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In the mathematics course of secondary schools students
get acquainted with the properties of inequalities and me­
thods of their solution in elementary cases (inequalities
of the first and the second degree).

In this booklet the author did not pursue the aim of
presenting the basic properties of inequalities and made
an attempt only to familiarize students of senior classes
with some particularly remarkable inequalities playing an
important role in various sections of higher mathematics
and with their use for finding the greatest and the least
values of quantities and for calculating some limits.

The book contains 63 problems, 35 of which are provided
with detailed solutions, composing thus its main subject,
and 28 others are given in Sections 1.1 and2.1,2.3,2.4
as exercises for individual training. At the end of the

. book the reader will find the solutions to the: given
exercises.

The solution of some difficult problems carried out indi­
vidually will undoubtedly do the reader more good than
the solution of a large number of simple ones.

For this reason we strongly recommend the readers to
perform their own solutions before referring to the solutions
given by the author at the end of the book. However, one
should not be disappointed if the obtained results differ
from those of the patterns. The author considers it as
a positive factor.

When proving the inequalities and solving the given
problems, the author has used only the properties of inequa­
lities and limits actually covered by the curriculum on
mathematics in the secondary school.

P. K orovkin,
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CHAPTER 1

Inequalities

The important role of inequalities is determined by their
application in different fields of natural science and engi­
neering. The point is that the values of quantities defined
from various practical problems (e.g. the distance to the
Moon, its speed of rotation, etc.) may be found not exactly,
but only approximately. If x is the found value of a quanti­
ty, and ~x is an error of its measurement, then the real
value y satisfies the inequalities

x - I ~x r ~ y ~ x + I ~x f.
When solving practical problems, it is necessary to take

into account all the errors of the measurements. Moreover,
in accordance with the technical progress and the degree of
complexity of the problem, it becomes necessary to improve
the technique of measurement of quantities. Considerable
errors of measurement become inadmissible in solving
complicated engineering problems (i.e., landing the moon­
car in a specified region of the Moon, landing spaceships
on the Venus and so on).

1.1. The Whole Part of a Number

The whole (or integral) part of the number x (denoted by
[ x ]) is understood to be the greatest integer not exceed­
ing x. It follows from this definition that [x] ~ x, since
the integral part does not exceed x. On the other hand,
since [xl is the greatest integer,. satisfying the latter ine­
quality, then [xl + 1 > x,

Thus, [xl is the integer (whole number) defined by the
inequalities
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For example, from. the inequalities

3<1£<4, 5< ~ <6, -2<-V2<-1, 5=5<6

it follows that

(1£) == 3, [1;]= 5, (-V2) = -2, (5)= 5.

The ability to find the integral part of a quantity is an
important factor in approximate calculations. If we have
the skill to find an integral part of a quantity x, then taking
[xl or [xl + 1 for an approximate value of the quantity x,
we shall make an error whose quantity is not greater than 1,
since

o~ x - [xl < [xl + 1 - [xl = 1,
o< [z] + 1 - x ~ [z] + 1 - [xl = 1.

Furthermore, the knowledge of the integral part of a quanti­

ty permits to find its value with an accuracy up to +.
The quantity [z] + +may be taken for this value.

Yet, it is important to note, that the ability to find the
whole part of a number will permit to define this number
and, with any degree of accuracy. Indeed, since

[Nxl<Nx<[Nxl+1,
then

[Nx]./ ./ [Nx] +_1
N ~x~ N N •

Thus, the number

[Nx] + 1
--r 2N

differs from the number x not more than by 2~' With large
N the error will be small. The integral part of a number is
found in the following problems.

Problem t. Find the integral part of the number
111 1

;1:=1+ 1/2 + va + 114 + ys ·
8



Solution. Let us use the following inequalities

1<1<:1,

0.7 <-,I~ <0.8,

0.5<-,I~ <0.6,

0.5<:-,1 ~ <:0.5,

0.4<-,I~ <0.5
(which are obtained by extracting roots (evolution) with
an' accuracy to 0.1 in excess or deficiency). Combining them
we get

1 + 0.7 + 0.5 + 0.5 + 0.4 < x <
< 1 + 0.8 + 0.6 --1- 0.5 + 0.5,

that is, 3.1 <x<3.4, hence, [xl == 3.
In this relation, it is necessary to note that the number

3.25 differs from x not more than by 0.15.

Problem 2. Find the integral part of the number
111 1

y=1+ V2 + V3 + Vi; + ...+ V1oo0ooo

Solution. This problem differs from the previous one
only by the number of addends (in the first, there were only
5 addends, while in the second, 1 000, 000 addends). This
circumstance makes it practically impossible to get the
solution by the former method.

To solve this problem, let us investigate the sum
111 1

1+ ,/ii + ,j- + ,j- + ···+--::;-t=-v 2 v 3 v 4 v n

and prove that

2Vn+1-2 Vn< ~Ti <2 Vn -2 Vn-1. (1)

Indeed~ since

2Vn+1-2yn = 2 (Vi+1-vn> (Vn+1+vn> =
Vn+1+ -vn
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and

Vn+1>Vn,
it follows that

V- «rz: 2 f2 n+1-2 y n <--=-.
2 -vn -vn

Thereby proof has been made for the first part of the inequa­
lity (1); its second part is proved in a similar way_

Assuming in the inequalities (1) n = 2, ~, 4, . - _, n,
we get

2V3 - 2V2 < -0 < 2 V2 - 2,

2V4-2V3 < Va <2 V3-2V2,

2V5-2 V4 < V1
- <2 V4-2V3,

. 4

2Vn+1-2Vn< ~n <2Vn-2Vn-1.

Adding these inequalities, we get

2Vn+1-2V2<
1 1 1 1 1/-< V2 + Vs + 114 + ... +Yn <2 y n-2.

Adding 1 to all parts of the obtained inequalities, we
find

2 Vn+1-2 V2+1 <
1 1 1 ,1 V-< 1 + V2 + 113 + 114 + · .. T Vii < 2 n -1. (2)

Since 2 V2 < 3, and Vn +1 > VTi, it follows from the
inequalities (2) that

V- 1 f 1
2 n-2<1+ Vi + Va + 114 + ...

f V- 3+ Vii <2 n~1. ()



Using the inequalities (3) we can easily find the inte­
gral part of the number

2 f 1 1
y=1+ -Vi + 1/3 + 1/4 + ... + V10oo000

T~us,. taking in the inequalities (3) n = 1 000000, we get
2 Vt 000000 -2 <

t f 1 V<1+ 'M + -V- + ... + -V <2 1000000 -1,
v2 3 1000000

or
1998 < y < 1999.

Hence, [y] = 1998.
From the inequalities (2) it follows that the number

1998.6 differs from y not more than by 0.4. Thus, we have

calculated the number y with an accuracy up to 19~~.4 %=
= 0.02%. The numbers 1998 and 1999 differ from the num­
ber y not more than by unity, and the number 1998.5 differs
not more than by 0.5.

Now let us examine the next problem of somewhat diffe­
rent pattern.

Problem 3. Prove the inequality

1 3 5 99 1
x=2:·T·lf··· 100 < 10·

Solution. Suppose

Since
i 2 3 4 5 6 99 100
2"<3' 4<5' 6<7' ... , iOO < 101'

it follows that x < y and, consequently,

2 _ i 2 3 4 5 6 99 100 i
x < xY-2·3·T·s·e;·T··· 100·' 101 = 101 ·

Finding the square root of both members of the inequalities
yields

x< vk <0.1.101 .



Exerctses

1. Prove the inequalities

,r- ,r- 1 1
2 y n+1-2 y m «; ,r+ -vm:n + ...

vm m+1

1 «r: ,r-...+ 1/ii <2 y n-2 y m-1.

2. Prove the inequalities

1800< 1 1 + 1
, V10,OOO + V10,001 +... V1,OOO,OOO <

< 1,800.02.
3. Find [50z] , where

1 1 1
Z= V1O,OOO +. V10,001 + ... + V1,OOO,OOO

Answer, [50z] = 90,000.

4_ Prove the following inequality using the method of
mathematical induction

1 3 5 2n-1 1
2"."4. If··· 2n -< V3ii+1 ·

5. Prove the inequality
1 3 5 99 1
2-4-6·· - 100 <12-

1.2. The Arithmetic Mean and the Geometric Mean

If Xl' X 2, ••• , X n are positive numbers, then the numbers
formed with them

%1+ X2+ ... +Xna=------n

g = :v-Xt X2 - - - X n

are called, respectively, the arithmetic mean and the geo­
metric mean of the numbers Xl' X 2, ••• , X n • At the begin­
ning of the last century, the French mathematician O. Cau­
chy has established for these numbers the inequality

sc; a,

often used in solving problems. Before proving the inequali­
ty we have to establish the validity of an auxiliary assertion
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Theorem 1. If the product n 0/ the positive numbers Xl'
x2, • • ., X n is equal to 1, then the sum of these numbers is
not less than n:

XIX 2, ••• , X n === 1 ~ Xl + x 2 + ... + xn ~ n.

Proof. Use the method of mathematical induction", First
of all check up the validity of the theorem for n == 2, i.e.
show that

X IX 2 === 1 ~ Xl + x 2 ~ 2.

Solving the question, examine the two given cases separa­
tely:

(1) Xl == X 2 :::::: 1.

In this case Xl + X 2 === 2, and the theorem is proved.

(2) 0 < Xl < X 2 •

Here Xl < 1, and X 2 > 1, since their product is equal to 1.
From the equation

(1 - Xl) (X 2 - 1) === X 2 + Xl - X IX 2 - 1

it follows that

Xl + X 2 === X IX 2 + 1 + (1 - Xl) (X 2' - 1). (4)

The equation (4) has been established without limitations to
the numbers Xl and X 2• Yet, taking into account, that
X IX 2 === 1, we get

Xl + X 2 === 2 + (1 - Xl) (X 2 - 1).

At length, since Xl < 1 < X 2 , then the last number is
positive and Xl + X 2 > 2. Thus, for n == 2 the theorem is
already proved. Notice, that the equation

Xl + X 2 == 2

is realized only when Xl == x 2 • But if Xl =1= X 2 , then

Xl + X 2 > 2.

Now, making use of the method of mathematical induc­
tion, assume that the theorem is true for n == k, that is, sup-

1 More detailed information concerning mathematicai induction
is published in the book by I. S. Sominsky"The Method of Mathemati
cal Induction", Nauka, Moscow, 1974.
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pose the inequality

Xl + X 2 + X a + · · · + Xh ~ le
occurs, if X IX2X 3 ••• Xh = 1, and prove the theorem for
n = k + 1, i.e, prove that

Xl + X2 + X 3 + .. · + Xk + Xk+l ~ k + 1,
if X 1X2X 3 ••• XkXh+1 = 1, for Xl> 0, X 2 > 0, X 3 > 0, ... ,

Xk > 0, Xk+ I > O.

First of all, it is necessary to notice that if

X IX 2X 3 • •• XkXh+1 = 1,

then there may be two cases:
(1) when all the multipliers Xl' X 2 , x s, ... , Xk, Xk+l are

equal, that is

Xl == X 2 == X s = · · · = Xh. = Xk+l'

(2) when not all multipliers are equal.
In the first case every multiplier is equal to unity, and

their sum equals k + 1, that is

Xl + X 2 + X 3 + · · · + Xk + Xk+l = k + 1.
In the second case, among the multipliers of the product

X IX 2 • •• XhXk+I' there may be both numbers greater than
unity and numbers less than unity (if all the multipliers
were less than unity, then their product as well would be
less than unity).

For example, suppose Xl < 1, and Xk+l> 1. We have

(,XIXk+l) X 2X S • • • Xk = 1.

Assuming YI = x lxk+l' we get

Y IX2XS • •• Xk = 1.

Since here the product k of positive numbers is equal to
unity, then (according to the assumption) their sum is not
less than k, that is

YI + X 2 + X s + · · · + Xk ~ k.
But

Xl + X 2 + Xs + · · · + Xk + Xk+l ~

= (YI· + X 2 + X a + · · · + Xk) + Xk+ I - YI + Xl ~

~ k + Xk+l - YI + Xl = (k+1)+Xk+1 - YI + Xl - 1.

14



Remembering that YI == X1Xk+1 we get

Xl + X 2 -+- X 3 + · · · + Xk + Xk+l ~

~ (k + 1) + Xh+ I - XIXk+ I + Xl - 1

== (k + 1) + (Xk+l - 1) (1 - Xl).

Since Xl < 1, and Xk+l > 1, then (Xk+l - 1) (1 - Xl) > 0
and, hence,

Xl + X 2 + X 3 + · · · + Xk + Xh+l ~

~ (k + 1) + (Xk+ I - 1) (1 - Xl) > k + 1.

Thus the theorem is proved.

Problem 1. Prove, that if Xl' X 2, X 3, ••• , X n are positive
numbers then

~+..2+ ... + Xn-t +.2~n,
X2 X3 X n Xi-:?'

the equality being valid only when

Xi = X2 = Xa = ... == X n •

Solution. Since

~ ...2 X n - 1 • .2= 1
X2 xa··· X n Xi '

then the inequality follows from Theorem 1, the sign of
equality holds only when

namely, when Xl == X 2 == Xa == • • • == Xn.

Problem 2. Prove the inequality
x

2 +2 ~ 2
Yx2+1 -:?' •

Solution. We have
x2 +2 x2 +1 1 1/-- 1

-Y-x--';"2+-1 = yx2+1 + Yx2+1 = r x
2 +1+ YXi+1 ·

Since the product of addends in the right-hand member of the
equality equals unity, "then their sum is not less than 2.
The sign of equality holds only for X == o.

Problem 3. Prove that for a > 1

log a + loga 10 ~ 2.

15



Solution. Since log, 10.log a = 1, then

loga+loga 10=loga+-1
1

>2.oga

Problem 4. Prove the inequality

x2 1
1+z4 <2·

Solution. Divide by x 2 the numerator and denominator
of the left-hand member of the inequality:

Xi 1
1+x4 = _1__~X2 •

x2

Since x~ • x2 = 1, then ;2 +x2>2and, hence,

1 1
1 <2·
X2-~X2

Now let us prove the statement made at the beginning
of the section.

Theorem 2. The geometric mean of positive numbers is
not greater than the arithmetic mean of the same numbers.

I f the numbers Xl' X 3' ••• , X n are not all equal, then
the geometric mean of these numbers is less than their arithmetic
mean.

Proof. From the equality g ~7 XtX2 ••• X n it follows
that

1 - ·V~~ .2. ~~ ~-1- ..., or ... -.g g g g g g

Since the product n of the positive numbers equals 1,
then (Theorem 1) their sum is not less than n, that is

~+~+ +~~g g ••• g ~n.

Multiplying both members of the last inequality by g and
dividing by n, we get

a= X1+X2~... +Xn>g.

16



Notice, that the equality holds only when .:L=~ ==. . g g

• . • === X n == 1, t ha tis X 1 =. = X 2 ==.: • • • =:--:= X n == g . But if theg
numbers Xi' X2' ••• ,Xn are not equal, then

a> g.

Problem 5. From all parallelepipeds with the given sum
of the three mutually perpendicular edges, find the parallele­
piped having the greatest volume.

Solution. Suppose rn >> a + b + c is the sum of the
edges and V === abc is the volume of the parallelepiped.
Since

3/V- _ 3/"-b /" a-f-b-~c _!!!:..v _.- v a c~ 3 - 3 t

3
then V< ';:7 . The sign of equality holds only when a =

== b ~ c == '; , that is, when the parallelepiped is a cube.

Problem 6. Prove t he inequality

n! < (nt1
)", n:>2. (5)

Solution. 'Using 'lheorenl 2, we get

;:vn! =;V 1· 2·3 " . n < 1+2+3';-" .-: n =
(n+1)n n+1 .

2n =:-2-

Raising to the nth power both parts of the last inequality t

we get the inequality (5).

Definition. 1"';he number
1

(
a~+a2-1- ... -+-a~ )0:

C(J.~ n

is termed the mean power of numbers a], a 2 , ••• , an of the
order C/..,. Particularly, the number

at -~ a2 + ... -1- an
Ct == n

is the arithmetic mean of the numbers aI' a 2, ••• , an, the
number

1
2~ 2 L I 2 2

_ ( a 1 ,- a2 -j ••• ,- an )
C2 - n

2-0866 17



is named the root-mean-square, and the number

-1+ -1+ + -1 -1_ (a 1 a2 • • • an) _ n
C-t - n - 1 1 1

--/--+ ...+-
at a2 an

is called the harmonic mean of the numbers aI' a2, •.. , an'

Problem 7. Prove that if aI' a2, ... , an are positive
numbers and a < 0 < ~, then

ca,~ e e: CB' (6)
that is, the mean power with a negative exponent does not
exceed the geometric mean, and the mean power with
a positive exponent is not less than the geometric mean.

Solution. From the fact, that the geometric mean of
positive numbers does not exceed the arithmetic mean,
we have

n/O a~+a~+ ••. +a~
y a~a~ •.. a~< n •

Raising both parts of the last inequality to a power _1_ and
a

taking into consideration, that _1_< 0, we get
a

1

n .. ( a~+a~+ ••• +.a~ )a
g=f/ a1a2 ••• an> n ==Ca,.

SO the first part of the inequality (6) is proved; the second
is proved in a simi lar way.
~I~: From the inequality (6) it follows, in particular, that
the harmonic mean c -1 does not exceed the arithmetic
mean Ct.

Problem 8. Prove that if at, a2 , ••• , an are positive
numbers, then

(at+ a2+ ... +an) (_1+_1 + ... +_1)>n2.
at a2 an

Solution. Since C-t<g<Ct, then

_ n ./ at +a2+ ···+an
C-i - 1 1 1 ~ n Cj •

--1---1- ...+- .
at a2 an

It follows from this inequality that

(
1 1 1 )n2«ai+ a2+ · .. -l-an ) -+-+ ...+- .at a2 an

18



Problem 9. Prove the inequality

na1a 2 ••• an ~ a~ -t- a~ + . (7)

where a1 > 0, a 2 > 0, ... , an > 0.

Solution. Since the geometric mean does not exceed the
arithmetic mean, then

n/ n n n a~+aR+··· +a~
ata2 • • • an = 'V at a2 · · · an < .n

Multiplying both members of this inequillty by n, we shall
get the inequality (7).

From the inequality (7) it follows, that

2ata2<a; +a;, 3ata2a3<a~+ a~ +a5,
4atQ2aaa4<a:+ a~ +a:+ a:,

that is, the doubled product of two positive numbers does not
exceed the sum of their squares, the trebled product of three
numbers does not exceed the sum of their cubes and so on.

1.3. The Number e

The number e plays an important role in mathematics.
We shall come to its determination after carrying out the
solution of a number of problems in which only Theorem 2
is used.

Problem 1. Prove that for any positive numbers a, b,
(a =1= b) the inequality

n+~abn < a+nb
n+1

is true.

Solution. We have
n
~

n+1/ bn _ n+ 1/° bb b< a 1-b+b+.. ·+b a+nb
V a - V~ n+1 = n+1 '

n

and that suits the requirement.

Problem 2. Prove that with the increase of the number
n the quantities

Xn = (1 + ~ )nand Zn = (1 _ ~ ) n

2* 19



zn+1

increase, i.e.

( 1)n+1
X n < Xn+i ~ 1 -t- n+ 1 '

Zn<zn+t=(1- n~1 )n+l.
Solution. Setting in the inequality of the previous prob­

1
lem a == 1 b === 1+- we get, n '

n+v 1+n (1+_1)
- 1. (1 +_1~< n == n + 2 ==1+ _1_ .

n ,.., n+1 n+1 n+1

Raising both parts of the inequality to the (n + 1)th power,
we shall obtain

( 1 + ~ f < (1 + n~1 f+l, that is X n< xn+! ·

The second inequality is proved in a similar way.

Problem 3. Prove that

Yn = (1 ++f+1

decreases with the increase of the number n, that is

(
1 )n+2

Yn>Yn+1=== 1 + n+1 •

Solution. We have

Yn = (1 ++f+l = ( n~1 f+l =------

(
1__1_ )n+1

n+1

(see designations of Problem 2). Since Zn increases with
the increase of the number n, then Yn decreases.

In Problems 2 and 3 we have proved that

Xl = (1 + ~ )1 = 2< X2 = ( 1 + ~ )2 =

=== 2.25 < X3 < ... < X n < ... ,
Yl = ( 1 + ~ )2 =,4 > Y2 =

= (1 + ~)3 =3.375> v«> ... »-v«> ....
20



On the other hand,

( 1)n ( 1 r 12=xt<xn = 1 +--n < 1-1---n ==Yn<Yt===4.

Thus, the variable X n satisfies two conditions:
(1) Xn monotonically increases together with the increase

of the number n;
(2) X n is a limited quantity, 2 < X n < 4.
It is known, that monotonically increasing and restricted

variable has a limit. Hence, there exists a limit of the
variable quantity x.; This limit is marked by the letter e,
that is,

e= lim Xn = lim (1 +-1-f.
n~oo n-.oo n

As the quantity X n increases reaching its limit, then X n is
smaller than its limit, that is

(8)

It is not difficult to check that e < 3. Indeed, if the num­
ber n is high, then

X n < u« < Ys ,= ( 1 + ~ )6 == 2.H85984.

I-Ience,
e ~:.-: lim X n ~ 2.985984< 3.

In mathematics, the number e together with the number rr
is of great significance. I t is used, for instance, as the base
of logarithms, known as natural logarithms. The logarithm
of the number N at the base e is symbolically denoted by
In N (reads: logarithm natural N).

It is common knowledge that the numbers e and Jt are
irrational. Each of them is calculated with an accuracy of
up to 808 signs after the decimal point, and

e ~ 2.71.82818285490 ....

Now, let us show that the limit of the variable Yn also
equals e. Indeed,

lim Yn= lim ( 1 + ~ )n+ 1 =~ lim ( 1 + ~ )n ( 1 +- ~ ) =

===e·1 ==e.

21



Since Yn diminishes coming close to the number e (Pro­
blem 2), then

( 1 1 )n+1, -t-- >e.
• I n

Problem 4. Prove the inequality

(9)

(10)

Solution. We shall prove the inequality (10) using the
method of mathematical induction. The inequality is easily
checked for n == 1. Actually,

11 = 1 > (~ r.
Assume, that the inequality (10) is true for n ~ k, that is

kl> ( ~r·
Multiplying both members of the last inequality by k+ 1,
we get

(k + 1) kl = (k + 1)! > ( ~ r(k +1) = ( k ~1)1<+ 1 (1 +fr·
Since, according to the inequality (8) (1 ++r< e, then

(k+ 1)1> ( k-~ 1 ) k+l : = ( k-:1 r+ 1
,

that is the inequality (9) is proved for n = k + 1. Thus
the inequality (9) is proved to be true for all values of n.

Since e < 3, it follows from the inequality (9) that

, (n)nn.> 3 ·

By means of the last inequality, it is easy to prove that

300! > 100300
•

Indeed, setting in it n ~ 300, we get

3001> ( 3~O )300 = 10030°.
22



(12)

The inequality
, ( n+ 1 )n+tn.<e - e

is proved completely the same way as it is done with the
inequality of Problem 4.

1.4. The Bernoulli Inequality

In this section, making use of Theorem 2 we shall prove
the Bernoulli inequality which is of individual interest
and is often used in solving problems.

Theorem 3. It x ~ -1 and 0 < ex < 1, then

(1 +x)a ~ 1 + ax. (11)

However if a < 0 or ex > 1, then

(1 + x)rx~ 1 + ax.

The sign of equality in (11) and (12) holds only iohen x == o.
Proof. Su ppose that a is a rational number, bearing in

mind that 0 < ex < 1. Let ex == !!!:.., where m and n aren
positive integers, 1 ~ m < n. Since according to the condi-

tion, 1 + x ~ 0, then

m

(1+x)rx~(1+xfn =;/"(1+x)m.1n- m =

==:;/" (1 + x) (1+ x) .... (1 ·t x) ·1·1 ... 1 ~
\. -.- -""~

m n-m

«1-~x)+(1+x)+... +(1+x)+1+1+ ... +1 =
n

= m('l+x)+n-m . n+mx =1+~x=1+ax.
n n n

The sign of equality occurs only when all multipliers stand­
ing under the root sign are identical, i. e., when 1 -t-- x = 1,
x :.= O. But if x =1= 0, then

(1 -t- x)a < '1 -t- ax.

'rhus, we have proved the first part of the theorem conside­
ring the case, when a is a rational number.
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Assume now, that a is an irrational number, 0< a < 1.
Let r1 , r2 , • • ., rn ... be the sequence of rational numbers,
having for a limit the number a. Bear in mind that 0 <
< r; < 1. Fronl the inequalities

(1 + x)rn <1+ rnx, x ~ -1, n = 1, 2, :3, ... ,

already proved by us for the case when the exponent is
a rational number, it follows that

(1 +xy~ == lim (1 + x)rn-< lim (1-·/-- rnx) == 1 + ax.
Tn"'" ex. Tn"'" ex.

Thus the inequality (11) is proved for irrational values of a
as well. What we still have to prove is that for irrational
values of a when x =1= 0 and °< a < 1

(1 + X)CX < 1"-t-- ax,

i.e., that when x =1= °in (11), the sign of equality does not
hold. For this reason, take a rational number r such 1hat
a < r < 1. Obviously, we have .

cx
(1 + x)CX = [(1-f-- xyr]r.

Since 0 <:'::!:... < 1, then as it has already boon proved
r

Hence,

(t+x)CX-<:(1+; xf.
1£ x =oF 0, then (1 + ~ xr< 1+ r ~ x,-,c 1+ ax, that is

(1+x)CX <1 -+- ax.

Thus the first part of the theorem is proved completely.
Now, move on to proving the second. part of the theorem.
If 1 + ax < 0, then the inequality (12) is obvious, since

its left part is not negative, and its right part is negative.
If 1 + ax ~ 0, ax ~ -1, then let us consider both

cases separately.
Suppose a > 1; then by virtue of the first part of the

theorem proved above we have

~ 1
(1+ ax) cx -< 1+- ax ==. 1+ x.ex
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Here the sign of equality holds only when x == O. Raising
both parts of the last inequality to the power a we get

1 -+- ax ~ (1 -t- .1')a.

Now let us suppose a < O. If 1 + ax < 0, then the ine­
quality (12) is obvious. But if 1 + ax ~ 0, then select the

positive integer n, so that the inequality - ~< 1 wouldn
be valid. By virtue of the first part of the theorem we get

a

(1+x)n>- 1 ~11-5:-x
1-~:r n

n

( the latterinequalit.y if> true, since 1~1- ~: x 2
) • Raising

both parts of the latter inequality to the nth power we get

(1 + xt >- ( 1 -+ ~ xr>-1 -+ n ~ x = 1 -+ ax.

Notice, that the equality is possible only when x === O.
Thus, the theorem is proved completely.

Problem 1. Prove, that if 0 > a > -1, then

(n+ 1)a+1_ na+1 a na + 1_ (n _ 1)a + 1
a+1 <n < a+1 . (13)

Solution. Since 0 < ex ~- 1 < 1, then accord ing to the
inequality (11) we have

( 1 +~) a+ 1 < 1+ a +1 .
n n .

( 1 - ~ r+ 1 < 1 _ a~ 1 .

Multiplying these inequalities by na+ 1 , we obtain

(n + 1)a+1 < na+ 1+ (c -} 1) nCt
,

(n - 1yx+ 1 < na +1 - ( a ~- 1) no.,.

The inequalities (13) easily follow from these inequa­
lities.
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Problem 2. Prove, that if 0> a > -1, then
(n+1)a+1_ ma+1

a+1 <
ex na+ 1_(m_'l)a+1

<ma+(m+1) + ... +na< a+1 . (14)

Solution. Setting in the inequalities (13) n == m,
m+1, ... , n, we get

(m+1)1+a_ m1+a m1+a_(m_1)1+a
1+a < ms «; 1+a

(m+2)1+a_(m+1)1+a a (m+1)1+a_ m1+a
1+a «m-1) < 1+a '

(m+3)1+a_(m+2)1+a a (m+2)1+a_(m+1)1+a
1+a < (m+2) < 1+a '

(n+1)1+a_ n1+a a n1+a_(n_1)1+a

1+a <n < 1+a .

Adding these inequalities we shall get the inequality (14L

Problem 3. Find the integral part of the number
111 1

x= V4 -\- Vs + VB + ... -\- V1,OOO,OOO

Solution. Setting i.n the inequality (14) m = 4, n =:

1
~ 1,000,000, a = -3' we get

2 2 2 2

1 ,ooo'OOi3 -43 < x< 1,000,00203_33

""3 ""3
that is

2 2 2 2

3 00 00"'3 3 43 3 000 0003 3 33-.10 1 --. <x<-· 1 --..
2 " 2 2 " 2

Since
2 2

3 - 3 - 3
2. 1,000,001 3 >2. 1,000 ,000 3 =2. 10,000 = 15,000,

; V16=V54<4, ; V9> ; V8=3,
then
15,000-4< x< 15,000-3, that is 14,996<x< 14,997.

From these inequalities it follows that [x 1 === 14,996.

26



1.5. The Mean Power of Numbers

In Sec. 1.2 before Problem 7 we have already named the
number

1ex+ a+ + ex -__ ( a1 aZ • • • an) ex
Ca -- n

the mean power of order Ow of the positive numbers at,
a 2 , • •• , an. In the same problem, it has been proved, that
Ca ~ cB' if Ow < 0 < ~.

Here, should be proved the validity of the inequality
Ca < cB any time when a < ~. In other words, the mean
power of order Ow is monotonically increasing together
with a,

Theorem 4. It at, a 2 , ••• , an are positive numbers and
a < ~, then Ca :::( cB' and Ca == cB' only when at = a 2 == . · ·
• • • === an·

Proof. For the case, when the numbers ex and ~ have
different signs the theorem has been proved above (refer
to Problem 7, Sec. 1.2 and the definition prior to it). Thus,
we have to prove the theorem only for the case when a
and ~ have the same signs.

Assume, that 0 < a. < ~, and let

1ex+ ex I + ex -
( a1 aZ ,- • • • an) exk == Ca == .n

Dividing ea by k, we get

~ =~ = ( (-t-)f3 -f· ( f )f3 -I-... -I- (~ ) f3 )+.
k Ca n

Now, supposing

we obtain

(15)
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(*)

Since
1

(dl+d2~ ... +dn)a =

, n

1
a a a --..1.- ( a 1+a2 + ··.+an ) a -1.- __1_. _._. 1

- - Ca - Cu ··_ ,
k n k Ca

then

dt+d2 +····+dn = 1 d +d + +d-n ' 1 2 • • • n -- n.

Suppose

dl == 1 +XI , d 2 = 1 +X2 , ••• , d; == 1 +xn •

From the equality dl + d 2 + + dn == n it follows that

Xl -f-x2 + --I-Xn = o.
On the basis of Theorem 3 (notice, that ~ > 1) we have

13 13a r;: ~
d 1 =(1+xt) ~1+-X1'ex

: ~ ~
d2 ==(1-\-x2) ~1+-X2'ex

13 13
a a ~

dn = (1 +xn ) :;;>1 +(i"xn , J

Adding these inequalities, we get

(3 (3 13
a a a ~

d 1 +d2 + ... +dn ~n+-(x1+X2+.... +xn)==n. (16)ex

From the inequalities (15) and (16) it follows that
1

c: :;;>( : fF = 1, cB:;;>k=ca.
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It is necessary to note that C (3 === k == Ca only when the
signs of equali.ty occur everywhere in (*), that is when
.xl == X 2 ~ ••• === X n ~ 0 (Theorem 3). In this case d, ===

== d2 = · · · === dn == 1 and, hence, a l ~ a 2 === ••• == an ==
=== k. But if the numbers aI' a 2, ... , an are not identical ~

then

Thus Theorem 4 is proved regarding the case when °<
< a<~.

If a < ~ < 0, then 0 < ~< 1. Reasoning the same waya
as before, we get in (*) and (16) the opposite signs of ine-
qualities. But since ~ < 0, then from the inequality

1.. 1.. i
df +d~ + ...+d~
-------~1n .-

it follows that

1

r\ ~ f3 )A- - - jJ 1
cl3 ( df -f-d!f +··.-t d~ -If
-= >1 =1,

k n

that is

Thus, Theorem 4 is proved completely.
Further on we shall name the geometric mean by mean

power of the order zero, that is, we shall assume g === Co'
Notice, that Theorem 4 is applicable in this case as well,

since (see Problem 7, Sec. 1.2) Ca ~ g = Co, if a < 0,
and cB ~ g === Co, if ~ > o.

From the proved theorem it fol lows, in particular, that

i.e. the harmonic mean does not exceed the geometric mean,
the geometric mean in its turn does not exceed the arithme­
tic mean, while the arithmetic mean does not exceed the
root-mean-square of positive numbers. For example, if
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and therefore

C-1 ==.: 1.7 ... < 2 == Co < 2, 3 ... == c1 < 2.0 ... == Ct.

Problem 1. Prove, that x 2 + y2 + Z2 ~ 12, if

x + y + Z == tl.

Solution. Since the arithmetic mean does not exceed
the root-mean-square, then

that is

X2+ y2+ Z2> (X+;+Z)2 •

62
In our problem x 2 + y2 + Z2 ~3" == 12. The sign of equa-

lity holds only when x == y == Z == 2.

Problem 2. Prove, that if x, y, z are positive numbers
and x 2 + y2 + Z2 == 8, then

X
3+ y3+ Z3> 16V ~ ·

Solution. Since C2<CS' then
1 1

( x2+f+Z2 )2« x3+~3+z3 )3.
In our problem
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that is

x3+ y3 +z3>3. : -V : = 1UV ~ .
Problem 3. Prove, that for positive numbers aI' a2,

a 3 , ••• , an, the following inequalities are true

(at +a2 + ... +an)a<na- 1 (a~+ a~ + ... + a~), a>1, (17)

(aj +a2+ .•. +an)a>

>na - 1 (a~+ a~+ ... + a~), 0 < a< 1. (18)

Solution. If a > 1, then

The inequality (17) follows easily from this inequality.
The inequality (18) is proved in exactly the same way.
In particular, from the inequalities (17) and (18) it follows
that

(x+y)a<2a- 1(xcx+yCX), a>1, x>O, y>O,

(x+ y)a>2a- 1 (xa+ ya), 0< a< 1, x> 0, y> 0.

Problem 4. Prove, that if x 3 + y3 + Z3 = 81,
x > 0, Y > 0, Z > 0, then

x + y + Z ~ 9.

Solution. Since
(x + y + Z)3 ~ 32 (x3 + y3 + Z3) = 9 .81 = 729

(the inequality (17)), then
x + y + z ~ y 729 = 9.
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CHAPTER 2

Uses of Inequalities

The use of inequalities in finding the greatest and the
least function values and in calculating limits of some
sequences will be examined in this chapter. Besides that,
some important inequalities will be demonstrated here as
well.

2.1. The Greatest and the Least Function Values

A great deal of practical problems come to various func­
tions. For example, if x, y, z are the lengths of the edges
of a box with a cover (a parallelepiped), then the area of
the box surface is

S === 2xy + 2yz + 2zx,
and its volume is

V :=: xyz.

If the material from which the box is made is expensive,
then, certainly, it is desirable, with the given volume of
the box, to manufacture it wi th the least consumption of
the material, i.e., so that the area of the box surface should
be the least. We gave a simple example of a problem consi­
dering the maximum and the minimum functions of a great
number of variables. One may encounter similar problems
very often and the most celebrated mathematicians always
pay considerable attention to working out methods of their
solution.

Here, we shall solve a number of such problems, making
use of the inequalities, studied in the first chapter". First
of all, we shall prove one theorem.

1 Concerning the application of inequalities of the second degree
to solving problems for finding the greatest and the least values see
the book by I.P. Natanson "Simplest Problems for Calculating the
Maximum and Minimum Values", 2nd edition, Gostekhizdat, Moscow,
1952.
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Theorem 5. If a>O, a> 1, x>O, then the function
1

:Jp" - ax takes the least value in the point x = ( : ) i -a I

a

(
a )a::Tequal to (i-a) a ·

Proof. The theorem is proved very simply for the
case when a = 2. Indeed, since

x2
- ax = ( x - ~ r-a; I

the function has the least value when x = ; > 0, this
a2

value being equal to - T ·
In case of arbitrary value of a > 1 the theorem is proved

by using the inequality (12), demonstrated in Theorem 3.
Since a > 1, then

(1 + z)et ~ 1 + az, z ~ -1,
the equality holding only when z === 0. Assuming here,
that 1 + z = y, we get

ya ~ 1 + a (y - 1), yet - ay ~ 1 - a, y ~ 0,

the sign of equality holds only when y = 1. Multiplying
both members of the latter inequality by ca , we get

(cy)(J, - ac(J,-1 (cy) ~ (1 - a) cet, y ~ 0.
Assuming

1

(
a )a::Tx= cy and accx.-1 = a, c= a II

we get

here the equality occurs only when

Thus, the function

1

(
a )a::Tx=c= a ·

xet - ax, a > 1, a > 0, x ~ 0,
1

takes the least value in the point x = ( ~ ) i-a t equal to
ex.

(
a )a=-r-(1- a) a . The theorem is proved.
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a

(a-f) ( : rZ

-

1
•

equal to

Fig. 1

In particular, the function x2 - ax (ex = 2) takes the
1

I t 1 · I . ( a )~-1 aeas va ue In t ie point x= T = 2' equal to
2

( a)2-1 a2

(1- 2) 2 = - T. This result is in accordance with

the conclusion, obtained earlier by a different method. The
function x3

- 27x takes the least value in the point
1 3

( 27)~ ( 27 )8=Tx= 3 =3, equal to (1-3) 3 = -54.

Note. Let us mark for the following, that the function

ax -.xa = -(xa. - ax),

where a > 1, a > 0, x ~ 0, takes the'
greatest value in the point

1

x= ( :r~-1 I

Problem 1. It is required to saw' out a beam of the grea­
test durability from a round log (the durability of the beam
is directly proportional to the product of the width of the
beam by the square of its height).

Solution. Suppose AB = x is the width of the beam,
BC = y is its height and AC ~ d is the diameter of the log
(Fig. 1). Denoting the durability of the beam by P, we get

P = kxy2 = kx (d2 - x2
) = k (d2x - x 3) .

The function d2x - x 3 takes the greatest value when

1

(
d2 )3='1 d 2

x= 3 = va ' y2=d2-x2= T d2,

d ,j- V-
Y= va v 2 =< x 2.



Thus, the' beam may have the highest (greatest) durability
if the ratio of its height to its width will be equal to V2 ~

- 7·
~ 1.4 =5.

Problem 2. Find the greatest value of the function

y == sin x sin 2x.

Solution. Since sin 2x == 2 sin x cos x, then sin x sin 2x===
= 2 cos x sin'' x = 2 cos x (1 - cos" x) ::::E:. 2 (z - Z3), where
z ,.~~os x and, hence, -1 ~ z ~ 1. Thefunction z - Z3 =

(: "z (1 - Z2) takes a negative value when -1 ~ Z < 0,

,~ Fig. 2

is equal to 0 when z = 0 and takes a .positive 'value when"
0< z ~1. Therefore, the greatest value of the function
is gained in the interval 0 < z ~ '1.

It is shown in Theorem 5 that the function z - Z3, Z ~ 0,
takes the greatest value in the point .

1

_ ( 1 )3::T _ .1
z- 3 - v'3 •

In this point

sinxsin2x=2z(1-z2)= ~3 (1-;)= 3V3 ·
So, the function y == sin x sin 2x takes the greatest value

in those points, where z =,cos x :-- Va and this value is

equal to 114
_~ 0.77. The graph of the function y =

33'
= sin x sin 2x is shown in Fig'. 2.

Problem ·3. Find the greatest value of the function
.-y == cos x cos 2x.



Solution. The function !J == cos x cos 2x does not exceed
1, since each of the cofactors cos x and cos 2x does not
exceed 1. But in the points x == 0, +2n, +4n,

cos x cos 2x == 1.

Thus, the function y == cos x cos 2x takes the greatest value
of 1 in the points x == 0, +2n, ±4n, . . . . The graph of
the function y == cos x cos 2x is drawn in Fig. 3.

y
1

Fig. ;)

Problem 4. Find the least value of the function

xa + ax,

where a > 0, (X < 0, x ~ 0.
Solution. Since (X < 0, then according to the inequali­

ty (12)
(1 + z)a ~ 1 + (Xz,

and the sign of equality holds only when z == O. Assuming
1 -t- z ~ y, z = y - 1, we get

ya ~ 1 + (X (y - 1), 1J ~ 0,

the sign of equality occurring only when y = 1. From the last
inequality it follows, that

ya - (Xy ~ 1 - (X, (cy)a - (Xca-l (cy) ~ (1 - (X) ca.

Assuming a == -(Xca-l , X = cy, we get
a

(
a )a::Txa +ax> (1 - (X) ca = (1 - a) -=a '

1

( a r"the equali ty holding only when x = c=- _ ex •
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Thus, the function xa +ax takes the least value in the
point

1

_ (_a )a:::Tx- ,-ex
a

(
a )a:::Tequal to (1- (1,) -(X •

For example, the function
1VX +27x, x>O,

takes the least value in the point
1

-1-

x= ( y)-3-
1

= 2
17

•

This value equals
1

-T
_ 1 -1

( 1 + ~ ) ( y) 3 = 4.

Problem 5. Find the optimum dimensions of a cylin­
drical tin having a bottom and a cover (dimensions of a
vessel are considered to be the most profitable, if for a given
volume the least amonnt of material is required for its
manufacture, that is, the vessel has the least surface
area).

Solution. Let V == nr2h be the volume of the vessel,
where r is the radius, h is the height of the cylinder. 'rho
total surface area of the cylinder is

S == 2nr2 + Zscrh,
V

Since h = -i-' thennr
V 2V

S == 2nr2 + 2nr --2 = 2nr2 + - .nr r

1Assuming x = -, we get
r

.s=2nx-z+2Vx=~n (x-z+ : x).
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The ·function x- 2 +~ X; according to the solution of the
n

previous problem, takes the least value when
1

x- (...!...) -2-1 - V" 2n
- 2n - V·

Returning back to our previous designations, we find

1 3/"2i" V nr2h hr= J V' r
3 == 2n = 2n ' r~2'

h == 2r == d.

'rhus, the vessel has the most profitable dimensions," if the
height and diameter of the vessel are equal.

Exercises

6. Find the greatest value of the function x (6 - X)2
when 0 < x < 6.

Indication. Suppose y = (3 - x,

7. From a square sheet whose side is equal to 2a it is
required to make a box without a cover by cutting out a
square at each vertex and then bending the obtained edges,

/

I
I
I-

20

Fig. 4

so that the box would be produced with the greatest volume
(Fig. 4). What should the length of the side of the cut-out
squares be?

8. Find the least value of the function

~6/+ S,x2 t 5,



9. Find the least value of the function

x6
- 8x 2 + 5.

10. Find the greatest value of the function

xa - ax when °< ex < 1, a > 0, x~ 0.

11. Prove that, when x ~ 0, the following inequality
is true

V- 3x<s+2x.
12. Prove that, when n ~ 3, the following inequality is

true

Vn>n+yn+1.
Indication. Make use of the inequality (8).

13. Find the greatest of the numbers
-.f') 3/-- V- V- n/"-1,v 2' V 3, 4, 5, ... ,vn, ....

14. Prove the inequality
n/"- 2
y n<1+ Vii ·

15. Prove the inequality

(1 + al) (1 + a2) ••• (1 + an) ~
~ 1 + al -t. a2 + · · · + an,

if the numbers a, are of the same sign and are not less
than -1.

16. Provo the inequality

(albl + a2b 2 + · · . +anbn}''' <
~ (a~ + a: + ... + a~) (b~ + b~ + ... + b;l). (19)

Indication. First prove, that the polynomial

(alx - bl)2 + (a2x - b2)2 + + (anx - b1t)~ ==:=

~ x 2 (a; + a; + + a;) -

- 2x (albl + a2b 2 -t- · · · + anbn ) +
+ (b: + b; -t- ... + b~)

cannot have two different real roots.

17. Using the inequality (19), prove, that the arithmetic
~~an is not greater than the root-mean-square.
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18. Prove the inequality
f "lj- "lj-Vii <v n+1- v n-1.

19. Using the inequality of Exercise 18, prove the inequa­
lity

"I j- V- ... j- 1. t 1
V n +1+ n - v 2 > 1+ 1/2-+Va + ·..+ V;; ·

20. Find the greatest value of the functions

x
3

6 0 to
x 4+5 ' x - .6x ·

3
Answer. V15; 0.4.

4 15
21. At what value of a is the least value of the function

Vx+ :2 equal to 2.5?

Answer. a = 8.

2.2. The Holder Inequality

In Theorem 7, by means of Theorems 5 and 6, the Holder
inequality is proved. This inequality will find application
in solving problems.

Theorem 6. If »> 1, ~+-.!-= 1, x>O, y>O, thenp q

xy<~+Jt.. (20)
p q

Proof. By virtue of Theorem 5, if a < 1, a > 0, x ~ 0,
then

ct

aa=T
xct-ax> (i-a) - .a

Assuming in this ineq uality that C/.., ==p, a = py, we get

...l!..- p

xP_(py)x~(1-p) (~ Y-1=(1_p)yP=1. (21)

Since -.!-+-.!- = 1, then
p q

~=1_~=p-1 q=---L
1

, p-1=.E....
q p rp' p- ~



Putting these values into the inequality (21), we get

xP_pyx> _Lyq.
q

Dividing all the members of the latter inequality by p and
transposing the negative members to the opposite side, we
get the inequality (20).

Theorem 7. If aI' a2 , ••• , an, bI , b2 , ••• , bn are posi­
tive numbers, and p and q satisfy the conditions of Theorem 6,
then

albt + a2b2 + .·.+anbn -<
t t

-«a~+a~+ ... +a~)p (bi+b~+ .•• +b~)q. (22)

Proof. Suppose

a~ + a~ + ... + a~ = A P, b1 + b~ + ... + b~ = Bq.

Then the right member of the inequality (22) will be equal to
1 1

(AP) P (Bq) q = AB.
Now suppose

at = ACt, a2 = AC2' ..• , an = Acn ,

bt = Bdt , b2 =: Bd2 , ••• , bn +Bd.:
Since

AP=a~+a~+ ... +a~=

= A Pdl + A Pc~ + ... +APc~ = A P (c~ + c~ + ... +c~),

then
Cf +. c~ + ... + c~ = 1.

In a similar way, it is checked that

Now
d1+~+ ... +~==1.

using the inequality (20), we get

albl = AB (Ctdt) -<'.AB(c! + ~t ) , 1
cP dq

a2b2 -<'. AB (-i-+-;) ,

·J

(*)



From these inequalities it follows, that

alb!+ a2b2 + ... + anbn --<
~AB.( cl+c~+ ... +c~ dl +di+··· +d~.) _
~ p + q' -

= AB ( ~ +-{- )= AB

.(let us reca11 tha t

1 1p -t- q = 1, c~ + c~ + ... + c~ ~ 1,

dl+~+ ... +~~1).
Thus, it is proved that the left-hand member of the inequa­

lity (22) does not exceed AB, that is, does not exceed the
right-hand m.ember.

It is not. difficult to mark the case when the sign of equali­
ty is valid in (22). Indeed, the sign of equality holds in (21)
only when

_1_ 1 q

X = ( ~ r- 1
= yP=T = yP, xp= yq

(refer to Theorem 6). Just in the same way, the equality
sign will be valid in each line of (*) only when

.!L !L
C2 === d{, ... , en === dl ,

i.e., when

Cl = eli, c~ === ~ , ..., c~ === ~.

Finally, multiplying these equalities by APIJl, we get
BQ(ACt)P===AP(Bd1)Q, that is, Bqal=APbl,

Thus, in (22) the sign of equality is valid if



Note. Taking in the inequality (22) p == 2, q = 2, we get
the inequality (19) (refer to Exercise 16):

,atb! + a2b 2 + .··+ anbn<-
<-V (a~ +a: -t- . · .+ a~) (b~ + b~ -~- ... +b~).

2.3. The Use of Inequalities for Calculation of Limits

In the following problems, the limits of quite complicated
sequences are calculated by means of previously proved
inequalities.

Problem 1. Prove the inequality

II ~ 1 < In ( 1 + ~ )< ~ · (23)

In ( 1 + ~) denotes the logarithm from. (1 + ~) with
base e (see pp. 21-22).

Solution. Combining the inequalities (8) and (9), we get

(1 + ~ f < e«; (1 + ~ f+1.
Finding the logarithm of these inequalities with base e,
we finally get

nln (1 + ~)<lne=1«n+1)ln (1 + ~),

1 (1 ) 1
n+1 <In 1 +-n <-n.

Problem 2. Assuming
1 1 1 1

Zt = 1--t- 2:' Z2 = 2 + 3"+4 '
1 1 1 1

Z3=3"+4+5+(f'
1 1 1 1 1

z~ =4+5"+6+7"+8' ...
111 1

· • ., zn = n + n + 1 -t- n + 2- + · · e +2n 1

find lim Zne
n ..... oo

Solution. Substituting n-1 for n in the first member pf
the inequality (23), we get

1 ( 1) n'-<In 1 +---4 =In--1 •n n~l- n- .



From this inequality and the second member of the inequality
(23) it follows that

In n+ 1 < -!.-< In _n_. (24)
n n n-1

Now, using the inequality (24), we write the inequa­
lities

In n+ 1 < -!.-< In _n_
n n n-1 '

In n+2 <_1_<ln n+1
n+1 n+1 n'

n+3 1 n+2
In n+2 < n+2 <In n+1 '

2n+1 1 2n
In~<2n<ln 2n-1·

Adding them and taking into consideration that the sum
of logarithms is equal to the logarithm of the product,
we get

1 (n+1)(n+2)(n+3) (2n+1)<1+ 1 +
n n(n+1)(n+2) 2n n n+1 .••

+_1 <1 n(n+1)(n+2) ... 2n
• • • 2n n (n-1) n (n+1) ... (2n-1) ,

that is
2n+1 1 1 ...L 1 2n

In--<-+-+A+ ... 1-2 <In--1·n n n... n n-

Since

(25)

lim In 2n+1 ==lim In(2+-!.)=ln2.
n-+oo n n-+oo n

2n 2
Exactly in the same way from n-1 =2 + n-1 it fol-
lows, that

lim In~1=ln2.
n-+oo n-

Thus, the extreme terms of the •.inequalities (25) have the
same limits. Hence, the mean term has also the same
44



limit, that is

lim ( ~ + n+
1

1 + ·· ·+i-) = lim zn = 1n 2.
n~oo n n~oo

Problem 3. Taking Xi = 1, X 2 = 1- ~ , Xa = 1- ~ + ~ ,...
.. • , X n = 1 - ~ + ~ - ~ + ~ - ~ + .. . + (-1t- i ~ ,

calculate lim Xn.
n~oo

Solution. We have
1 1 1 1 1 1 1

x2n = 1- 2" + 3 - T + 5 - tr + · · · + 2n-1 -2n=

= (1 + ~ + ~ + ~ + ~ + ~ + .. ·+ 2n
1 1+ 2~)­

-2 (~ +1+ ~ + ·· ·+ 2
1n)=

= (1 + ; + ~ + ~ + ~ + ~ + ···+ 2n
1

1 + 2~ ) -

(
1 1 1) 1 1 1

- 1 +"2+3"+ · · ·+n- == n+1 + n+2 + .. ·+2n-
In the previous problem, we have supposed that

1 1 1
Zn=n-+ n+1 + .. · +2n.

Therefore, X2n = Zn _.!.. But lim Zn = In 2 (refer to the
n n~oo

previous problem). Thus,

lim X2n = lim (Zn - .!.) == In 2.
n~oo n~oo n

It is necessary to note also, that X2n+1 = X 2n + 2n~1 ' and,
hence,

lim X2n+1 == lim (x2n + 2 1+1 ) == In 2.
n-. 00 n-.oo n

Thus,
lim X n == In 2.

Note. The numbers Xl == aI' X 2 == at + a 2, X 3 == at +
a 2 + c 3' • • ., Xn, == a l + a 2 -t- ... + an are termed
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partial sums of the series

al + a 2 + a 3 + · · · d n + .. · · ·
The series is said to be convergent, if the sequence of its
partial sums has a finite limit. In this case the number
S === lim X n is called the sum 0/ the series.

n~oo

From Problem 3, it follows that the series
1 1 1 1 1 1 11-2+3"-7;+5-6+." + 2n-1·- 2n + ...

converges and its sum equals In 2.

Problem 4. rrhe series
,1 1 1 1

1 1 2 +3 +4 + · · · +-n+ · · ·
is called harmonic series. Prove that the harmonic series
diverges.

Solution. According to the inequality (23)

.!.> In n+1 •
n n

Assuming n = 1, 2, 3, ... , n, write n inequalities

2
1 >lnT'

1 3
"2>ln 2 ,

1. I 43> n 3 ,

.!. >In n+1 •
n n

Adding them, we get

1 1 1 1 I 2·3·4 ... (n+1) I ( 1)
X n = +2+3+" '+-n> n 1.2.3 ... n = n n+ ·

It follows from this. inequality that

lim X n >lim In (n +1) == 00;
n~oo n"OO

hence, the harmonic series diverges.
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Problem 5. Prove that the series

1 1 1 + + 1 + (26)+ 2(1. -t- 3a • •• ~" ~ ,

converges at any ex > 1.

Solution. The sequence of partial surns of this series
Xt == 1,

1
X2 == 1+---a: t

2

1 1
x3=1+~+aa'

111xl.=1+-+-+-.. 2a. 3a. 4a '

Since

Y2n = 1- ( 2~ - 3~ ) - ( 4~ - 5~ ) - • • •

( 1 1) 1
· · · - (2n-2)a - (2n-1)a. - (2n)a t

then (the numbers in each bracket are positive)

Y2n< 1.
On the other hand,

1 1 1 1 1 1 1
Y2n=1-~+ ga-~+5~- 6~+· · ·+ (2n-1)~ (2n)~

(
1 1 1 1 1 1 1)

= 1+~+sa:+ 4~ +~+ 6~ + ... +(2n-1)~+ (2n)~ -

47

1 1 1
xn = 1+- +- + .. .+-2a. 3a. na.

is monotonically increasing, that is

Xl < x 2 < xa < X4 < · .. < X n < · · · ·
On the ·other hand, it is known that monotonically in~'

creasing limited sequence of. numbers has a finite limit.
Therefore, if we prove that the sequence of numbers Xn is.
limited, then the convergence of the series ·(26) will be proved.
as well. Suppose
Y2n=1 __1_+_1 1_+_1 1_+ •••

2a. 3a 4a. 5a 6a

1 1
···+ (2n-1)~ - (2n)~ •



Now, since X2n > X n, Y2n < 1, then
2 2a.-2

1 > YIn> X n - ---;;- X n = -- X n •
2"" 2a

Hence, it follows that
2a

x<--n 2a-2 t

that is, the numbers X n are limited when a> 1. Thus,
it is proved that the series (26) converges and its sum is

2a
not greater than -a--.

2 -2
For example, if a = 2, then

1 1 1 22

xn = 1+22+32+··· +~< 22-2 =2,

8 = lim X n === 1 + 212 + 3\ + ... +~ + ... ~2.
n~oo n

In the course of higher mathematics it is proved that
1 1 1 n 2

8= 1 +22+32+· · · +-;i2+ ... =6". (27)

Exercises

22. Find the sum of the series

S = 1- ;2 + :2 - 12 + ···+(- 1)n-
1 :2 + ··· ·

Indication. Use the equality (27).
n 2

Answer. 8=12.
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23. Prove the inequalities

n
rx+

1
<1+20.+'30.+ + "< (n··;_1)o.+1

11. (.... n +1' a>O ..
(J..-i- (J..

24. Assuming
X n === 1 +2rx -1- 30. + ... -+- na

,

prove that
. xn 1

11m --=-- a>O.
n-+oo na+ 1 (J.. -t--1 '

25. Prove the inequali ty

(a1b1c1 + a2b2c2+ ... + anb ncn)3-<

< (a~ + a~ + ... +. a~) (b~ + b~ + ... + b~) (c: + c~ + ...+C~l)'

if ak, bk , Ck are positive numbers.

Indication. Use the inequality (7) and the method
given in (22).

. 1 1 1 1
26. Assuming xn =-n+ n+1 + n+2- + ···+ kn' whe-

re k is a positive integral number, prove that

lim Xn = Ink.
n-+oo

Indication. Use the method of solving Problem 2 of the
present section.

2.4. The Use of Inequalities
for Approximate Calculation of Quantities

At the very beginning of Cha-pter 1, we have paid attention
to the fact that practical problems require, as a rule, an
approximate calculation of quantities and, as well, an abili­
ty to treat - such approximately calculated quantities.
A more accurate estimation of such quantities will certainly
permit to decrease errors in solving problems.

In the present section, we are going to return to an appro­
ximate calculation of numbers of the form

1/2 4-0866 49



In Sec. 1.1 we have succeeded in finding the number Sn, k

with an accuracy of up to 0.4 for k == 1, n == 1,000,UOO
· 1and a == 2 (refer to Problem 2). In the same section (see

Exercises 2 and 3), for n = 106 and k == 10,000, we were
able to find the number Sn. k already with an accuracy of
up to 0.01. The comparison of these two examples shows,
that the indicated method of their solution yields much
better results of calculation for greater values of k.

In Sec. 1.4 (Problem 3) we found the integral part of the

number Sn. k for k = 4, n = 106 and a = -}. Thus, this

number was also calculated with an accuracy of up to 0.5.
However, we could not find the integral part of the number

1
Sn.l for ex = 3 and n == 106 because the method of calcu-

lation of such quantities, indicated in Chapter 1, did not
permit doing it. In this section, we shall improve the method
of calculation of the quantity Snt 1. This improvement will
make it possible to find similar quantities with a higher
degree of accuracy quite easily.

Lemma 1. If Xl > X 2 > X 3 > > X n , then
o< A = Xl - X 2 + X 3 - x 4+ + (_1)n-l X n < Xl.

Proof. The number of positive terms in the written
algebraic sum is not less than the number of negative terms.
Besides this, the preceding positive terms are greater than
the following negative term. This proves that their algebraic
sum is positive, A > O. On the other hand, since

A = Xl - (x 2 - x 3 + x a - ... + (_1)n-2 x n)
and the quantity in brackets is positive too, then A < Xl.

Thus, the lemma is proved.

Lemma 2. If 0 < a < 1, then the following inequalities
are true

(2n+1)1-a_(n+1)1-a 1 1
1 < + + ...-a (n+i)a (n+2)a

1 (2n)1-a_ n1-a... +--< . (28)
(2n)a i-a

Proof. The inequality (28) follows from the inequality (14)
(see Sec. 1.4, Problem 2) when substituting n + 1 for m,
2n for nand -ct for ct.
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Theorem 8. True is the equality

1 1 1
Sn, j= 1+2CZ+~+ ... + ncx =

2(X [1 1 1 J
= 2-2Cl. (n+1)Cl. + (n+2)Cl. + · · ·+ (2n)Cl. -

2(X [ 1 1 1 J
- 2-2Cl. 1-~+ 3Cl. - • • • - (2n)Cl. •

(29)

Proof. We have

1 1 1 1
Sn. t= 1 + 2Cl. +3a+'" + n'X + (n+1)Cl. + ...

1 [1 1 '1 J···+ (2n)Cl. - (n+1)Cl. + (n+2)Cl. + · · · + (2n)Cl. •

Adding and subtracting from the right-hand member of
the equality the number

2 [_1 _1 _1 _1_J
2Cl. + 4Cl. + 6Cl. +···+ (2n)Cl. '

we get

Sn 1=1--1 +_1__1 + ... __1_+
, 2(X 3(X 4(X (2n)cx

[
1 1 1 1 ]+2 2Cl. + 4Cl. + 6Cl. + ... + (2n)Cl. -

[
1 1 1 ]

- (n+1)Cl. + (n+2)Cl. + ... + (m)Cl. •

The numbers of the first square brackets have a common

factor -k. Taking it out of the brackets, we get2 .

1 1 1
S 1-1--+-- ---+n. - 2(X 3cx • • • (2n)a

2 ( 1 1 1 )+---a: 1+---a:+---a+ ... +--a -
2 2 3 n

[ 1 1 1 J
- (n+1)Cl. + (n+2(.G + · · ·+ (2n)Cl. •
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Since in round brackets there 'is the number Sn.1' then
t 1 t

(n+1rl. + (n+2)a +- ···+- (2n)a -

[
1 1 1 ]

- 1- 2a +Ja-'" - (2n)rx =

( 2) 2-2
tk

== --1 Sn t=--Sn 1-
2CG ' 2(' '

Hence, after multiplying by 2CG and dividing by 2 - 2CG
,

we get the equafity (29).
The equality (29) is of interest because it brings the calcu­

lation of the quantity Sn.l to the computation of the quanti-

ty S2n n+l and' the quantity 1 - ~+~ - ... -~.
'- 2CG 3 (2n)

The first of these quantities for great n is calculated with
a high degree of accuracy by means of the inequality (28).
Concerning the second quantity, we know from Lemma 1,

that it is less than zero and greater than - 2
CG

• But
2--2CG

if we find the sum of the first four summands of the latter

quantity, then the remaining quantity (the error) will be
1 2CG

less than zero and greater than --. CG •
5CG 2-2

In the following problems we shall perform the calcula­
tion of this quantity with a higher degree of accuracy as well.

Problem 1. Find the sum
1 1 1

A==1+ y _+ y _+ ... + y-
2 3 106

accurate to 0.002.
Solution. By virtue of Theorem 8

A _ y2 (. 1 + 1 + I 1 ) _
- 2- Y2 Y106+1 Y106_~2 ... -r Y2.106

V2( 1 1 1)
- 2- yi 1- Y2 + y3 - · · · - V2.106 =

==CV2+1) (~ + ... +- Y:.106 ) -

- (y 2" + 1) (1 - ~ -1-~ _ •.• _ 1 ) ==
Y2 y3 V2.106

== (y2 --1- 1) (B-C),
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1
- V2n·

where

B = V t -1- V-
1
- .- + ···+ V 1 ,

1(j6 --1- 1 1U6 -: - 2 2•1U6

111
C = 11- V- + V- - · · · - V ·2 3 2 ·1U6

According to Lemma 2, the number B satisfies the inequa­
Ii ties

2 (V 2 •10<i --1- 1 - V106 + 1) < B < 2 (V·2•106 - V1Of)) .

The extreme numbers of the inequalities differ from each
other by less than 3 .10-4 • Indeed,

2 (V 106 -t- 1 - -V 106
) - 2 (V 2 · 106 + 1- 1/2 · 1O<i) ==

12 2 1

V 106 -1- 1 --1- V 106 V2.106--1- 1+ V2.1U6 ~ V 106 -

1 _ V2-1 __1_ < 3.10-~
V2.106 - V2 1,000 ·

Thus, the middle number wil l differ from the number B
by less than 2.10-4 • Calculating the first number and
subtracting from it 2.10-4 , we get

B == 828.4269 + ~l,

I s, 1<2.10-4
•

Now, proceed to calculating the number C. Let ni be an
odd number. Estimate the quantity

D===_1__ 1 + 1
V~ Vn~+1 Vm-\-2

For this reason, it is necessary to notice, that

--- --- 2
1/k+1-Vk-1= Vk+1+Vk-1

and

E' == 2
1/TIl -r- 1--1- V m - 1

2
-t- -V-,-n---1--3---1---V-,-n---1--1

2 +
V m -1-1 -/- Vn~

2
V V + ...-n1 -1- 4 -f- m. --1- 2
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2 r- lj- 1[--Y2n+1- Y2n_1- l m+1- V m-1- V m+2+

-t- V·om+ V m+3 - V m+1-V m+4+
+Vm+2 + ·.·- V2n + 1 -,-V 2n -1 ==: V m­
- V m-1+ V2n- V2n+1.

Thus, the number E is quite easily calculated. Subtracting
the quantity D from the quantity E, we get

E-D=( 2 __1_)_
Ym+t- Ym-1 Ym

-( Ym+~+vm Y~+1) + ...

... - ( Y2n+1~Y2n-1 %).
Demonstrate, that all the numbers in the brackets are posi­
tive and monotonically decreasing. Indeed,

2 __1__ 2 ym -(Ym+1+ Ym=1)
Ym+1+ Ym-1 ym - ym (Ym+1+ V m-1) =

2n~-2 Vm 2 - 1

= vm(Ynl,+1+Ym-1) (2Ym+Ym+1-t·-Ym-1) =::

2

= Vm(Ym+1+Ynl,-1) (2Vm+Ym+1+Ynl,-1)X ·
X (m+ ym2-1)

Hence, it is proved, that such numbers are positive and
monotonically decreasing with the increase of m. According
to Lemma 1

O<E-D<
< 2

Vm(V n~+1-'I-V m-1) (2 Ym +Y n~+1 +V m-1) X •

X (m +yll1,2_1)

\Ve shall not make a great mistake, substituting m for the
numbers m + 1 and m - 1 in the denominator. Here, we get

O<E-D< 2 1
ym.2 ym.4 Vm.2m ---;>.

8.,n~
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Taking m = 9 we get
1

O<E-D< 8.81.j< 0.0006.

This proves, that when m === 9 and n = 106

E -D = 0.0003 + .12, 1.12 1< 0.0003,

D= E-0.0003 + .12 = V9 - V8+ V2.106 -

-l/ 2.106 +1- 0.0003 + .12 == 0.1710 + .12 ,

Now let us return to the quantity C. We have
1 1 111 1 . 1

C~1-,r+,r-,r+'R-,r+,r-,r+D=
v 2 v 3 v 4' v 5 vB v 7 v 8
1 1 111

=1- 0+ Vs- V4+ vg- Vi3+
1 1+ V7 - V8 +0.1710 + Ll 2 =

1 1 ( 1) 1 1 1 1
= 1 --"2 - V'2 1 +"2 + V3 + vg - Vi3 + V7 +
+0.1710+Ll2 = ~ _ 3Y2 + ~3 + ~g _ ~ + ~7 +
+0.1710 ± .12 •

Thus, for the calculation of the number C with an accuracy
of up to 3 .10-4 it will be required to find only 5 roots and
to produce a number of arithmetic operations. Using the
tables and carrying out necessary calculations, we find

C = 0.6035 + .12 •

Taking into consideration the found quantities Band C,
and returning to the quantity A, we get

A = (V2 + 1) (B - C) = (V2 + 1) (827.8226+.1 3) =

= rVZ + 1) ·827.8226 + 2.5.1 3 ,

where

12.5.1 3 I~ 2.5 (I .11 1.+ I .12 I) < 2.5.5.10-4 < 2.10-3•

Thus, the calculation with an accuracy of up to 2.10-3

will be
A = (V2 + 1) 827.8226 = 1998.539.
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Problem 2. Calculate the number

1 1 1
A==1+ ~/_ + ~/_ + ...+~

1" 2 JI 3 J/ 1012

with an accuracy of up to unity.

Solution. By virtue of Theorem 8

A== V2 ( 1 + _ 1 +... 1)_
2-tr 2 ~/ 1012+1 ~ 1012 -~ 2 + t-2 .1012

V2 ( 1 1 1)
- 2-V2 1 - V2 + V3 - · · · -. V2.1012 •

The first term can be easily found and with a high degree
of accuracy by means of the inequalities (28). By virtue of
these inequalities the first term can he substituted by the
number

3 3

-t:
i

(2.1012)4 _ (\Ql2)4 =i..109(.Y8- 1) V; _"--c::~.f09.
2-y 2 1-! 3 2-,/2 3

4

By virtue of Lemma 1 the sum

V2 (1 __1 +_1_. _ 1 )
2-V2 V2 V3 · · V2.1012

is positive and is not greater than the first term. Since the
term is less than two, then

~ .109-2 < A < ~ .109
•

The extreme numbers differ from each other by 2, and from

the number A by less than 2. The middle number ~ .109 - 1
differs from A by less than unity. Substituting this number,
we get

A == 1333333332.3 +~, I ~ I < 1.

Notice that the accuracy of calculating the number A, con­
taining a trillion of addends, is extremely high. The relative
error is less than

100 : 1333333332~3 < 0.0000001 %.
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Exercises

27. Calculate (with an accuracy of up to unity) the sun}
1 1 1

1+~+ 3~+ ... +v-·}! 2 JI 3 106

Answer. 14,999.

2~. Show that the equality
1 1 1 nt-a.

1 +--c;+--a:+ ... +-a=-1--C +~n2 3 n-ex

is true, where ~n is an infinitely small quantity, Iirn ~n = 0,
n-.oo

and

C==~[1__1 +_1__1 + ... +_(_1)n-l_1 +_ ... 1.
2 - 2a. _ 2a. 3a. 4a. na. J



SOLlJTIONS TO EXERCISES

1. Setting in the inequalities (1) (p. 9) n === m,
m + 1, ... , n:

2Vm+1-2y'm< -Vm <2Vm-2Ym-1,

2y'm+2-2Vm+1< V-1 - <2Vm+1-2Vm,
m+1

2Vm+3-2Vm+2< k <2Vm+2-2Vm+1,
m+2

2V n+ 1-2Vn< -Vn <2Vn-2Vn-1.

Adding these inequalities we get

1/- 1/- 1 12 y n+-1-2 y m<~+ -l-Vm V m-i- 1
1 1 1/- 1[---

+ V + ... +----;::- < 2 y n-2 y m-1.
m+2 In

2. 'faking in the inequalities of Exercise 1 m === 10,000,
n === 1,000,000, we obtain

2 y 1,000,001 -2 V10,000< V 1 +
10,000

1 1
+ V10,OO1 + '" + V1,OOO,OOO <

< 2V1,000,000- 2 V9,999.
Since

2V1,000,001 > 2V1,000,000 = 2,000, 2V 10,000 === 200,

2 V9,999 == V' 39,996> 199.98

(the last inequality can be easily checked, extracting the
square root with an accuracy of up to 0.01), then

2,000-200=1,800< V 1 +
10,000

+ V1~,001 + ... + V1,~O,OOO <
< 2,000-199.98= 1800.02.
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3. Multiplying the inequalities of Exercise 2 by 50, we
shall get in our designation

90,000 < 50z< 90,001;
hence

[50z] == 90,000.

4. For n == 1, it is obivous, that the inequality is true

.!-~ 1 =..!..
2~~ 2

Assuming now that the inequality is true for n =::' k
1 3 5 2k+ 1 1
2"4"""6 .". --;g;--<. l!3k+1 (a)

prove that it is true for n =--= k + 1, that is, prove that

1 3 5 2k - 1 2k+1 1
2"4""6" ...~" 2k+2 -< l!3k--!-4 " {h)

Multiplying the inequality (a) by ~~~~ , we get

..!. .~ .~ 2k-1 . 2k+2 ~ 1 . 2k+1 .
2 4 6 ... 2k 2k -1- 2~ 1/3k+1 2k+2

What is left is to prove the inequality

1 • 2k+1 < 1
l!3k+1 2k+2 l!3k+4·

Multiplying it by (2k + 2) V3k + 1 V3k + 4 and squaring
both parts of the obtained inequality, we get

(2k + 1)2 (3k + 4) < (2k + 2)2 (2k + 1),
or

12k3 + 28k2 -t- 19k + 4 < 12k3 + 28k2 + 20k + 4.

The latter inequality is obvious, since k ~ 1.
This proves that the inequality

1 3 2n-1 1
2"4""'"2n-< l!3n+1

is true for all n.

5. Assuming in the inequality of Exercise 4 that n == 50,
we get

1 3 99 1 1 1 1
2""4 ... 100 < V3.50+1 = vm < l!144 =12'
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6. Assuming y == 6 - x, x === 6 - y, we shall bring the
problem to finding the greatest value of the function

(6 - y) y2 === 6y2 _ y3

when 0 < y < 6. Assuming then, that y2 :-~ Z, we shall get
the function

3

6z - z2,

whose greatest value (refer to note on p. 34) is equal to
3

(~ - 1) ( ~) ~ ~1 =0.5.4
3=32

and is obtained in the point
1

~ -1

z= ( ~r =4
2

•

The function 6y2 - y3 takes the greatest value in the
point y ~ 11 z== 4, and this value equals 32.

The function x (6 - X)2 attains the greatest value of 32
in the point x == 6 - y == 6 - 4 == 2.

7. The volume of a box (see Fig. 4, p. 38) equals

V =: x (2a - 2X)2 == 4x (a - X)2, 0 < x < a.

Assuming y == a - x, y2 == Z, we get
3

V == 4 (az - z2).
3

The greatest value of the function az - Z2 is obtained
in the point

1

_(3:...-)i -1 _ (~)2z- 3 - 3 ·

,2
Therefore,

1/- 2a 2a a
Y== V Z=T' x==a-y===a-T=3·
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Thus, the volume of a box will be the greatest, if the

length of the side of the cut-out square is ~ that of the

side of the given square.
8. The least value of the function x 6 + 8x 2 -~ 5 equals 5

and is obtained when x == O.
9. Assuming y == x 2, we shall bring the problem to finding

the least value of the function
y3 _ 8y + 5

for positive values of y.
In Theorem 5, we have proved that the least value of the

fit notion y3 - 8y is equal to
3 3

(1- 3) ( ~ ) 3=1 = _ 2 8~ = 32Y6 .
32

The least value of the function y3- By+5 is equal to
32 'V6--9-+5== -3.6 ....

10. Assuming y = xa we get the function

1 ( 1 1 ) 1y-aya =a a y - yri , a>O, -a>1.

By virtue of Theorem 5, the greatest value of the function
1 ..!.

- y_ya is
a

a
. -1--

(
1)a-1

1

(~-1) I =(~_1)(~)t=a=

1

c= 1~a ( : r- 1
•

Multiplying the last quantity by a, we shall find the greatest
1

value of the function a (~ y - ya) which is, hence, equal to

_1_ 1+_1_
a (a) a-1 ( a) a-1(1- a) a· a: = (1 - a) (i ==

a

(
a )a:T== (1 - a) a ·
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11. The function ~x- 2x, x>O, a = 1' a = 2, has the
greatest value, equal to

Therefore, for all x~o the following inequality is true

4/"- 3 4/- 3
y x -2x<g' or V x< g+2xo

12. Write down the inequality (8) in the form of

(n-;1r<e, (n+1)n<enn.

If n>3> e, then
(n +1)n< en"< 3nn <nnn = nn+1 o

Raising both members of the latter inequality to the power of
1

n (n+ 1)' we get

n+yn+1<;/no

13. Since 1 < V2= :Y8< :Y9 = :;3, then :;3 is the
greatest of the numbers 1, V2, ~'3o On the other hand,
in the previous problem we have shown that the sequence
of the numbers :;3, ;Y"4, 0 0 0' ;/n, 0 0 0 decreases. Hence,
Y3 is the greatest of the numbers 1, V2, y3, 00.

»r:.00' v n, 0 •• 0

14. Suppose ;/n == 1 + an, an > O. Raising to a power
of n we get

Assuming that n~2, ~ ~1, taking Theorem 3 as the

basis, we get
n

(1 )2 1 n ( 1 n ) 2 1 n
2

2+an > -Tan, n ;» +Tan == +nan+T(Xno
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Hence, it follows that

n2
2 2 4 2 »r: 1+ 1+ 2n > 4" an, an< Ii"'" , an< -vn' -V n = an < lin ·

Note. Using Newton's binomial, it is easy to check that

Yn<1+l/~·
Indeed,

(( +Vr
~ f = 1+nv ~ + n (n2- 1) ~ + ...> 1+

+ n(n
2
- 1) : =n.

Hence, it follows that

Yn<1+-V: ·
15. When n == 1 and 0,1 > -1, the inequality is obvious

1 + 0,1 ~ 1 + at.

Let us assume, that the inequality is true for n == k,
that is

(1 + 0,1) (1 + 0,2) .•. (1 + ak) ~

~ 1 + a1 + 0,2 + . · · + ak·

Multiplying both members of the inequality by (1 + ak+l),
we get

(1 + 0,1) (1 + 0,2) .•. (1 + ak) (1 + ak+1) ~

~ (1 + 0,1 + 0,2 + ... + ah) (1 + ah+1) ==
== 1 + 0,1 + · .. + ah + ak+1 + a1ah+l +

+ a 2ak+1 + ... + °haJl+l·

Since the numbers 0,1' 0,2' ... , ah, ah+1 are of the same
sign, then

a1ah+l + a 2ak+1 + .. · + ahah+ L ~ 0

and, therefore,

(1 + a1) (1 + 0,2) ... (1 + all) (1 -t· ah+l) ~

~ 1 + 0,1 + 0,2 + ... + ah + ah+ l'

that is, the inequali f.y is proved also for n === k + 1.
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This finally proves the inequality to be true
(1 + al) (1 + a2) ... (1 + an) ~

~ 1 + al + a2 + · . -. T an
for all n.

16. If the polynomial (ai,x - bl)2 + (a2x - b2)2 + ...
. . . + (anx - bn)2 has a true root x == Xl' that is

(a}xI - b})2 + (a2xI - b2)2 + ... + (anxt - bn)2 == 0,

then every number alxl - b}, a2x } - b2, ... , anx i - bn is
equal to zero, that is,

o ::-::-: a.}x} - bl = a2x} - b2 == .. · == anX} - bn ,

bt b2 bnXt=--=-::==··· ==-.at a2 an
Thus we proved that the polynomial

(alx - b})2 + (a2x - b2)2 -t- + (anx - bnr~ z:..

== x2 (a~ + a.; -~ + a~) -
- 2x (a}b} + a2b2 + + anbn) +

+ (b~ + b~ T . . . -1- lJ~)

cannot have two different true roots and, therefore,
(alb} + a 2b2 + ... + anbn)2 -

- (a~ + ... + a~) (b~ + ... +- b~) ~ o.
From this follows the inequality (19)
(a}b} + a2b2 + ... + anbn)2 ~

~ (a; -t- a~ + ... + a~) (b; + b~ + ... + b~).

Notice, that the sign of equality holds only when the
polynomial under consideration has a true root, i.e. when

at a2 ~

b'; ~ b;" == • • • == bn •

17. Using the inequality (19), we get
2 _ ( at + a2 -f- ... + an ) 2 _

C1 - n -

(
at 1 an 1) 2

= -Vii Vii + ···+ -vn Vii -<
~ ( at + a~ + . . .+ a~ ) (~+..!.-+ . . . +..!.-) ===

n n n n n n
n

at ·1- a~ -t- ... + a~ 2
~~-n--""""';";" = c2 •
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Hence, it follows that C1 ~ C2 (the arithmetic mean does
not exceed the root-mean-square).

18. From the inequality

(vn+1 +Vn_1)2= n+1 +21/'n2--1 +n-1 =
= 2n+2 V n2

- 1 < 2n + 2 Vn2 = 4n
it follows that

y n +1+Yn -1 < 2 yn,
_1_< 1
2yn Vn+1+Vn-1
_ V~-~ _V~-V~
- (-vn+1+~) (Vn +1- Vn -1) - 2

Multiplying by 2, we get

1 11- 11-Vn<V n+1- v n-1.

19. Setting in the inequality of Exercise 18n = 2, 3, ... , yn:
1 .--<V3-11/2 '

Va <V4-¥i,
1 1/- 1/­V4 < V 5- V 3,

Vs <Y6-¥4,

1 /- 11-1-vn <1 n+1- V n- ·

Combining the written inequalities, we get

1 1 1 1/- 1/- 1/-2 11/2+V3+"'+Vii<vn+1+ vn- v -.
Adding 1 to both parts of the inequality, we finally get

\

1 1 1 1 1
1 + V- + V- + V- + ,n: + ... + V- <2 3 4 v5 n

<V n+1 +Yn - ¥2:.
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3

Note. It was proved in Sec. 2.1 that

1 1 1 y- 1(-1+ V2+ va+"'+-vn>2 n+1-2 v2+1.

The numbers Yn + 1 + yn - V2 and 2 y n + 1 ­
- 2 yf+ 1 differ from each other less than by 0.42. Each
of these numbers could be taken for an approximate value
of the sum

1 1 1
1+ -Vi + 1/3 + .. ·+ Vii =Zn'

Let us notice without proving, that the number y n + 1 +
+ Vn - y2: differs less from the number Zn, than the
number 2 y n + 1 - 2 V2+ 1.

3
20. The function x'~5 takes a negative value when

x < O. Therefore, the greatest value of the function is
obtained for positive values of x.

Since
x3 1

x4+5=
5 ({-x+rS ) I

then the greatest value of the function is reached in the

same point in which the function ~ x + X -3 takes the least

value. It follows from Problem 4 Sec. 2.1 that the least
value of this function is equal to

-3

(

1 )-=3=1 3

(1+3) ~ =4L~f;.
a

The greatest value of the function z4x+5 is equal to
3

154" 15

(

1 ){=20 = 20V15
5·4· 15

To find the greatest value of the function x6 - O.6x10 , we
get y=x6 • It is clear that y>o. The function

10 ( 10 10
y-0.6J16 =0.6 Ty_ylf)
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we get

takes the greatest value (see the note on p. 34) equal to
10

-6-
-1-0-

0.6 ( 160 _ 1) ( ~: )-6 -1 = 0.4.

21 A"~ll ming in this exercise that y _ 1-Xi"'
1

r >: a --II J .+ --;:2 = y 4 -l- aYe

1

The least value ot the Iuuct inn y-4+ ay, as it follows
from Problem 4 See. :2. '1: i.~ oqtI HI to

( 1 1) (4 ~ ~) . ~+T a)~ :.~.. T ('la;::' ·

5 .!.
Assuming T(4a)5=2.5, we get.

1

(4a)5 = 2, 4a == 32, a == 8.
1 1 1 1 1 1

22. S ==1-22+32-42 +52--62+ .. ·

(
1 1 1 1 1 )

== 1 +22+32+42+52+62+ · .. -

- 2 ( i2 + 12 + i2 + · · ·)=

(
1 1 1 1 1 )

= 1 +21+32+42+52+62+ · .. -

-;2(1+;2+;2+"')=
1 ( 1 1 ) 1 31

2 re2

=""2 1 +22+32+ ... =2"·6=12

(we have used the equality (27)).

23. Since (1, > 0, then (1, +1 > 1 and, hence,

(1 ++)1+a>1 + 1~a ,

(1_+)1+a>1_
1~a.
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Multiplying these inequalities by n1+a , we get

(n + 1)1+a > n 1+a + (1 +a) na,

(n_1)1+<X>n 1+a_(1 +a) na.

From these inequalities it follows that
n1+a._(n_1)1+a <X (n+1)1+a_ n1+a

1+a <n < 1+a •

Write these inequalities for the values n == 1, 2, 3, ... , n:

1 21+a_1

1+a <1< 1+a

21+a_1 a 31+a_21+a

1+a < 2 < 1+a '

n1+a_(n_1)1+a a. (n+1)1+a_ n1+a
1+a <n < 1+a •

Adding them, we get

~~: < 1+t~+3a+ '" +na«n+11~:a-1 «ni_~~+a.

24. It follows from the inequalities of Exercise 2:1 that

( 1)1+a
_1_<1+2"+3a+ ... +na < 1+-n .
1 T a, n1+a 1 T a,

The left-hand member of the latter inequalities is a constant

number 1-~a.' and the right-hand member tends toa limit

equal to 1~a.' when n tends to infinity. Hence, the mean

member of the inequalities tends to the same limit as well,
that is

25. Let us introduce the designations

A3=a~+a:+ +a~,

B3=b~+b:+ +b~,

C3 === c~ + c: + ...+c~ ,
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at a2
Xt = A ' X2 === --:if '

bi b2
Yt=B' Y2==B'

an
, xn=A'

bn
, Yn=B'

Ct C2 en
Zl=C' Z2=C' ,Zn=C·

On the basis of the inequalities (7) we have
x3+ y3+ Z3

atbtct = ABCXiYtZl~ABC t 31
I,

x 3 + y3+ Z3
a2b2C2 = ABCX2Y2Z2~ ABC 2 ; 2,

X~+Y~+Z~anbncn =ABCxnYnzn-<.ABC 3 •

Adding the written inequalities we get

atbtct +a2b2c2 + ··.+ anbncn-<,
-<ABC ( xf+ xi+

3
" , +Xh + YHY~+3" '+Y~+ zf+z~+3" .+Z~, ) .

Taking into consideration the introduced designations, it is
easy to calculate that

3' 3 I r 3 A3
3 + 3 + + 3 = at T Q.2 - ~ ••• -,- an == _ :..:=: 1

Xl X 2 • • • Xn A3 A3'

Y: +Y: + ... + y~ == 1, z~ + z: -t- ... + z~ -= 1.
Hence,

/ 1 1 1 )
aibiC! + a2b2C2+ ... + anbncn-<'ABC \3-+-3 +3 == ABC.

Raising both members of the inequality to a cube, we finally
obtain
(atbtct + a2b2c2 + ... + anbncn ) 3 <A3B3C3 =
= (a~ +a: + ... + a~) (b: + b:+ ... + b~) (c~+c:+ ... + c~).

26. Write down the inequalities (24) for different values of n

In n+ 1 < -.!-< In_n_
n n n-1 '

In n+2 < _1_< In n+1
n+1 n+1 - n'

kn+ 1 1 kn
In kn <Tm< In kn-l ·
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Adding these inequalities, we get

In (n+1)(n+2) (kn+1)<J...+_1_+ ..• +_1 <
n(n+1) kn n n+1 kn

[
n n+ 1 kn]< In n -1 · -n- · · · kn -1 '

that is

kn+ 1 ( 1 )In n =-=:: In k +n <
1 1 1

<-n+ n+1 + n-j-2 +
1 kn

+-<In--=-kn n-1

In (k+ n~1)'

If n tends to infinity, then In (k +1) tends to In kand

In (k + n~1 ) tends to the same limit as well. Therefore,

!~~ (++ n~1 + ... + k~)=Ink.

27. By virtue of Theorem ()

1 + V2 + · · · +V~06 =

V2 (1 1 1 )
= 2-V2 V106T1 + V106+ 2 + · · · + V2.106 -

V2 ( 1 1 1 )
- 2-V2 1 - Vi + V3 - · · · - V2.106 ·

3 -

The second addend is negative but greater than- V; _>
2-V2

- 1.9. The first addend, according to the inequalities (28),
satisfies the inequalities
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Since the extreme terms of the latter inequalities· differ
from each other very slightly (less than 0.1), then

1 1
15,000 - 2< 1 + 1Ir + + V- < 15,000.

y 2 106

10 6

The mean number 14,999 differs from ~ ViC less than by 1.
k=1

28. By virtue of Theorem 6

1 11+ 2a + +~==

where

[
1 1 1 ]

(n+1)a. + (n+2)a. + .. · + (2n)a. '

2(1., [ 1 1 1 J
Bn = 2-2a. 1-2C£+3!i""- ... - (2n)a. ·

The number Bn is a partial sum of the series
00

This series is sign-alternating with monotonically decrea­
sing (by absolute value) terms. Its remainder (by absolute
value) is not greater than the absolute value of the first

2(X 1
term of the remainder, that is, the number 2-2(1.,·~.

Since this number tends to zero when n-+ 00, then the
series converges and

00

2(1., k 1
lim B = ~ --(-1) -=C
n-+oo n LJ 2-2(1., ka '

k=1
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that is "rn==Bn-C is an infinitesimally small value. Now,
using the inequalities (28), we get

2 2
a

2a
[(2n_1)1-a_(n+1)1-a]<A n<

2a I-a< __ [(2n)i-a_ n l - a ] ==_n__ •
2-2a i-a

Since the difference between the extreme terms of the ine­
i-a

qualities tends to zero when n -+ 00, then 6n == An _ _n__
1--a

1
+-=An-Bn ===

na

i-a i-a
==_n__-6n - C +Yn ==_n C+ ~n,

i-a i-a

is an infinitesimally small value.
Thus,

1+_1 +
2a

where ~n == 61/. +YlI is an infinitesimally small value.
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The booklet contains some particularly interesting
inequalities playing an important role in various sections of
higher mathematics. These inequalities are used for finding
the greatest and least values as well as for calculating the
limits. The booklet contains 63 problems and most of them
are provided with detailed solutions.

The book is intented for students of senior classes of
secondary schools.
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