Let 72 and 3z denote the two numbers.
By the conditions, 4z:21z*::1:21.
Hence 212*=84x;
' =4,
The required numbers are 28 and 12.
Prob. 13. Let « denote the distance from A to B, y the dis-
tance from B to C, and 2z the distance from A to C.
By the conditions, @+y=164; @)
Y+2=194; @)
z+2=178. 3)
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Take the half sum of the 3 equations,
2+y+2=268. 4
Subtract (1) from (4), 2=104.
Subtract (2) from (4), =74
Subtract (3) from (4), y=90.

Prob. 14. Let y denote the original rate; then ?gy will denote
- the rate after the accident, and v denotes the time of run-

ning 50 miles at the former rate.

o 50 50 4
By th.e conditions, Pt T
Clearing of fractions,
150 =250 —4y.
Hence y=25.

Let « denote the length of the railroad.
_a_: denotes the time at the former rate.

5+3..the actual time=1+1 +w;525.

Hence 102=1000;
: 2=100.

* Prob.15. Let y denote the original rate; then will > ¥ denote
the rate after the accident.

% denotes the time of running 4 miles at the original rate.

b
By the conditions, I—’+a—c=§=ﬁb,
Yy s Y

Clearing of fractions,
b+ ay—cy=nb.

_b(n-1)

=g
Prob. 16. Let  denote the number of A’s marbles, ¥ the num-

ber of B’s, and z the number of C’s.

Hence
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By the conditions,

Reduce Eq, (1),
Reduce Eq. (2),
Reduce Eq. (3),
Multiply (5) by 2,
Add (4) to (7),

2+ 5=2y— 5);
y+13=38(z—13);
2+ 3:6(&)— 3).
2y— x= 15.
32— y= 52.
6e— 2= 21.
62—2y=104.
62— x=119.

Multiply (6) by 6, 36z—62=126.

Add (8) to (9),
Hence

From Eq. (6),
From Eq.(5),

352=245.
z="T.
2=42-21=21.
y=63—52=11

1)
(@)
®

()
(6)
(M
(8)
@)

Prob. 17. Let # denote the first part, and y the second; then
will 282—a2—y denote the third part.

By the conditions,

282—2  232—y

2+ —5—=Yyt+t—73
m+2322—m=232—w—y+?—1—y.

Reducing Eq. (1),
Reducing Eq. (2),
Multiply (3) by 3,
Maultiply (4) by 4,
Add (5) to (6),
Hence

From Eq. (3),
Hence

Sz+ 233= 4y
Bx— 464=— 3y.
92+ 696= 12y.
202—1856=—12y.
292=1160.
2=40.

4y=232+120=352.

y=88.

0

@

(3)
(4)
(5)
(6)

Prob. 18. Let # denote the distance from A to B, y the dis-
~ tance from B to C, z the distance from C to D, and » the

distance from A to D.
By the conditions, e+y+ 2
y+z2+ v
e+y— 2—0
. z—y+ v—2
Add (2) to (4), @ 4%
Add (1) to (4), % + v

Add (5) to (6), and divide by 8, # + »

g nmnn

61;
553
0;
—4,
51.
57.
36.

0Y)
@
(3
®)
(5)
(6)
()
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Subtract (7) from (6), ==21.
From Eq. (7), v=386—21=15.

From Egq. (1), 24y=40.
From Eq. (3), 2—y=6.
Hence 2=23, and y=17.

Prob.19. A, B, C, and D together have 256 dollars.
- Let  denote the sum D had before commencing play.

256 —x denotes what the three others had.

After the first game D had #— (256 —xz), or 2x—256.

After the second game D had 2(2z—256).

After the third game D had 4(2z—256).

By the conditions, 8(22—256)=64.

Hence 22—256=8.

Therefore ®=132.

Let y denote the sum C had before commencing play.

After the first game C had 2y, and the three others had
256 —2y.

After the second game C had 2y— (256~2y), or 4y—256.

After the third game C had 2(4y—256).

By the conditions, 4(4y—256)=64.

Hence 4y—256=16.

Therefore y=68.

Let z denote the sum B had before commencing play.

After the first game B had 22.

After the second game B had 42, and the three others had
256 —4z.

After the third game B had 42— (256 —42), or 82—256.

By the conditions, 2(82—256)=64.

Hence 82—-256=32.

Therefore 2=36.

A had 256 —~132—68—36=20 dollars.
Prob. 20. Let @ denote the distance from the foot of the

mountain to the summit.

Let y denote A’s rate of walking, and z denote B’s rate.

g is the time in which A would reach the summit.
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. z =z 1
By the first condition, =27 1)

2
%y is the time A spends over the needless mile and back.
By the second condition,

AR ) @)

By the third condition,

e =z 1 1
2%~ T6 5 @

Subtract (1) from (2), %:%_110%

Hence y=21%.

Subtract (1) from (3),

z « 1111
23 33 31673
. z 2x 1

Reducing, %—?=§.

Hence z=5.

From Eq. (1 931

rom Eq. (1), ="
5

Hence =5

Therefore 2=2.

Prob. 21. Let , ¥, and 2 denote the three numbers.

By the conditions, z— 6:y— 6::2:3; (1)
2+30:2+4+30::3:4; 2)
y—10:2—10::4:5. 3)

Reducing Eq. (1), 8z— 2y= 6. 4)

Reducing Eq. (2), 4a— 82=—30. ()

Reducing Eq. (3), 5y— 4z= 10. (6)

Multiply (4) by 4, 12z— 8y= 24 )

Multiply (5) by 8, 12x— 92=—90. 8)

Subtract (8) from (7), 92— 8y= 114 9)

Multiply (9) by 5, 452—40y= 570. (10)

Multiply (6) by 8, 40y—32z= 80. (11)
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Add (10) to (11), 182=650.

Hence 2=50.
From Eq. (6), 5y=10+200=210.
Hence y=42,
From Eq. (4), 8x=6+-84=90.
Hence x=30.

Prob. 22. Let 8x denote A’s daily work,
22 “ B’s daily work,
“« (s daily work,
and z the number of days C worked.
The whole quantity of work done=(3z+2x)12+ yz, which
also equals 9(8x+2x+v); whence we obtain

15z +y2="9y. 1)
Also, 3x+y:22+y::8:7.
Hence z:2zc4y::1:7.
Therefore - y=ba. (2
Substituting in (1), 38y+yz=9y.
Hence 3+2=9,
Therefore z2=6.

EQUATIONS OF THE SECOND DEGREE WITH ONE UNEKNOWN QUAN-

TITY, PAGE 867.
Ex. 1. Clearing of fractions,

o' +162—36 +2' — 16— 36 = §(x*—4).
Uniting terms,”  22*—T72=§(a"—4).

Reducing, 62 — 216 =52°— 20.
Transposing, «*=196.
Extracting the square root,

r==x14.

Ex. 2. By involution and transposition,

%—49:2\/ i—?—49’.

By involution again, :
100 98 100

—_—a— = %,
= x,+49’ - 4 x 49
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Reducing, 5x 49’—%?,—0
Divide by 5 x 49 49_:,. :
Extracting the squa.re root,
7 u2
=
Hence @=y.

Ex. 8. Clearing of fractions, .
2a* + 50 =52+ 20.

Uniting terms, 3z*=30.
Extracting the square root,
z==v10.

Ex. 4. Clearmg of fractlons,
2evVa+ar’=a'—a—2x"
By involution,

42 (a+2")=a'— 22" — 40’2’ + &’ + 4ax® + 4.
Transposing, 4a’s*=a'~20"+a’.
Reducing, 4o*=a'—20+1.
Extracting the square root,
+2x=—a—1.
Hence a==x$(a—1).
- Ex. 5. By involution,

3ﬂ+m —3—m’+1+——-2+2m—-(2m+2) ———2

Uniting terms, 2m+2=(2m +2) 3m

Reducing, 1=\ —-2

By involation, ——2=1

Clearing of fractions, a*=m’
Extracting the square root,
x===m.
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Ex. 6. By involution,
560 ' 560 560

P +29=?—34+49+14: ?—34.
Reducing, 14=144/ -5—;-;,69--— 34.
By involution, 5%—34:1.
Clearing of fractions, 852’=>560.
Reducing, «*=16.
Extracting the square root,
r==4,

Ex.7. Clearing of fractions,
1+VI—2'—-1+VIi—2'=V3.
Uniting terms, 2V1I—2*=v3.

By involution, 4—42"=3.
Hence 407 =1;
z==%4.
) Ex. 8. 2Ty'—43=T7-3y".
Uniting terms, 30y°=120.
By evolution, Yy=+2=T-—-z.
Hence x=Tx+2=9 or 5.

Ex. 9. Multiply both numerator and denominator of the first
member by a—Va'—2%,
(6= V@=z) =8
By evolution, a—Va@'—=z*==xzV?.
By transposition, aFzVb=va'—2".
Squaring, &F2a2Vb4ba*=a'~2"
Transposing, 6+ 1)z*=+2ax V3.
2av'b
T= :l:m. .
Ex. 10. Maultiply both numerator and denominator of the first
member by vz+ vz—a,

(Va-c+ Ye—a)'= a’b;.

@&—
i - H?2

Hence
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b
By evolution, Vz+Vz—a=z= 1/:—5—_6

Clearing of fractions,

Va&t—az+z—a==xab.
Transposing, vVe—az=a(l+d)—ea.
Squaring, «'—ar=a’(1+0)'—2ax(1+d)+2"

Reducing, az(1+£2b)=a’(1+d)"
a(1+d)
Hence r= T:i—:-éb—'
x
Ex.11. Yat+a+vVa—a= Vi

Squaring, atxrta—a+2vVal—a2i=

Clearing of fractions,
2V @} —a* =a*—2ab.
Squaring, 4a'%'—4b%'=of—4ada’+ 4a’D".
Reducing, *=4ab—45*.
By evolution, 2=+2Vab-"0"
Ex.12. Vidz—V1i—or=vVI—z+vV1-a"
By transposition,
Vitz—V1i—az=2vV1-2

By involution,

14+241—2-2vV1—=4—42"
By transposition, 4a’'—2=2V1-2*;

2t —1=+/1-2a*
By involution, 4a*—42'4+1=1—a"
Uniting terms, 42t — 32 =0.
Dividing by 2, 40°=3.
Hence x==+1v3.

857z (557\' 310249 185640 124,609
Ex.13. #*——5 +(T6‘ =956 — 256 — 256
By evolution,
557 858 910 204

z=T€i-1_6—=ﬁ’ or ﬁ=56% or 12%.
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z 1
Ex. 14. m’—7=4—9.

Completing the square,
.o (14)’_L
e ‘7+ =196

By evolution, =1 4:I: 1 41/_

Hence 2=0.0714286+0.1597191.
Ex.15. Completing the square,
o ( 1 )’_ 116198
By evolution, 48" \96) ~9216 " 9216
1 127 128 126
T=56=96 ~ 96> " ~ 06
Ex.16. Completing the square,
p 20, (19)_801 1100
6 12/ 71447 144"
w=%g:t§g=i—g, or -%—3:43 or —13.
Ex. 17. Multiply by 105,
252° 4 252 — 302 — 152+ 15=122+412.

=1} or —1.

By evolation,

Reducing, Ba*+ 22=38.
Completing the square,
2 1 1 38

P+5+5=5 15

. 1 4 3
By evolution, e=—ptz=—1or +.

Ex.18. Clearing of fractions,
62'—72z 4 216 — 62° + 1442 — 864 =52 — 90 + 860.

Reducing, 5a*—1622=—1008.
Completing the square,
o 16% (81) _ 6561 5040
—5 t\5/)=2 2%

Bv evoluti 81 89_120 49
By evolution, z=-pxp=—or.
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Ex. 19. Clearing of fractions,
32’ + 242 448 + 32— 242448 =102'—160.
Reducing, 42*=256.
By evolution, z==8.
This example should have been included in Class A.
Ex. 20. Clearing of fractions,
40* + 2024 24+ 52* + 202+ 15 = 122" 4- 362 4 24.
Reducing, 3a*—4x=15.
Completing the square,
o, () b
—3t\g/ =gt>

. 27
By evolution, z=gtzg=3or —3

Ex. 21. Clearing of fractions,
588:3‘—5761z’+10 373249650 —560+ 46722 — 5765z+1158
=282’ —5552° 41737z —400.
Reducing, 5842* — 28712 =11,208.
By division, 1784*—95Tx=23736.
Completing the square,
2 957 (957)’ 8736 915,849
—178 +\356) =178 T126,736"
By evolution,

057 1801 2848 934
©=356" 356 856 ' 3567 -
=8 or —2H1.
Ex. 22. Clearing of fractions,
8x'—24x+18+182°—60x 4+ 50 =302 — 952 4 75.
Reducing, 4 —1le=—T.
Completing the square,
, 1z (11)’_121 7
T \3/)Tea 1

By evolution, 181 g Zo L
Ex. 23. Clearing of fractions,
=82 —x+ 8+ a*— 2’ —bxr+ 6= 2ac'+2x’—10a:+6
Reducing, T —4x=3.
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Completing the square,
o () k2
—7t\) =ntH

By evolution, x:%:tg=1 or —-37-,.
Ex. 24. Multiply by 7+4v/3,

& +(2+ V3)x=14+8V3.
Completing the square,

24 @+ Vit (2+21/5) _63+i61/§.

By evolution, z= _2 +2‘/516 + :;1/5

pAEVE 8478
Ex. 25. Clearing of fractions,
92+ 882—84Vw+20=105Vz—5z.
Uniting terms, 92—189Vz=—882.

Hence

By division, z—21Vz=—98.
Completing the square,
v () 441_09
e—dlVet\z) =7 ¢~
By evolution, 1/a_c=% :t%=14 or 7.
By involation, =196 or 49.

Ex. 26. Completing the square,
' Va+Ve+1=201

By evolution, V= —%d:%:ti or —5.
By involution, #=256 or 625.
Ex. 27. Clearing of fractions,

abe=abz+ bz + ba*+ 'z +abe + ax’ + o’ + ab’ + abz.

Reducing, (a+B8)*+(a+8)'z=—(a+b)ad.
By division, z*+(a+b)x= —abd.

181
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Cempleting the square,

b 2
2 +@+de+ (5)
By evolution, 2= _g_—%—éig;_b= —a or —-b.
Ex. 28. Multiplying by (a+x)(?+ <),
. _(a+2)b0+2)(a+d)
-0 +a'= po" 3 .
(a+x)b+2)
a—b -

_a+ 2ab+b6'—4ab
= i .

By division, a—b=

Clearing of fractions,

. a'—2ab+b8'=ab+ax+dbe+a*
Transposing, 2'+(a+b)x—=a'—8ab+0"
Completing the square, N Bt 10158

,—
N a:’+(a+b)z+(a'; ): i 4“-" .

=b)Vvb
By evolution, w+a";b= G ;))1/- .

Hence = :!:(a—_g)lg—g—;—b.
Ex. 29. at2+V2ax+a*=ab}bx.
By transposition, :
V2azx+a*=ab+bx—a—2.
Squaring,

2ax+ o' =a'b’ + 8’2’ + &’ + 2+ 2ab’x — 20°b— 4abe —2ba’ + 2az.
Uniting terms, :

(25— B+ (26— )20+ (25— B)ar = .

o s a .
By division, a:’+2aw+a’=m.

By evolation, T+a=
v2b-b

Hence e=t—o g
V-

Ex. 80. By Art. 264 we find
(2°—22)'+ 3(x*—2x) =18.
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Put y=x'—22z;

3\* 81
voy+(g) =5

3 9
y=—§i§=3 or —6;

©—2x+1=3+1.
Hence , e=1+£2=8 or —1.
Also, r£—2+1=1—6=-35.
Hence z=1+v 5.

PROBLEMS INVOLVING EQUATIONS OF THE SECOND DEGREE WITH
ONE UNENOWN QUANTITY, PAGE 870.

Prob. 1. Let 6z, 4x, and 3x denote the three numbers.

By the conditions,

362+ 162+ 92°=10,309.
Reducing, «*=169.
Hence x=18.

Prob. 2. Let = denote the number of pounds of salt,4x the
pounds of sugar, and 8 the coffee.

Then 64x* 162" 2= 324,
Hence 92=18;
z=2.

Prob. 8. Let = denote the number of feet by which the breadth
was increased.
By the conditions,
(B7+x)(259—Tx)=9583—63.

Reducing, 9583 —Tx'=9520;
=9,
Hence xz=3.

Prob. 4. Let = denote the required number.
By the conditions, &'+a*=9(z+1).
Dividing by z+1, *=9.

Hence x=3.
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Prob. 5. Suppose A travels « miles per hour, B travels y miles
per hour, and they meet 2 miles from New York. Let @
denote the distance from New York to Chicago. The time

they travel before meeting will be denoted by — 2or 9%2
Hence Yy=ax—zx;
B _ax
=ity
‘When they meet, B has % miles to travel, and A has
= oy
a—m Ty miles to travel; that is, ——, 5ty Hence we have
ey
16; 1
ofeo+y) @
az
~——=36. 2
y(x+y) @
- «* 36
Divide Eq.(2) by (1), =16
x 3
Hence =7

From Eq. (1), % _16(’”;-”) =163 =40 hours, which is the

time in which A performs the journey.
From Egq. (2), §= 36 (ﬁ%ﬁ) =86 x g=60 hours, which is the
time in which B performs the journey.
Prob. 6. Let  denote the length of one side of the vineyard.

2\ [(z\’
By the conditions, (?) _(Z) =8640.
EL

Clearing of fractions,
642" —492°=8640 x 49 x 16,
Reducing, 152°=8640 x49x 16;
«*=576x49x 16.
By evolation, =24 X Tx4=672.
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Prob.7.  Let « denote the breadth of the frame.
By the conditions,
(33 4+ 2x)(22 + 2x) =383 X 22 x 2=1452.
Expanding, 7264110z 442’ =1452.
Transposing, 42 +1102="726.

Completing the square,
2 55z (Eiif)’_3025 2904
T2 t\T/)= 16 16
By evolation, = -%5:&%7 =1—21-.

Prob. 8. By the conditions, .
(a+22)(0+2z)=ab(p+1).
Expanding, ab+2ax4-2bx+ 4a*=abp+abd.

Completing the square,
(a+b) (a+b) a’+2ab+b’+4abp
S+t 16 :

V{a+ by +4abp
By evolution, x+“1'b_ (a+b) +4abp

_1/—(a+b)’+4ab_p_—(a+b)
= 1 !

Hence

Prob. 9. Let « denote the price of a pound of the first kind,
and y a pound of the second kind.
By the first condition,
60y —602=240, whence y=4 .
By the second condition,

504_504_
x oy
whence 63y —63z=xy.

By substitution, 252+ 632—63x=4x+2"
By transposition, «*4-4x+4=256.
By evolation, z+2=16;
‘ x=14, and y=18.
Prob.10. Let = denote the price of the horse.
o

By the conditions, 144—z=155.
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Clearing of fractions, 14,400—100x=2".
Completing the square,
2* 4100z +(30)'=16,900.
By evolution, z+50=130.
Hence x=80.
Prob. 11. Let = denote the number of barrels.
By the conditions, 216 = 5_1_—%
Clearing of fractions,
2162 — 648 +a* —3x=216x.
Completing the square,

8wt (3) _9 2592

3 51
=gtg - =2T.
Prob.12. Let = denote A’s capltal, then will 3400—x denote
B’s capital.
2070—x denotes A’s profits, and 1920—(3400—z) denotes
B’s profits.
By the conditions,
2070 —x:2—1480::122: 16(3400—z).

Hence 3x'—44402=28,152,000—21,880x+ 4",

Reducing,  2*—17,4402x=—28,152,000.

Completing the square,

o' —17,440x 4 (8720)' =47,886,400.

By evolution, 2=8720--6920=1800.

Prob. 18. Let « denote the distance of the required point from
- the moon.

By the conditions, (240,000 —z)*=802"

Reducing, 792+ 480,000z=57,600,000,000.

Completing the square,

480,000z (240,000 * 4 .608,000,000,000
T+ 79 ) = 79 :

By evolation,

By evolution,

2 146,625 —240,000
79

=24,134 4.
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Prob. 14. Let z denote the number of days required by the
first mason, and a:+3 by the second.

51—11
z+3+ x =1
Clearing of fractions,

112+ 8z+ 24 = 22" 4 6.
Completing the square,
o1, (18" 109, 199
~3t\7)=T6+1e
By evolution, m_? 149_8
Prob. 15. Let « denote the distance from A to B.

The first courier goes 1% miles an hour, and the second goes

10
3_341-T miles an hour.

20x14 20x14 1.
T x410 T2

By the conditions,

By the conditions,

Clearing of fractions,
560z + 5600 —560x=x"+10x.

Completing the square
«*+10x+ 25 =5625.
By evolution, x=—-5+75=70.

Prob. 16. Let = denote the time required by the fastest wagon
to travel one mile, and z+ 'y by the slowest.

The dxstance traveled by the former is %—, and the distance
1

traveled by the latter is %f —

3T
10y 103
Hence —a:_+w+3’1, =104,

Clearing of fractions,
672x 421+ 672x=66562"+208z.
Transposing, 6656a’—11362x=21.
Completing the square,
, Tz (71 )’ 5041 2184
*'— 316+ \832/ ~692,204  692,0¢
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. 71 85 38
By evolution, e=gzteas=1g"

Prob.17. Let 24-6 denote the distance traveled by A before
meeting, and z— 6 the distance traveled by B. A’s rate

- . 6
of travel is a:_9§, and B’s rate of travel is %

Hence - —— =2+ 6:2—6.

Reducing, 162*—192x 4576 =92*+ 108z 4 324.
Transposing, Ta*—300x=—252.

Completing the square,
o 300 (@) 22,500 1764
- N\7T) 8w
150 144
Hence e=— —7—_42

2+ 6=48 miles; x—6=236 miles.
Prob. 18. Let C denote the point of meeting; let « denote the
distance AC, and y the distance BC. Then A’s rate of

travel will be i,, and B’s rate of travel will be =-. The
41.'!' 21'5'
time of A’s traveling from C to B will be y divided by

1

41_!, that is, —= 4T’y ; and the tlme of B’s traveling from C

2 1 x
to A will be « dmded by 55 21_,, that is, —— g
Hence 2i”—:E:APLy
Y x
~ Clearing of fractions, 25z’=49y"
. x T
By evolution, v=5 H
A g

Y =24, A’s time of traveling from C to B;

H+45="T,A’s time of performmg the whole journey ;
21__’ +2 1 — 5 B’ &« [19 €
Prob.19. Let = denote the rate of travel of the first,and y that
of the second.
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The first has a start of 56x miles.
91056
x4ty

second starts to the time of meeting.

denotes the number of hours from the time the

910 — 562 910 .
Hence (W) z+ 56‘”— @
Also, 20+ 20y = 910—550_360.
Hence z+y=18. )]
Substitute (2) in (1),

OU0—809)_ oo g

Clearing of fractions, 562*—19182z=—=8190.
Completing the square,

o 1872 (1_3_ * 18,769 9360

T4 8/ 64 T 64"
By evolution, x_lg7 97_5
y=18—-5=13.

The time required by the first is 9—(2 =182 hours;

. 910
the time of the second is 3= 70 hours.

Prob. 20. Let « denote the quantity of brandy first drawn.
20—z denotes the quantity of brandy remaining, or the
quantity of water in the second cask.
20:x::2:the quantity of brandy returned to the first

o
cagk= 2-6
The quantity of brandy in the second cask is a:-—20.
20: 20—+ 5= ;t(’) ::-5 :the guantity of brandy in 63 gallons

_ —20:z:+400
R

20x—a' o—2024-400
Hence 50—+ 50 =10.
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Clearing of fractions,
60z— 32"+ 2* — 204400 =600.
Reducing, «'—202+100=0.
By evolution, z—10=0.
Prob. 21. Let « denote the number of yards sold by the first
merchant, and 2+ 3 the yards sold by the second.

The price per yard with the first merchant was ﬁ—a-, and
12} e+

with the second -

24r 121(z+3)
Hence z13 +—

Clearing of fractions,
482’ + 252 + 1502+ 225 =70z + 2102.
Reducing, 8x'— 602 = —225.

Completing the square,
' —20z+100=25.

By evolution, 2=10£5=15 or 5;
x+3=8 or 18.
Prob. 22. Let @ denote the number of miles A or B travels

per hour.
The geese travel at the rate of § miles per hour, and the
wagon at the rate of § miles.
B approaches the wagon at the rate of 2+ %, and he over-
takes the geese 32 hours after A. 1
2

B’s distance from A is - 95
A meets the wagon 50—22 miles from Baltimore, and B_

=35,

meets it 31+-— miles from Baltimore. In the interval
the wagon had traveled 3-—19 miles, and therefore the
4(8z
interval =§(—3——19)
Also, A’s distance from B= (S_x —19) (:c+§)

i 4(8z 9\ 102
Hence 9( 19)( +4)——3———5.
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Clearing of fractions,
822’ —1562—513=902—135.

Reducing, m’—}g—‘za":%).
Completing the square,
i 123z (12_3)’_15,129 12,096
—"16 *\32) =102t T 102t
. 123 165
By evolution, 2=—5+t35=9.

A’s distance from B is %’—5:25 miles.

EQUATIONS OF THE SECOND DEGREE WITH SEVERAL UNENOWN
QUANTITIES, PAGE 873.

Ex.1. 16928+ 2y*=1177; (1)
— 132'+4y'= 3. (?)
Multiply (3) by 2, 3382°+4y'=354. 3)
Subtract (2) from (8), 3512 =3851.
Hence z==1.
From Eq. (2), 4y°=13+3=16.
Hence y=:=2.
Ex.2. From Eq.(1), 72*+ 7y’ =25x*—25y"
Transposing, 32y*'=18z"
Hence 4y=+32.
3a?
From Eq. (2), - =18
Hence e=:=%8;
y==x6.
Ex. 3. 22'— bv'=T5; 1)
12 4+150'=1075. ()
Multiply (1) by 8, 62’—15v*= 225. 3)
Add (2) to (8), 132° =1300.
Hence ) z==10.
From Eq. (1), 5v*=200-~"75=125.
Hence v==x5;

x=2—4= 6 or —14;
y=v+T7=12 or 2.
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Ex. 4. Multiply (1) by 4, _
Hz+y)'—8x*=196. ®
Subtract (8) from (1), 112*=176.
Hence r==+4.
From Eq.(1), (z+y)'=49+32=81.
Hence +y==9;
Y= +9+4==5or +138.
37—
Ex. 5. From Eq. (1), y=—3— ®
From Eq.(2), 45z + 45y =14xy. 4
Substitute (3) in (4),

454+ 15(37—22) =5 (872 —22).

Reducing, 135z+1665—902=5182z—282".
Transposing, - 282’ —473x=—1665.

Completing the square, .
L (473)*_223,729 186,480
—28 *\56/ = 3136 — 3136 -
. 473 193 333
By evolution, w=—5€:}:5—6=5 or 5g';
37—2¢ 185
y:ng or E.
Ex.6. o+ yp=9ay. (3)

Substitute (2) in (3),
¥ +216—108y+ 18y —3*=54y—9y".

Reducing, 27y'—162y=—216.
Completing the square,
y'—6y+9=1.
By evolation, y=3+1=2 or 4;
e=6—y=4or2.
Ex.7. From Eq. (2), «*+2xy+3'=15,376. 6))
Subtract (1) from (3), 22y = 5,376; 4
4y  =10,752. ()
Subtract (5) from (3),
o' —2zy+y'= 4,624. (6)

By evolution, z—y ==+ 68 ()
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Add (7) to (2), 22=192 or 56;
z= 96 or 28.

Subtract (7) from (2), 2y= 56 or 192;
* o= 28or 96.

Ex.8. From Eq. (1), =-3?76. @)

6
Substitute (3) in (2), 7t Vy=5
Clearing of fractions,

Y- 5 ‘\/37= —6.
Completing the square,
PERE RO e 95 R
y-5Vy+ ( ) i1
. 5 1
By evolution, v’§=§:t g=8or2.
By involution, - y=9 or4;
. . 1/:;=5—3 or5-2.
By involution, z=4or9.
Ex.9. Put v=3z+4y, and 2="Tz—2y,
vzt+v=44; 1)
v2—2=30. )
Subtract (2) from (1), :
v+2=14; hence v= 14—z 3
Substitate (3) in (2), 142—z'—2=" 30. )
Reducing, . 2'—132=-380. )
Completing the square,
plotng s: 135, (13) _ 169 120 < (6
AT A S ©)
By evolution, 123 ;_10 or 3; (1
v=14—2= 4or1l. 8
Hence ‘ 3r+4y= 4or1l; )]
’ Te—2y=10 or 3. (10)
Multiply (10) by 2, 14z—4y=20 or 6. (11)
Add (9) to (11), 172 = =24orln.

I
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Hence a:-_-.?—: orl.
From Eq.(10), 2y=Te—z= —137 or4;

y=— 17 or 2.
Ex.10. From Eq. (1),
(@— 3y —4(z—3y) +4=0. ®)
By evolation, (z—3y)—2=0. (€3]
Hence z=3y+2. 6))
Substitute (3) in (2), .
94+ 12y +4 — 63— 4y + 8y — 12y — 8 4-5y=53.
Reducing, 6y +y=5T7.
Completing the square, :
y (1 )’ 1 57
Y+e+\ne) =1t
__ 181 . 19
Y="RFRTC YT
From Egq. (5), 2=11 or —1—5

2°
Ex.11. From Eq. (1), o
2t + 22'y + a3 + 2 =15y, 3)
Divide Eq. (2) by Eq.(1), i
o —y)a—y)= 3ay. @
Whence 25t — 2’y — 2y 2P = Say. (5)
Subtract (5) from (3), 4a'y+4xy’= 12a:y (6)
Divide by 4ay, " x+y=3orz= 3—y. )
Substitute (7) in (1), 2z’ +y )= Sxy. )
Substitute (7) in (8),
2(9—6y+y")+2y'= 15y—5y'

Transposing, 9y*—~27y=—18.
Completing the square,

3\ 9 8
v-oy+(5) =3¢

1
By evolution, y_g *z=2o0rl;

Hence

x=38—y=1or 2.
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Ex.12. Divide Eq. (2) by Eq.(1),

) (@+y)z+y)=40zy.
Hence e+ y+ zy'+y=40zy.
From Eq. (1), 2— 2'y— zy'+y’=16xy.

Subtract (5) from (4), 2x'y+2xy* =24xy.
Hence z+y=12 or 2=12—y.
Substitute (7) in (3),

12(144—24y + '+ 4*)=40(12y—3).

Reducing, 216 —36y+ 3y*=60y—5y°.

Uniting terms, 8y'—96y=-—216.
Completing the square,
¥ —12y+36=9.
By evolution, y=6+3=8or 9;
=12—y=9 or 3.
Ex. 13. Multiply Eq. (1) by g, and Eq.(2) by 2,
27y=18z; hence y=2—:.

Multiply Eq. (2) by 2, and Eq.(3) by ,
36y=18z; hence z=2y=%'—:.
Substitute in Eq. (1),
2r 4x
x(m+—3-+—§)=27.

Reducing, © o 82=2T.
By evolution, r==+3
2z -
Hence - y=5==%2;
2= 2:1/: +4,
Ex. 14. Multiply together Equations (1), (2), and (4),
xyfav=bxzv,
or y=b.
By evolation, ] =3,
Multiply together Equations.(3) and (4),
xyv'=abx.

Hence yv*=ab.

(3)
4)
(%)
(6)
(M

195
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By substitution, P=ab.
By evolution, v =a¥Bt,
From Eg. (2), z=§=a‘}.
¥
From Eq. (1), m:z—=a—l-.
Y =

Ex. 15. Multiply the four equations together,
: 'Y2*=105x135 x 189 x 315 =27 x > x 5%

By evolution, xyzv=27xTx5.
Divide (6) by (1), v=9.
Divide (6) by (2), 2=T.
Divide (6) by (3), y=5.
Divide (6) by (4), z=3.

Ex. 16. Squaring Eq. (2),
- . 2
x’+?+y’+—y—+2w’+2xy=196-

Subtract (1) from (3), 2—;-’ +22°+ 2zy =112,
Divide Eq. (4) by Eq. (2),

2x=8, or x=4.
Substitating in Eq. (2), 4+1?6+'3',=14,
Clearing of fractions, ete.,

¥'—10y+25=9,
By evolution, y=5+3=8 or 2.

Ex.17. From Eq.(2), 2Vy—z=3Va—uz.

By involution, =  4y—4x=9a—9z.

Transposing, 4y=9a—>bz.
From Eq. (1), 2Vy—2Va—z=38Va—x.
Transposing, 2Vy=5va—=.

By involution, 4y=25a—25x.

Comparing (3) with (4), .
, 9a—bxr=25a—25z.

(3)
(6)

@)
®

®

®
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Reducing, 20x=16a.
‘ 4a
Hence T=.
From Egq. (3), 4y=9a—4a="5a.
ba
Hence y==7-
Ex. 18. Multiplying Eq. (1) by %, and Eq. (2) by @, we have
ay’:ba:’, or y’:b"—zm:. (3)
Substituting (3) in (1),
(x’+§a£)z=wm.
Clearing of fractions, - *
a+br'=aVab=Va
Hence = a‘b‘
at+b
. _ Vath
By evolution, e=xV
- ba* _ Vab®
From Eq. (3), y’_-; =atd
. Vab®
. By evolution, y==V %
Ex.19. From Eq.(1), v5z'+2'=10;
- ZF+zv5=10.
Completing the square, ‘
VvB\' 5 40 45
#42v5+(%) =3+ =7
By evolution,
) 2= -—-—1;—: gﬁ-ﬂ/g or —2V5.

5 \* 3195 31950 192500 2500 250
(é“’) 35t T35tz gt

(5 )5_3125 31950 125000 2500 950¢ ”
3=% =733 —16 t—8 — 1 T2 ¥
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3125 1250+*

From Eq.(2), —16—+—1—+25v‘=275.
" 2

Reducing, , v‘+%=%.

Completing the square,

s 50, 625676
L R T T
25 26 1 51
. s 25 .26 1 = 51
By evolution, v =—gELT=gr 4 -
By evolution, o= :1:% or :I:%V —513
-b
w=§+v=3 or 2.
Hence z=9 or 4.
5 1
Also ﬁ:éi’é‘v —51;
—13+5v -51
T=—p—;
5 . 5xv-—-51
1/37=§—'v=2 or 3, or :FT
—13%5v—51
y=4or 9, or —

The other case, where 2= —2V5, may be solved in the same
manner. "
Ex. 20. Put 2=9+9, and y=9—v.
ByEq.(1),  (81+%%)(81—o")=6545.

Reducing, v*=6561—6545.
By evolution, v==2. - |
Hence z=9+2=11o0r 7;

y=9F2="T or 11.
Ex. 21, Put 2=2+9, and y=2—v.
From Eq.(1),  5(22"+20%)+4(z'—2")=856. 3)

Hence 22+ 30 =178. 4)
From Eq. (2), 22'+20° +22 = 62 )
Multiply (5) by 13, 32+ 32" +32 = 93.  (6)

Subtract (6) from (4), 42°—32=85.
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Completing the square,
2 33 (3)’ 9 1360
—— I~ —_—a-*--———-
. 3 37 17
By evolation, =g*g= =5 or — -
From Egq. (5), v*=381— 95—5=1.
By evolution, v==x1.
Hence 2=5+1=6 or 4;
y=bx1=4or6.
e 300
Ex. 22. From Eq.(1), 2'+ y’—— 6))

By involution, m‘+_2w’y’+y‘—90 f;,)o, ()
o+ =381 @

Subtract (2) from (4), wy_%@_sm ®)

Clearing of fractions,  2x**=90,000— 337z (6)
Completing the square, .

3372 118,569 720,000
dY+—g 2y,+(4 16 + 5

By evolution, a:’y’:———-—=144 (8)

By evolution, : Y= :t12. )
From Eq. (1), e+y'= . (10)
Add twice (9) to (10), =*+ 2a:y+y’ 49.
By evolution, z+y==T.
Subtract twice (9) from (10), .
. st — 2zy+y’=1.
By evolution, 2—y==1.
Hence =4 or +3;
y=:==3 or =4
Ex.23. From Eq.(2), «*+ 8’y + 8xy*+3=125.
By transposition,
-+ =126— 3w’y—3xy’,
2+ )f=125—3zy(@+7).
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Substitute Eq.(2), #*+7'=125—15xy.
Also, from Eq.(2), «'+y'=25—2xy.
Hence, from Eq. (1), (25—2xy)(125 —152y)=455.
Reducing, (25 — 22y )(25 —8zy)=91.
Expanding, 625 —1252y + 6x*y'=91.
Completing the square,

oy 125:::3/ (125) 15 625 534

12 6
By evolution, a:y=ﬁ:1:12_6 or &

: 125 53 89
From Eq. (2), 4+ 2y+y'=25;
By subtraction, -2y +y*=1.
By evolution, z—y==x1.
Hence xz=2 or 3;
y=3or 2.
Ex. 24. Put z=vy.
From Eq.(1), v'y*+vy’'+y'=14vy+14y.
Reducing, vy +vy +y =140 414 3
From Eq. (2), v'y*—vy’+y'=18vy—18y.
Reducing, vy —vy +y =18v —18. @
Subtract (4) from (8), 2vy =32 —4v.

Reducing, y=" —2. ()
Substitate (5) in Eq. (3),
16v—20'+16—2v+—-—2=14v+14.

1 .
Uniting terms, -2+ ?6 =0.
Clearing of fractions, ¢*=8.
By evolation, o v=2 :
Hence, from (5), y=8—2= 6;
z=6x2=12.

Ex. 25. Comparmg (1) and (2),
91 133 -
C+y - Pty +y
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Clearing of fractions,
912+ 912y + 91y = 1352 + 1334
Uniting terms,  422'—91xy=—42y"

Completing the square,
9lzy (91y) 8281y

¥—"3 t\3) =056 ~¥*
By evolution, -_:%/:1: 3_;’{_=§2§/ or 23‘?/
Substitute 32 in Eq. (1),

9y* 3 9
(-2 4+y) (L y) =01
- Reducing, 7‘1/, 13y’ =91

Clearing of fractions, y‘_16.
By evolution, y=+2 and e==+3.

Snbstltute 3 in Eq. (1),
(F-F+9)(F+v)=m
Reducing, 73/’ 13?/ =91.

Clearing of fractions, y‘_81.
By evolution, y==x38, and x==2.

Ex. 26. From Eq. (1), (#*+ 2xy+ 3"}y’ =900.
From Eq.(2), («'+ 3"}y’ =900 —2a"y* =468,

Hence 2atyP =432,
By evolution, xy=6.
From Eq. (1), " a4y=35.

By involution, 2+ ey +y*=25.
By subtraction, e—2y+y= 1.
By evolution, z—y==x1.
« Hence x=2 or 3.
Ex.27. From Eq.(1), #'—3'+ V&' —y*=12.
Completing the square,
Z—y'+ vVa— 3/’+1 19
I2
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By evolution, Va*—y'= :t——l—3 or —4.

By involution, z’—y’_ 9 or 16.
From Eq. (2), 4y =41.

By addition, 2¢* =50 or 57.
By evolution, =5 or £3V114.
25

From Eq.(2), y'=41—-2'=16o0r 5
By evolution, y==x4or +3v2

Ex. 28. (x+3)'+10(x+)+25=9(x+)'+ 30(x+y) +25.
By evolution, (z+y)'+5=3(x+y)+5.

Reducing, - r+y=3.
From Egq. (2), z—y=1.
Hence #=2 and y=1.
Ex.29. By involution, 2*+2zv41*=324;

2 - 4v'=212
Hence 22v =112,
By subtraction,  2'—2zv+v*'=100.
By evolution, 2—v=+10;

z+v= 18.
Hence z2=14 or 4, v=4 or 14;
1
&z +5=
Clearing of fractions, o' —4x=—1.
Completing the square,’
o—4r+4=3.

By evolation, z=2+V3.
Also, z+i=14,
Clearing of fractions, a*—14x=—1.
Completing the square, '

*—14c+49= 48

By evolution, 2=T+4V3.
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PROBLEMS INVOLVING EQUATIONS OF THE SECOND DEGREE WITH
SEVERAL UNEKNOWN QUANTITIES, PAGE 877,

Prob. 1. Let = denote the fraction.
By the first condition, %i—g:g
Clearing of fractions,
2+ 2x=1"—2y.
Completing the square,
2 +2z+1=9'—2y+1.

By evolution, z+1=y—1,or w:y—-2 1)
By the second condition,

z—2 16 y

e By
Clearing of fractions,

152’ — 30z + 16y + 32x=15y*+ 30y.
Reducing, 152°+16xy+2x=153'4-30y. (2)
Substitute (1) in (2),

15y*~ 60y + 60416y —32y + 2y —4 =15y +30y
Reducing, 16y*'—120y=—56.
Completing the square, _
15y (15\* 225 56
y-5'+(2)
By evolution, y_.}:) 143—7 or ;.

Hence x=5 or -g.

Prob. 2. Let 22 denote the first part, 8= the third part, and
102 — 52 the second.
By the conditions,
‘ 62*=102(102 —5z)= 10 404 —510x.
Completing the square,

85\* 7225 - 6936
s (5T, 2
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By evolution, e=——5=17;

22=284; 3x=51; 102—5x=17.
Prob. 8. Let = and y denote the two digits.
By the first condition,
(10y+ X102+ y)=5092. (1)

By the second condition, §=1 +3}/.
Clearing of fractions, z=y+1. @)
Substitute (2) in Eq. (1),
(11y+1)(11y+10)=5092.
Expanding, 12134121y +10=5092.

Reducing, ¥ +y=42.
Completing the square, 1 169
yY+y+g=—7—
1
By evolution, y=12§—§= 6.
Hence  e=T.
Prob. 4. Let = and y denote the two circumferences.
By the first condition, -
5775—5775=165
& Y
Reducing, 3;5—3?5 =1
Clearing of fractions, 35y —35z=xy. (1)
By the second condition, .
57 7 5 57 (I
. 825 825 ‘
Reducmg, m —m— ‘16.

Clearing of fractions,

825 -+ 20623 — 8252 — 2062 = 162y + 40z + 40y + 100,
Uniting terms, 785y—865x=16zy+100. )
Substitute Eq. (1) in (2),

785y — 8652 =560y — 5602+ 100.
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Uniting terms, 225y —3052=100.
Reducing, 45y— 6lz= 20.
Hence : a:_453/6-1-20. 6))

Substitute (3) in (1), 45 90 0
y— 45y°—20y
35y—35( o1 )_ T
Clearing of fractions,
497y — 315y +140=09y"—4y.
Reducing, 9y*—116y=140.
Completing the square,
116y (58)’_3364 1260
—9 t\9) =781 t 81"
- © 58 68
By evolution, =g :t——=14
630 20
61

=10.

Hence r=

Prob.5. Let « denote the length, and y the breadth.

By the first condition, 2—: + 1—‘% =41

Oleénng of fractions, 2x+y=384. | 1)
By the second condition,

- () s,

23
Uniting terms, 21329’8?/
Reducing, : xy=32. @
Substitute (1) in (2), 34x—22'=32. T
Completing the square,
17\+ 289 64
w’—17x+(— =z

17 15
By evolution, w_—2z :t—§-_16 orl.

Hence, . y=2o0r32.

205
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Prob. 6. Let 2 denote the number of laborers, and y the num-
ber of pounds each carried at a time ; and suppose that 7
journeys are made in an hour.

The total number of pounds removed is 8may.

Hence 8may="Tm(z+8)y— 5); (¢))

8may=9m(z—8)(y+11). 2
From Eq. (1), 8xy ="Txy+ 56y —352—280.
Reducing, Y= 56y —352—280. (3)
From Eq.(2), . 8xy=9xy—T2y+992—792,
Reducing, TYy= T2y —-9924+792. (4)
Comparing (3) and (4),

56— 85z 280 =72y — 99z 4 792.
Uniting terms, 642—16y=1072.
Reducing, y=4z—67. ()
Substitute (5) in (3),
40* — 67 =2242— 3752 —352—280.
Reducing, @' —64x=—1008.
Complefing the square,
. &' — 64+ (32)'=1024—1008.
By evolution,  x=282+4=28 or 36.
Hence y=4a—6T=45 or 77.
Prob. 7. Let « denote the capital, and y the rate per cent.

By the first condition, %:123%.

Hence g w:l—%gﬂ). 0}

By the second condition,

(x+700)(ng)_135

Reducmg, 4y + 2800y —x—700="54,000. )]

Substituting the values of = and a2y,
’ 49,400+2800y—12’y35°—700=54,000.

Uniting terms, . 28003/—&:5—9—5300

Clearing of fractions, 56y'—247=106y.
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Completing the square,
53g ( ) _ 2809 13,832
y- 56/ =3136 T 3136 -
53 120 18_,,
=56 56 & °*
Hence 2=2800y—5300=23800.
Prob. 8. Let 2 denote the number of shares, and y the rate per
cent. discount.

He paid

By evolution,

2—0(1—1%0—?/) dollars per share,
.. 20(100+%)
and received 300
By the first condition,
202(100—g)
-—W——_15OO.

Hence 100z—zy= 7500. (1)
By the second condition,
20(z—60)(100+y)

dollars per share.

100 = 1000.
Expanding, y—60y+100x—6000= 5000.
Reducing, ay—60y+1002 =11,000. 2
Substitute (1) in (2),
1002—"7500 — 60y +1002=11,000.
Reducing, 10z—3y=925. -
Hence . y= 10:1:;925. ®)
Substitute (3) in (1),
oo 100052y,
Clearing of fractions, 102’ —12252= —22,500.
Completing the square, .
o 2452 (245) 60,025 36,000
—3 H\7T)="1 —16
55
By evolution, a:_gié + ! =2 =100 or 223.
1000— 925

Hence y:——3—-=25 per cent.
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Prob. 9. Let # denote the diminution of length, and y the in-
crease of breadth.
By the first condition,
y—z=12 or y=w+12 (1)
By the second condition,
(119—2)(19+4)=119x 19.
Expanding, 2261 —1924119y—azy=2261.
Reducing, 119y—19z2=ay. @)
Substitute (1) in (2),
119z + 1428 —19z=2"+12z.
Completmg the square,
o' — 88z +44*=1936 +1428.
By evolution, 2=44+58=102 or —14.

Hence y=x+12=114 or —2.
Prob.10.  Let « and y denote the two numbers.
By the first condition,
e+ y+xy=47, or 2+ y=4T—xy. @
By the second condition,
o+ —r—y=62. )

From Eq.(1), 2’+3'= 2209—96xy +2°y".
Substitute in (2),
2209 —96xy+2"y*— 47+ xy=62.
Completing the square,
95\* 9025 8400
vy —95 +( ) ="z &

By evolution, my:g;- ;tg;='60 or 35.

From Eq.(1),  #4y=47—85=12.
By involution T4 2y +y'=144;

doy  =140.
By subtraction, «*'—2zy+y’= 4.
By evolution, T—y==2.
Hence ~ x="T or 5.

Prob. 11. By the first condition,
c+-y=a.



EXAMPLES FOR PRACTICE. 209

By the second condition, %+31/=
Clearing of fractions, £ +y=bxy=a.
a
Hence zy=3.
By involution, 2*'+2xy+3y*=a’.
By subtraction, o'—2zy+y =a’—4—-:.

Bylevolution, x—y=x= a,’---4—ba.

@ a a
Hence =5+ I

Prob. 12. Let 2 denote the number of days in which B could
reap the field, and y the days in which C could reap it.

Then %+é:£: : 24 : the number of dollars B would have re-

. 216
ce1ved=m 5
5 120
X 24 =——=the number of dollars he did receive.
216 120
By the conditions, ﬁ_—_w—'*’l
Clearing of fractions,

2162=1080+4120x 4 9z 42"
Completing the square, (8 7569

o' —8Tx+ |5 ) =—;——1080.
' 5
By evolution, x:%:t—:li’) or 72.
5 5 2

Let x=15; then §+15+§=l.

. 2 511
Reducmg; 3—/ =1—§—-§= §.
Hence y=18. -

The other value of z is excluded by the conditions of the
problem.
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Prob. 13. By the conditions, ?+y=  35; (1)

P +1=20,195.  (2)

Involving (1), 2*482%'+ 32"+ =42,875. t))
Subtract (2) from (3), 8z'y*+3z'y*  =22,680.

By division, « y'_.75;?_.35
-Redncing, o aty= 216
By evolution, xy=6, or o= : 4) '
Substitute (4) in (1), 2;,6+y' 85,
Completing the square
pene sq35 ’ ( ) 1295 864
¥-3¥y+\g)=71 -
By evolution, y'_35:1:}§ =27 or
By evolution, y=3or 2.
300
Prob. 14. Y= 300, or x=7 H (1)
@ — 1P =87(x—1)"

Divide by z—y,
2 +ay+y =81(x—y)' =872 - Tday + 8Ty
Uniting terms, 362+ 36y*="75xy.

Reducing, - 128°4+12= 25:1:3/ @)
Substitute (1) in (2),
1,080,000

% S+ 12= 7500

Clearing of fractions, °
of'— 6254 = —90,000.

Completing the square, S
625\* 390,625 360,000
y—625y'+ ( ) &
_ By evolution, y’_625 175_400 or 225,

By evolution, y_20 or 15,
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Prob. 15. Let 2 denote the first part,and 26,000 —z the second
part. Also,y the rate of interest of the first part,and 2
the rate of interest of the second part.

Then -X_28000=a) @ @ 960002—cz; (1)

100~ 100
100_720 x2=12,000; @)
(26,000—z)y
e = 980, @
98,000
Hence Y=26,000—a @)
Substitute (2) and (4) in (1),
98,0002 ° 72,000
96,000 —5 = 26,000 X ———12,000.
492 86

Reducing, W— 26 000 X ——36

Clearing of fractions,
492° = 24,336,000,000— 936,000z — 936,000+ 362",
Reducing, 13«*+ 1,872,000c=24,336,000,000.
Completing the square,
a*-4144,0002-+ (72,000)*="7,056,000,000,
By evolation, %=284,000--72,000=12,000.
- Hence ,173 800_6 per cent.;

98,000
=14,000 Ta000 =1 per cent.

Prob.16. Let « denoté the number of feet in a side of the one,
and y the feet in a side of the other.

w’y-l—y'a! 8203 )

o—y'= ©)]

From Eq. (1), o +yi= Sf; 3)
820°¢

By involution, '+ 2+ Y =— =
From Eq. (2), ' -2y + =81,
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20° .
By subtraction, 4a;’y’=§£— 81.

'y’
Clearing of fractions,
o + 22 410=168,100.
Completing the square,
2y + 81a:’y’ ( ) =168,100 +621‘1
By evolution, z’y’—%—?l:mo
By evolution, xy=:20.
From Eq. (3), w’+y‘—§g9=41
Hence 2:cy_40
By addition, o+ 2xy+y'=81.
By evolution, z+y==9.
By subtraction, 2 —2xy+y'=1.
By evolution, x—y==+1.
Hence ‘ @==5 or +4;

y==4 or 5.
The larger mass cost y*z=5x4=>500 dollars;
the smaller mass cost z*y=4"x 5=320 dollars.
Prob. 17. Let « denote the length of the lot, and y the breadth,
expressed in rods.
The perimeter, expressed in feet, is 33(z+y), and the cost
of the lot was 330(z+y).

Hence 330(z+y) = 660vzy + 830,

Reducing, w+y_ 2vVey+1. £))
Expanding, @ +2xy+y’ 4y +49.

Reducing, o — 2wy +y* =49.

By evolution, x—y==T,0r w_7 +y. $))

Substitate (2) in (1),
74+ 2y=2Vazy+1.
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Reducing, 3+y=vuay.

By involution, 9+46y+y*=2y="Ty+y"
Reducing, y=9. -

Hence x=16.

Prob. 18. Let # denote the sum belonging to A ; 2400—z the
sum belonging to B.
Let y denote B’s rate of interest, and y+1 denote A’s rate
of interest. 5
Then o(y +1)=5y(2400—2).

Expanding, 6xy+ bz = 12,000y —Bzy.
Uniting terms,  11zy+ 62=12,000y. (6]
2(y+1) 5{ y(2400—a:)}
Also, @+ =5 —=x 1 2400—z+L =5 1.
Expanding,
700+ Tay + Tx=120,000 — 502412 000y—5:cy
Uniting terms,
122y +1272—12,000y= 120,000, @)
Subtract (1) from (2), zy+121z= 120, 000 3
Multiply (3) by 11, 11zy-+1831o=1,320,000. )
Subtract (1) from (4), -
18252=1,320,000—12,000y.
—480
Hence x:—————52’80053 8 y ®)
Substitute (5) in (3),
32,800y —4808" | 2. (52,800 480y)=120,000.
Reducing, 110y—3°+13,310—121y=13,250.
Uniting terms, = 3°+11y=60.
Completing the square,
PERIE RO M iy 191 940
¥+11y +( ) <+t
l? 11
y=73-

© 52,800 —1920 '
From Eq. (5), z:M.:%O.

By evolution, =4

53
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Prob. 19. Let 2 denote the number of yards of the better sort,

and y of the poorer.
#(z+y) denotes the cost of the best piece.
By the first condition,

a(z+3)+ Yz —y) =63,

Expanding, '+ 2oy —1y =638, 6))
Also, #(z+y)=6y(x—y)-
Expanding, P*—5zy =-—63" )
Completing the square,

o —Say + (i"f)'=257"’—'-6y2.

By evolution, w_5y y =38y or 23/

Substitute 2y in (1),
4+ 4y —y=63.
Reducing, ¥'=9.
By evolution, y=3.
Hence - =6,
Substitate 8y in (1),
‘ 9y +6y"—y*=68.
Reducing, y’:-g.
By evolution, y=3vV1i.
Hence x=9v}.
Prob 20. Reducing Eq. (2), we have
8x’ — By =2y
Completmg the square,
. bay ( ) 49y
3
*=3 *t\%/) =36~
B . : by Ty
y evolution, Z=-g £-=29.
Substitute this value in Eq. (1), and we have
23/’ 6y’ —23/’ % '
+2— oy +3-

Hence y 3, and #=6.



Ex. 1.

Ex. 2.
Ex. 8.

Ex. 5.

Ex. 6.
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PROGRESSIONS, PAGE 881.

=’§‘(a+z)=500 x1001=500,500.

=5(a-+)=19x 2839=53,041.

a=l—(n—1)d=24-21 xg=9;

=5(@-+0)=11x 83=363.

l—a
n=—— +1= 21x7+1 =25;

25
8= -2-(q+z)=_22,}x 5 =—2813.

=a—1-21~35
l—a. 6 2

Ex. 7. Represent the series by @, a+d, a+ 24, a4+ 34, etc.

Hence

a+18d+a+42d+a+56d_827
3a+116d= 827; (1)
+26d+a+57d+a+68d+a+ 724 =1581.

Hence 40+2234=1581.  (2)
Multiply (2) by 3, 122+ 669d=4743. (3)
Maultiply (1) by 4, 1201+-464d=3308. (4)
Subtract (4) from (8), . 205d=1435.
Hence . = :
From Eq. (1), 3a+812=821.
Hence a=>5.

Ex. 8. a+(n—1)d_3 24+499 X 755 5 To0=28.19;

Ex. 9.

s=§(a+l) =250x31.43= 7857 50
l_a+(n—l)d_16n+19 X32i= 627—;,
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Ex. 10. Represent the four parts by

1-8d, 3—d, 3+d, 3+34.
By the conditions, '11—6+15d’=i16
Hence d*= Z(l)—o
By evolution, d= 20 H

131112113134
i7%0~10 4720-10 473010 2172010

Ex.11. After reduction, we have

&' —17x=2378.
Completing the square, :
9801
2—17z +( 7)
By evolution, x_127 %’_58

Last term=172—144=28. :
Ex.12. After reduction, we have
5y'—91y=—366.
Completing the square, s
911/ 91\* 8281 7320
v+ (10) =To0— 100"

91 31
Y=10=10 :
86 —60=26=the number of men alive when the provisions

were exhausted.

Ex.13. l=ar—1=9"=4096.
s=2=0_ 8102—1.

r—1

Ex. 14. l=ar*'=Tx8"=Tx 59 ,049 = 413 343 ;

_Ir—a_1,240029-7
== __620?011.k

By evolution, =6.
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(r—l)e_6x411 ™.
P—1 - 823543
I=ar-1=3xT'=8 x 117,649,

Ex. 15.

1
’—’ .
Ex.16. r= (g)" ="/ =0.943874=the first term;
= 0.89090 =the second term, etc.
Ex.17. A=P(1+7)"=1200(1.04)*=1200 x 410392 = 4924.70.
. ] |

=i 1
Ex.18. r= (2) =(1,048,576)°=4.

Ex.19. x + xy+ xyt=42; 1)

ay'— 2y+ x = 6. (@)

Subtract (2) from (1), 3zy =386, or zy=12. (3)
Substitute (3)in (1), = +12 +12y =42,

Hence 2=30—12y. 4
Substitute (4) in (3), 30y—12,*=19,

Completing the square,
By (5)'_25
Yot =g~

5 8
By evolution, - -'/=Zi g=2or %
Hence : =1—2=6 or 24.
The numbers are 6 12 and 24 or 24,12, and 6.
Ex. 20. . wyt—x=24; 1)
m’y‘—x’:m’y‘+z’y’+x’: :5:7. 0))
Reducing, Ty =T=5y+5y"+5.
Completing the square, - :
5y ( )* 95 96
I Y A T AT
By evolution, y'_.i 141 =4 or _g
By evolution, y=:=2.
24 24

From Eq. (1), ac'— G—i=g =0
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Ex.21. Denote the numbers by 2, zy, xy'; then
iy =216,
By evolution, " ey=6.
We may then denote the series by
6 BRI
y & &
216

7-{—216 + 2163/‘ =1971.

Clearing of fractions, :
8+ 8y*+ 8y =13y
Uniting terms, ~ 8y*—65y'=—8.
Completing the square, :
65y ( )' 4995
¥—73 +\16) =26 -

. 65 63 1
By evolution, y':Iéd;ﬁ=8 org
By evolution, y=2o0r}.
Hence 2=3o0r12. .
The numbers are 3, 6, and 12, or 12,6, and 3.

Ex.22. z+ay+ay+y=3850; 1y
zyp—x:wyt—xy::87:12. )
Divide by zy—=, y*+y+1:y::37:12 e
Reducing, 124 +12y+12= 373/
Completing the square,
25y 25) 625
Y-t t ( =576

. 9% 7 4 3
By evolution, Y=g34+31=3 " 1

- 4x 162 64
From Eq.(1), 2+ a"+ ”+W =850.
Clearing of fractions,
27x+ 36z +48x+ 64z = 27 x 350,
Uniting terms, 1752=27 x 350.
Hence z=54.
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Ex. 23. Denote the numbers by
z, xy, xy', 2y —axy.
Then 2wy —xy+2=14;
a’y’ +ay =12.
Subtract (1) from twice (2),

Sxy—2=10, or y=1(;1-x.
Substitute (3) in (2),
(104+z)* 104
9 t—3 — 1%
Clearing of fractions,
10042024 2* + 30z + 82* =108x.
Completing the square,
292 (29\* 841
-5 +(%) =152
. 29 21 25
By evolution, wv=z +r=2o0r 5.
. 1042 3
Hepce y=~—3}—=2 or ’5‘.

Ex. 24. Denote the numbers by 5—y, 5, 5+.
By the conditions, (6—y)(24+y)=9"

Expanding, 144—18y—3*=81.
Transposing, ¥ +18y+81=144.
By evolution, y=12—-9=3.

The numbers are 5—3, 5, and 5+ 3.

THE END.
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