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TaE Key to Algebra for the Uss of Colleges and Schools has
been published in consequence of applications from teachers and
students. It is hoped that the Key will be acceptable to teachers
by saving much of the time and trouble which they have to
employ in correcting the mistakes of their pupils ; and that it will
be serviceable to those who enter on the study of Algebra without
assistance, by affording them guidance and encouragement. The
examples have been solved in the most simple and natural manner,
in order to meet the difficulties which are most likely to occur;
and the processes are given with sufficient detail to render them
easily intelligible.
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1. 1464+16=98. 3. 9+80-4=85.
8. 8+24486=63. 4 4+496-13=88,
5. 12472+8-0=92. 6. 1+9+16+0=26.
24 921 2
7 G+ Mogse-1a15 8 256-256+12-6=.
9416 25 216-64 153
% g-s=5 =% 10 sprar6= 6>

11, Jﬁ-,./s+\/4=9-2+2=9.

12. A/36+ /216 Y8=6+6-2=10.

18. (9-5)(3+1)+(3+45)(B+7)-112=4x448x12-112
=16+96-112=0,

14. 5(256-24)+3/(25+34) =5 /143 //T9=5+8xT=5+21=26.

15. 8+/(25-24)+5+/(26 +24)=8/1+5 /19=8+5xT=8+35=43.

16. 10+8,/(12+4)-(10- S)J(IQ 4)=10+8,/16-2 /8
'J 8x4-3x2= 10+82J4 88.

17. (10-5) (/16 +10)+.j{(16 10)(5+1); 5(4+10) 4 \/{6x 6}
=5x14+6=70+6=

(16 - 1){4100+25;+4((1e 5)(10+ 1)}
=15 (10+265) + /{11 x 11}=16 x 85 + 11 = 525 + 11 = 536,

18. Y{@+8)*x5}+ Ji(2+6) (5 - 4)}+3){(6-8)*x 2}
= V63 x 6} +/8 + {21 x 2 =5+2+2=9.

II.
5. 4ab- 2 +82® - 2ab + 2azx + 20w =2ab + 22 + 2ax + 2bx.

6. ba-85+4c—Td-{2a-20+8c~d}=5a—38b+4c—Td~2a+2d—- Sc+d
=8a-b+c~6d.

7. ot+4a3-22%4+Tx—1- {aA+ 223 - 22%+ 6 -1}
=zt 4+ 42 - 223+ Tz —1 — 28 - 223+ 222 — B2+ 1= %’l-z.

8. 8a%-2az+2?- {a’- az+ 22} =3a% - 2az + 22— a2+ ax — 1=2a — ax.
9. 2(a-b)-c+d-{a-b- 2(c d)} =2a=2b—c+d~{a—b—2c+2d}
2-20-c+d-a+b+2¢-2d=a-b+c-d.

.. |
T. K. .l‘ B



III. MULTIPLICATION,

10. (a+d +)y-{a-b)z-0-
@O

=az+bx+by+cy— az+ bz + by - cy=2hx + 2by.

11, a-{Pp-(c-d}=a-{p—c+d}=a-b+c-d.
12. a-{b-c)~d}=a-{p-c~d}=a-db+c+d.

18. &+ 2%~ 6a— {3b— (6a—6b)}=a-+3b—6a —{3b— 6a + 6b}
=a+2b - 6a—8b+6a—6b=a-"Tb.

14, Ta-{3g-[4a-(5a—-2a)]}="a~{3a-[4a—(8a)]}
=Ta-{3a ~[4a-3a)}=Ta-{8a - [a]}=Ta~{8a—a}
=7a,—{2a}=7a—2a=5a.

15. . 8a—[a+b-{a+btc—(a+b+c+d)}]
=8a-[a+b~-{at+thtc~qg-b-c—d}]
=8a—[a+b-‘;-d}]=3a—[a+b+d]
=84-a-b-d=2a-d-d.

16. 2o-[3y ~ {4z~ (5y - 62)}]=22 - [8y - {4 ~ by + 64}]
=2z—[8y—{10x—5y}]=2x—[3y—103+5y]

' = 2p—[8y - 102] =2z — 8y + 10z =122 - 8y.

17. a-|2b+ {3¢—38a~(a + b)} + 2a~ (b + 8¢)]
=a-[2b+{3¢c—8a-a—b}+2a-b—8¢c]
=a-[2b+8c-8a—a-b+2a~b-8¢]
=a-2b-8c+8a+a+b-2a+b+3c=3a.

18. & —[6b—{a~ (8¢—8b)+2¢— (a~2b-0c)}]
=a-[6b—{a—8¢c+8b+2-a+2b+cl]
=a - [6b - {+6b}]=a - [6b - 6b]=a.

19. a+2x-{b+y-{a—w-(b-2y)]}
=a+2z-{b+y-[a-2-b+2y]}
=a+2-{b+y-a+z+b-2y}
=a+2%-b-y+a-2-b+2=2a+2-2b+y
=4+6-6+5=9.

20, 43-22'+a+l- (3P -a—g-"T) ~ (@~ 4x*+ 22 4 8)
=4 -2 +g+1-8F+ 2P+ 2+ (-~ 147 - 20-8

= . .

III.
29. Each expression will be found =z*+ 623 + 112% + 62+ 1.

30. at+®
btz
“ab+bx
+ ax+ o
ab+(a+b)z+w?
c+2z
abc+(a+d) cx+ ca?
+ abx +(a+d)2’+2®
abec+ (@bt be+ca)z+ (a+b+0) 23+




III. MULTIPLICATION. K]

3. z-a
z -b
P s
~br +ab
2 —(a+b)z+g¢b
% -¢
Pl P ek

- o +c(a+d)z—abe
A—:‘-‘(ia+b+c)c:’+_(ab+bo+ca)a'—abc
X -
= @+0+0) D+ (ab+ be+ ca)s’ — gbex
—dad + (a+b+0) da® — (ab+be+ ca) de+abed
2~ (&+b+c+d) 2 +2° (ab+bc+ ca +ad + bd +cd) - &o.
32. We multiply together the first and second factors, then the third and

fourth factors; and then multiply together the two xesults: and we use the
method of Art. 56. Thus

(a+b-c)§a+c—b}=(a+b—c)g;z-(b-;)}=a,!_(b—c 2=q? - 3 - ¢+ 20,

b+c—-a)a+b+c)= B+ -a’=b34c*+2bc—a’; .
(8% + c*+ 2bc — a?) a’-b‘-c’+2b(:)=(2bc+b’+c’—a’){2bc—gb’-l-sc’—a’)}
=4b%1 - (034 c3 — a?)2=4b3%c? - (b* + o + at+ 2b%c? — 2c%at — 24%09)

=2b%3+ 2c%a% +-2a%h? - at - b8 - ¢b.

83. (¢ +B)(d+¢)=b2+ab+bc+ac,
(c+d)(d+a)=d?+ed +ac+ad,
(@+c)(b—d)=ab+bc—ad—cd;

5%+ ab + be + ac — (d? + ed + ac + ad) — (ab + be — ad - ed)
=::+;l:+bc+ac—d’—cd—ac—ad—ab—bc+ad+cd

84, (a+b+ct+d)*=a+b+c+d?+ 2ab + 2ac+ 2ad + 2be +2bd + 2¢d,

(@—b—-c+d)}=a%+b2+¢?+d? — 2ab — 2ac + 2ad + 2bc — 2bd — 2¢d,
(@~b+c—-d)?=a®+b2+ ¢ +d? - 2ab + 2ac - 2ad ~ 2be 4 2bd — 2cd,
(@+b—c-d)*=ad+ b3+ 2+ &+ 2ab - 2ac—2ad —2bc — 2bd + 2¢cd.

Thus the sum is 4 (a? 4 * + ¢ + d3).

85. See Art. 55.

86. (a+b+0)3~ (ab+ ac—a?) - (ba +bc - b%)—(ca + b - ¢?)
=(@+b+c)?-ab-ac+al~ba-~dc+ b —ca—ch+c?=&o.

87. 8(z-)(z+y)=8 (27~ 2y +y)z+9) =8(z* -y -2+ 9),
3(z+yP(z-9)=8 @+ 20y +y")(z - ¥) =3 (& +2y-ay* - ¥);
and see Art. 55 for (z- )3 and (x+ ).
88. Use the result of Example 83.
89. Use the result of Example 32.
40. It will be found that
(% + )8 =28+ 8aTy + 28258y + 5625y + TO4y* 4 563y® + 282%F + 87 + o>

oL (s ey = (804 2 (Bey) = ey (43

42. Bee the preceding solution.
B2



4 1V. DIVISION.

48. Tt will be found that (#— 8z + 2)?=2%— 62° + 1827 — 12z 4 4.
44. When we arrange the expressions suitably we find we have to

multiply 2 —axt - a'z + a® by o° - ax® - a% + a®.
45, (a +b)2=a%+ 2ab + b%; (a—-b)}=a? - 3a% + 3ab? - b".
46. ) 8(3—2b)(8— 2c) =43 — 252 (b +c) + 4bcs,
8(8—2¢)(8 — 2a) =4 — 28% (¢ + @) +4cas,
2(8—2a)(s - 20)=2% - 287 (a + b) + 4abs;
by addition we obtain
863~ 44% (@ + b+ c) + 48 (be+ ca + abd),
that is 88 - 48° + 45 (bc + ca + ab),
that is — 8+ 48 (bc+ ca+abd).
Again (8 — 2a)(s — 2b)(2 — 2¢) + 8abe
=8 - 257 (a+ b+ ) +42 (be+ ca+ ad) — Babe + 8abe
that is — 8%+ 43 (be+ ca+ ab).

IV,

18. The product is 28 — 24a* + 14422 — 256.

19. The produect is 8 — 5i* + 343+ 623 — Tz + 2.

20. The product is 227 — 825 — 32° + 1224 - 7a® + 282 + 32 - 12,
" 21. See Art. 70 for the factors of a3+ 2? and.of a*+a’z®+ x4,

22, The product is &8 — 2z%a - &4a? + 4z%a® — 2%a* — 22a’ + ab.

23. a’—bc)a:+a‘(b+c)-a[l::-'-b’c-bc’ a+b+e
J Q' —a
adib+c) —b%c—bc?
a(b+c) —be(b+0)

25. The product is £% — 6%+ 1524 — 202® + 152% - 62+ 1.
27. z+y-1 )28 +3yz+ P =1( -z (y-1)+yt+y+1
v )di"+z’(v—1) & . ¢

-2i(y-1)+8yx+y3-1
- (y-1)-z(y"~2y+1)
* z(Y+y+1)+y2-1
z@'+y+1) +y5-1
28. a+b-c)a’ +3abc+ - ( a®~a(b-c)+b3+be+c?
a®+at(b-c)
—a*(b—c)+3abc+ b~
-a? (b c) - a (b - 2bc +cf)
a(®®+de+c?)+b5-¢3
a (b +bo+c?) +b2 -3
380, a(b+c)-bc:)u’(b’—c’)+2abc’—b’c2 ad-c)+be
a?(b~¢?) —abe(b—c)
a (be? + b?c) — b3¢?
a (bc? + b%c) — bc?




IV. DIVISION. . 5

8l (a+b—c) (a-b+c)=at -2~ 3+2be
(@ =0%—c3+2bc) (b+c—a)=(a®-03—c*+2bc)=b+c~a.
32. The dividend arranged according to powers of a is
a? (b +c)+a (b3 + 2be+¢%) + be (b+¢)
a+b) a®(b+c)+a (b3 +2bc+c?) +be (b+e) (a b+c)+bet+e
ad(b+c)+a®+be)
a?bc+c")+bc O+ec
a(bet+c?)+be(b+c)
83. The dividend arranged according to powers of a is
a8 — 3athe + 3a3b%3 + TH3c3
a+ bc) at— Sa‘bc +8a%%2+ 79 ( a* - 4abe+ T3 .
a8+ athe
~4a‘be+ 8a¥b’c?
= datbe — 4a2b?c?
Ta?b3c3 + 7b3c3
7% + Th3c2
84, It is convenient here first to divide by # - @, and then to divide the

quotient by a+b.
Dividing by z -~ a we have by Art. 70
b (2" + ax + a?) + az (x +a) +a?,
that is ad +a? (b+2) +a (bx+ 2°) + ba®
a+b) d+a(b+z)+abe+a®)+ba® ( a?+ax+a?
ad+a%h

a’z+ a(bx +2?) + ba?
adrtabz
ax? + ba?
az® + ba?
85. y—x-l-z)y (w+2z)—y’w+y(—ar‘+az’—2z')+z’z—atz3 Y +22)+y (e~ 22 —x2(z+2)
P E+22)+y (-2t 22+ 2

Ea-.’ 22’)+y§ x"+u’ —223) + 23z — 228
Y3 (2? - 22%) +y( — 2 + a2+ 2z — 228)
—y @2+ a2%) +aPz-2B
—y(@2+ar?) +adz-add
86. a—b+c)a’(b+c)+a( B2tc?+be)— b+ ( ad+)+be
a*(b+c)+a(-0+c%
abe - b3+ c3b
abe — b+ c%
87. The divisor is (¢—b) (x+a+b); so we first divide the dividend by
a-b: this gives «* ~z (a®+ ab+ %) +ab (a +b)
a:+a+b)a'.’ ~z(a®+ab+b%)+ab(a+d)( 2*~z(a+d)+ad
B+ a? (a+d) :

~a23(a+b)- a:(a’+ab+b’)+ab(a+b)
~ 2% (@+b) —z (a?+ 2ab + B9)
mb+ab$u+b

2ab +ab (a-+b)




89.

40.
41.

42.
43.

that is
that is
44.

V. MISCELLANBOUS EXAMPLES.

The dividend
=a (2 -0 -2 (2" - 3% = (a - z)(x? - B%) = (@ — z) (x+D) (£ - D).
a%-a (b+) +bc) a®(b-6) +a (-03+3)+c-bc? ( a (b-c)+¥~c*
J @& (b-t)-u? (5*-c%)+a (bc-be?)
@ (=) +a (55— b’o+be’+c’;+b‘c-6e’
a?(b*-ch)- a (B +b2%c-be*—2)+bc-bc®
_The dividend = (a®+ b+ ¢%) £+ (@? + 5 + &) 3%,
The dividend
=b(a?- %) +2(a® -2 = (b+2) (- 2= (b+2) (4—2) (B +4).
The expression=(G—~d)*—(b—¢c)2. See Art. 70.
First divide by z+a: this gives
b(2'-ax+a)+az(z~a)+ad,
b (- ax+a®) +a (2 - ax +4Y),
0+ 48) (- ax+a?).
The dividend=2 (28+ 6z%°+62%A+3%); or it ‘may be put in tle

form 2 (2 3 48 + 6297 ot ¥ g%).
45. The dividend="T7x%+ 21::53/’ + 8528y® + 8524 + 21a%® + Tay®; the di-
visor =24 + 223y + 8x%y3 + 2zy3 + A, td

49.
48.

4).

50.

L

Ly

al® - £16= (a8 4 38) (a® — z") then résolve thd second factor, and so on.

4a28% - (a’ +b7-¢)?= (2ab+a? 4 b2 — ) (2ad—a?~¥?*+¢?)
={(a+b)3~c} {3 - (a—bd)%= &e.

4(ad+b0)® - (- B — 14 a2
={2(ad + bc) + a® — b3 - ¥? + @% {2 (ad + bc) - a? + B2 + ¢ — @) = &e.

It will be found that the proposed expression
=(a3+ b+ ¢ (2 +y3+2%).

V.
Each expression becomes 4 (@ +2)%
5(1_§)y{exsﬁ}-§\/(sxs; +1=§xa-?xe+1=9.

(Fro) /1 (=33} o/ a3 (5-3)

1
RER ST,

() 1G98 S )

Each expression
=4{at+ 08+ A - 2a® (0 + ¢) - 20% (a + c) - 2¢3 (a + B) + BatB?4-8b3c1 4+ 3c%a?.



VI. GREATEST COMMON MEASURE. S 7 .

7. (6-0)'+(8-8)+ - +al=4e? -2 (a+b+o)+a+ ¥+
' =4t — 4" +a+ BT+ =+ DT+
8. 3(s-a)(s-b)+2(s~Y)(s—-c)+2(s—c)(s—a)
=688 —48(a+ b+c) + 2ab+ 2bc+ 2ca

= =283+ 2@b 4 2bc+ 2ca= —%(a+b+c’)’+2ub+2bc+2ca
1
=—§(a’+b’+c’)+ab+bc+m-
And 20— a7 =P - =1 (a+ b eI —at - B-I= .

9. a(s-b)(s—c)=a{s?~s(b+c) +bc},
b(c-cg(c—a)=b{a’-a§c+a)+ac},
cl—a)(e-b)=cis*- s(a+b)+adl

By addition we get
248 — 28 (ab + b + ca) + 8abe.

And 2(s-a)(s-0) (8-c):g{a_';i(:(;-bﬁr+b:):;§a_b:bz}c.+oa)-abci

The sum of these two results is abe.
10. BSee Art. 55.

11, (s-a)?=8-2ea,+a;% (8- ag)'=2"- 205+ a%, Se.;

then by adding the n expressions we obtain
ns? — 28{a; + Gy +... +0u} ¥ 4,1 ag¥ + .0+ 275

and 28{a, +ag + ...+ Gu} =m8%:
go we have the required result.
12. (¢2-a®) (2 =B + (61 —B%) (02 = N + (07— %) (67 - a?)
( ’)=3o‘b-2-)2¢r’ (a®+ 0%+ +a’b’+b’c’+(c’a’
=804 - 404 + a3+ V3¢ + c'a?

=- @—"‘%ﬂ+a’b’+b’c‘+c°a'

=] {2at0+ 9t 2002 - b - .
@+b+c)b+c—a)(c+a~b)(a+d-c)
4 ’

And 4s(s-a)(s-b)(e—c)=
then see Ex. 82 of Chapter IIL.

VI.
1 S-x-2 m’—83+2k1 Divido by 2 and change signs;
- 2-2 2-2 )&'- -2 ( z+1
-244 3 -2 &
. -2

z-2




VI. GREATEST COMﬁON MEASURE.
2+ +42412 ) 22442+ 4dx+ 8

4823 42 +12
T - 9)a='+8a='+ 4““2(‘”3
o8 - 9
823 +182+12
823 -27
13z + 39

Divide by 13; m+3)£ . -9 (z-3
+82

—8z-9
~3z-9

P+ t+xz~-8 w’+3z’+53+3(]

2+ 28+ 2-8
22+ 4z +6
Divide by 2; «*+2x+3 z‘+ 2+ 2-8(2-1
234 229 4 8z
— P-2-8
- 2?-2¢--8
o>+ 1) B +matymotl &1 Divide by mz;
o z+1):t’ +1(¢’-z+1
ma3 +mx 23+ 2?
) 1
—-2'-x
z+1
z+1
Divide the first expression by z;
82 + ax - 4a? ~Taz-20a3 ( 2
6w’+2a:c- 8a3
T " Oaz-12a%
Divide by ~ 8a; 3:c+4a) 32+ ax-4al? Qz—a
32" + dax
~ Bazx - 4a?
- Saz —4a?
Y Yo - P Bty Divide by g*;
)“’*”’y’ w-y)z’ -y (z+y
dy? - % -y (
Speap 7

ayt -y zy~y*




VL GREATEST COMMON MEASURE.

7. 8%~ 182+ 232 - 21 ) 623+ 2?-442421( 2
623 — 262 + 462 — 42
2727 ~ 90z + 63
Divide by 9; 8c’—10a:+7) 32318224+ 28x-21 ( 2~ 1
828 - 1027+ B2
- 823+ 16z -21
~ 82+ 10z~ 7
6x~-14
Divide by 2; 80-7 }8+%-102+7 (2-1
’ )&n’-— Tz (
- 8x+7
= 82417
8. ad—-23-2242 z‘8z'+‘.’a’+zl¢2
- -2+ 22
—2z"+h’— z-1
-2+ 2t +dz -4
223 - b2+ 8
Multiply the new dividend by 2;
22— bz +8 ) 22 - 22 -4z +4
2 -bal+3z
82 _Te+4d
Multiply by 2, and continue the division;
62*~142+8 ( 8
62— 15249
-1 )22%-63+8 ( 22-38
) (
-82+8
~3z+8
9. z’—8a:’+19:c-14) A-Ted+ 8234 28¢-48 ( x+1
o — 828 + 1923 - 14z

o - 1123+ 422 - 48
o - 87419214
- 82°+23x-84
Multiply the new dividend by 8, and change the signs of the divisor;
8@’—28a:+84) 823 —242% + 572 - 42

82% — 23a% + 842
- #'+23z-42
Multiply by -8, and continue the division ;
Divide by —46;
- 8296924126 ( 1 z-2) 84% - 232484 Ksz—l"l
8- 23x4 84 8- 6z
—46z+ 92 -172+84

17484



10 VI. GREATEST COMMON MEASURE.

10. 'z'+2z'-z-2)x4- B4+2°+ 248 (1
244223 - z-2
— 828+ 22%+ 22+ 6
Multiply the new dividend by 8, and change the signs of the divisor ;
828 -22%-22—5 )B4 +6® . -Bz-6( =z
Bah — 223 - 228 - 5
8¢'+ﬂ+%—6
Multiply by 3, divide by 2, and continue the division ;
1223+ 82%+ Bx— 9( 4
12— 8a'— 8z-20
1128 + 112411
Divide by 11; z’+m+l)3z3-2m’—zz-5 8z-5
84® + 84+ 8z
—b528-62-5
—b683-bz—5

11. Multiply the first expression by 8;

Saz’+5a:"-a:+2) 124+ 272+ 62— 6x-12 ( 4z
1224+ 2023 - 4%+ 8

7% +102% - 14z - 12 ‘
Multiply by 8, and continue the division;

212343022 -422-86 ( 7
2123+ 8522~ Tz + 14

586250 |
Divide by ~5; c'+7z+10) 823+ 62—~ 2+ 3 ( 3x-16
82 +212%+ 80z |
=162~ 8lx+ 2
~162%~ 1122160
8lx+162
Divide by 81; a:+2) 224 T2 +10 &c+5
=24 2
bz+10
bz+10

12. Multiply the first expression by 2 ;
4w'-180‘+19z—8)4z‘-24¢'+38c’-12w+18 ®
4a4— 182 +192%~ 8z
- 62®+192'~ 9z+18

Multiply by - 2, and continue the division ;

1223 — 8843+ 18z - 86 &3 : \
122% -~ 5422+ 65Tz — 9
162989227




VL. GREATEST COMMON MEASURE.

Multiply the new dividend by 4;
1653 - 89:&-27) 1623 - 7222+ 762-12
162 - 892 - 27z
—38324%+103¢-12
Muitiply by < 186, dnd continue the division ;
52822 -1648z+ 192 ( 88
5282~ 1287z - 891
— 861x+1088
Divide by =861; 2-38 )164°-89s-97 ( 16z+9
16% - 482

9z - 27
9z - 27

18. Divide the first expression by #, and multiply the second by 3 ;
6a®+2% -1 ) 1223 — 1823 12a>+ 9 2
1223+ 242
- 2022 - 12:!:-1- 11
Multiply the new dividend by 10, and change the signs of the divisor ;
2023+ 122 — 11 ) 6023 + 1022 -10 &3@
6023 + 3622 — 88z
— 2602+ 882 - 10
Multiply by ~ 10, and continue the division;
2602 — 830z 4+ 100 {( 18
26022 4 1562 — 148
— 486z + 243
Divide by —248; 2z-1 ) 202*+12z~11 ( 10x+11
J 202%—10x

T 22211
22z-11

14. Multiply the second expression by 2;

1228 - 15yx + 3; 12@" 1223 + 4yt — 4y
sl 228 — 1528 + 8y*z &

8y’ + y'z—4P

Divide by y; 82 +yz - 4y ) 1242 - 15yz+ Sy’ 4
1321 dya- 16
19y + 19
Divide by -19y; =z-y )82+ yz-4y*( 8z+4y

by -19y y Sat syz &

T -4y
Y-ty

11



12 VI. GREATEST COMMON MEASURE.

15. 215-11a,-‘—9)4:c’+11:¢.‘ +81 (2
48 — 2293 ~

11x‘+22z’+99
Divide by 11; z‘+2¢'+9)§:: R 18;9(2:;
+ +

—443-1122-182-9

Multiply the new dividend by 4, and change the signs of the divisor;

423+ 1123+ 182+ 9 ) 4o + 82° +36k
4ot 4+ 1123 + 182% 4 92

— 1123 - 102* - 9+ 86

Multiply by -4, and continue the division ;
443+ 4022+ 86x~144( 11
442° + 12122+ 198 + 99
- 812% - 1622 - 243

Divide by -81; 2?42+3 )43+ 112+ 182+9 ( 443
4+ Bx?+122
85+ 6z+9
82+ 6z+9

16. Divide the first expression by a3 and the second by ax; as the
tacboramoommontothesentmnbeafwtorof the g.c.m.;
2¢2+ 3az - 92 ) 6a® — 1702 + 1402~ 823 ( 8a—13z
623+ 9a%z - 27ax? (

~26a%z+4laz? - 8a3
— 26a% - 89ax? + 11723

80ax? — 12023

Divide by 40x*; 2a - 3z ) 2a*+ Sax— 9z (a+ 3z
Zal-8az _ \ -
6az — 9x?
6ax — 923

17. 22— 13824+18 )22+ (2a~ 9)2*~( 9a+ 6)2+27( z+a+2
228 -13 2 +18 =z
a+ 4)at—( 9a+24)z+27
22+ 4)z°-(13a+ 26)z+18a +36
(4a+ 2)z—-18a-9

Divide by 26+ 1; 2::-9)22::-153:+18 z-2

- 42+18
~ 4z+18
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18. . Multiply the first expression by 2, and divide the second by y;
2a%2? - abxy - b%y? ) Ba¥2? - 2a%ba’y + 2ubiy® - 203 ( ax
) 20%2%~ aba'y - abxy? &
- a’bx’y+3ab’xy’ 25%8
Divide by by, multiply by ~ 2, and continne the division ;
2a%% - 6aba:y+4b’y’ 1
2a%*— abzy- b
E— 5abwy+5b’ 3
Divide by - 5ly; ax - 2a%3 - 2 ( 2az+
by - 5y by ) 20t~ by -y ( 2ty
abzy ~ by
abxy — by

19, z’+ax’—azy—y’)z“+2w'y+z’(y’-a’)—2a¢§:-y‘ z2+2y-a
22.'I-a)1-"+¢'(y’+ay—a’)+4ﬂfv' -2

2y-a)z}+a’ (2ay-a’)+a (—2ay’+%’)y)-y;' (%y-a)
@' - ay) +2 (4" - a'y) +y* - ay®

Divide by y*-ay;
w’+¢(y+a)+y');‘:a:;(y+a);arf -y (z-y
- a%y - ay (a+y)-9?
-y - xy(«+y;—y’

20. P48 -8 =92 -8 ) 25— 24— 6234+ 42?4+ 13246 (1
5+ 84 - 829- 9x2-8
~ 5zf — 623 + 1223 4- 222 +-9

Muitiply the new dividend by 5, and change the signs of the divisor;
5t +62% =~ 1242 - 222~ 9 ) 52° + 152* ~ 4022 - 462 - 15
52°+ 6at—1223~2227— 9z
924 + 1223 - 1822 — 86 ~ 16

Multiply by 5, and continue the division;

4524+ 6028 ~ 9022 -1802-75 ( 9
4524+ 542° - 1082° - 198z - 81 K
62® + 1822+ 18z+4 6

Divide by 6; z'+3¢'+3w+1)$+lgg—:]l.gg—2§:—9k53—9
+ 16523 + 152° +
- 923-2723-272-9
— 923 -2722-272-9
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21, Multiply the first expression by 2
4m‘+2w'-18c’+8gp-5) 122° - 8- 2203~ 62%-~ 62-2 ( 8z
1225+ 6wt~ b4x®+ 928— 162
— 1428 + 322 - 162 + 92— 2

Mulliply by -2, and eontinue the division;
28zt — 6403+ 8027 -18z+ 4 (T
2824+ 1407 — 126¢ + 210 — 85
— 780 + 1562 — 392+ 89
Divide by - 39; 228 —-4a*+z-1 ) 4xt+ 20°-1821+82-5 ( 2245
4t — 84 227-92
1023 — 2022 + b2 — b5
1023 ~ 202+ 5z - 6

22. Multiply the first expression by 8;
8a® - 7g3* + 8a’z — 2¢3 ) 82* - 3as® - 8a%?~ 80’z -6at ( 7
84 ~ Tax® + 3a%z? — 2a%2
492® — 60"’ ~ a’z -~ 6a*

Divide by e, multiply by 8, and continue the division;
1223 - 18ax3 ~ 8alz~18a3 [ 4
1243 — 28ax? + 12a%z —~ 8a®
10a2? — 15a%z — 10a? ‘

Divide by 5a, and multiply the new dividend by_2; ‘
222 — 3ax ~ 2a? ) 62® - 14ax%+ 6Ga'z—4ad [ 82
622 - 9ax®—~ 6alx
b 20z~ 4 |
Divide by @, multiply by — 2, and continue the division ;

1022 ~24ax + 8ad ( 6
1023 — 15ax — 10a?

- 9ax+18a?
Divide by - 9g; -2 ?:z’ 3w 2a’k2z+a

T az—2a%
ax - 2a?

23. 2°-03'+26x - 24 ) 22~ 102 + 812~ 30 (1
3

- 9234 262—24 |
- o34 bz— 6 )2 -9224 26024 ( ~2+4
. 22 -52+ 6z
4120z - 04 \
~ 4234202 - 24

Thus 23~ 5z+ 6 is the 6.c.m. of the first two expressions. ’
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::; 113'1+38¢ 40(»-6
- Gc’+82w 40
- 622+ 80z -86

2- 4

a-ﬁ) :”:g:”(f—a

-8z+6
-8z 6

z2*-524+6

Divide by 2;

24, - 102*+9 ::+10a:'+201.-'-10:c-2,1 1

- 102 + 9

1023 + 302? — 10z - 80
c'+3¢’-z-8)z‘ ~100*

at+ 88~ 238z

-8x8~ 9294 8x+9

—82%— 92%48x+9

Thus 2?4 82%— 2 — 8 is the ¢.0.M. of the first two expressions,

Divide by 10; +9

w’+8¢’—z-3)x‘+h:‘-22z’-4x+2l z+1
A48~ 22-8»
2 -21x%~ g+21
o2+ 8x%— xz- 8
- 248 +24
Divide by ~24; :c’-l)a.'+aac'—m-3 z+8
2 -
8 -8
82 -3
Vil
1. 22*482-2 )6a%- (3 Divide by -5;
6a? + 9z 6 2z—1)2z’+3z 2({z+2
T —10z+5 -«
42-2
44: 2
Thus the a.c.m. is 2z—1.
2, z’+z--2)z‘ —-1{z-1 Divideby3
oS4+2l-20 z-1 z’+c 2({z+2
—+%-1 -2
~-23— z+2 T 9z-2
T 8%z-8 22-2
Thus the 6.0.M. is -1



16 VII. LEAST COMMON MULTIPLE,
3. 2*-82+7 )2*-929+282z-15( z-1  Divide by 8;

23 -8+ Tz a:—l)z’-8¢+7&z-7
- &3+16x-15 -
- 234 8- T -7z+7 ‘
T 8-8 — 47

Thus the ¢.0:M. is -1,

4. Multiply the second expression by 8 ;
823-5x+2 ) 1203 - 122~ 3248 ( 4=
1228 - 2027+ 82
8x1-11xz+3
Multiply by 8, and continae the division ;
24::’ 83z+ 9 (8 Divide by 7;

- 402+ 16 z-l)&’c’-&:+2 3z-2
a8 h

T =< 1

Thus the a.c.x. is z—1,

5. z’~1)x’+z’—z—1(1 Dindeb z;
) -

Tz

Thus the a.0.M. is 2~ 1.
6. -2 -2y?+ 27 P+ 22y -2y -3 ( 1
Jat i i (
4y -

Divide by 4y; ot~ a3 - 2 2
ivide by 4y ”’)z» Xz’y_wy’+y'(z y
T

~ 22% +2y2

Thus the a.c.M, is 2% -y,

7. 2x-1 divides 4231, so that 4«?~1 is the r.c.M. of the first two
expresgsions. Then it will be found that 423 —1 and 4?4+ 1 have no common
measure greater than unity; so their L.c.x. is their product.

8. The r.0.M. of the second and third expressions is their product
(z®+1)(2%~1) that is 25~ 1; the first expression=g (x?~1)=w(z+1)(z-1):
now z+1 divides o3+1 and z~1 divides #3—1: thus 28~1 divides 2%~ 1,
and is the a.0.:M. of # (x? - 1) and 2% - 1; and therefore their r.c.m. 1sz(:r.‘-1).

9. The vn.c.M. of the second and third expressions is their product; and
this is divisible by the first expression.
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10. -6+ 11— 6 )P - 922+ 260-24 (1 .
@® - 6+ 11z~ 6&

T 82+ 16z 18

Divide by -8 az’.—5:¢+6)::—6$+11x-6 z-1
=562+ 6z
- o'+ bz-6
- 2?4+ bz-6

Thus 2% -5z + 6 is the a.0.m. of the first two expressions; and their r.c.ar.
is (2® - 92° + 262 — 24) (z - 1), that is 24— 102 + 8523 — 50z 4 24.

23 -8 +192-12 )24 - 1023+ 8622 - 502 +24 ( -2
)a:‘- 8% 4+ 1923 - 122
— 2234 16a% - 382+ 24
— 234 162% - 382+ 24
Thus #*- 8¢%+192 — 12 is the 6.0.M.; the L.0.M. i8 (23— 92+ 262 - 24) (x—1):
it will be found that this=(z - 1) (z - 2) (z - 8) (- 4).

11. The ¢.0.M. of the first two expressions is 2®— 5x+6, by Ex. 23
of Chapter VI.; and their n.c.M. is (2®—102? + 8lx-30)(x ~ 4), that is
2% — 1428 4 T12% - 1542 4 120: it will be found that this is divisible by the
third expression, and so it is the r.0.M. of the three. And it may be shewn
to be = (2 - 2)(x - 8)(x ~ 4)(x - 5).

12. The e.0.m. of the first two expressions is 2%+ 82~z - 8 by Ex. 24
of Chapter VL.; and their r.0.m. is (x*+ 102® + 202? — 10z — 21)(x — 8), that is
25 4 Tt = 1023 - 702 4+ 92 + 63 : it will be found that this is divisible by the
third expression, and so it is the L.c.M, of the three. And it may be shewn
to be= (2% - 1)(2? - 9)(x + 7).

18. 2?—4a% ) ®+ 2ax% +4a’x+ 8a® [ 2+ 2a
8 —4a%

2a23 + 8a’x + 8a®
2ax? - 8a?
8a’z+ 16a®
Divide by 8a2; z+2a ) a? —4a? &a; ~2a
3+ 2ax
—2ax — 4a®
- 20z — 4a3

Thus z + 2a is the 6.0.m. of the first two expi'essions; and their L.c.u. is
(2 + 2ax® + 40’z + 8a3) (x ~ 2a), that is a4 —16a%. Then it will be found that
this is divisible by the third expression, and go it is the r.c.m. of the three.

14, The three expressions are obvioﬁsly
x-a)(z=-3), (@-d-0, (r-c)(x-a);
and their r,0.m.is (@~ a) (- d)(x~-c)

T. K, )



18. . VIIL FRACTIONS.

15, 92— (8b-2c)z~8bo w+(2a-sb)z'-(2b'+sab)z+w z+a-0
23— (8 — 2¢) 23— 8bex
2(a-c;a=’—(2b’+8ab —85c) z-+358
2 (a—c) 22— (3ab-8bc—2ac+2¢%) 2—-8b¢ (a—c)
~2(b%+ac—c") z+8b (b*+ac~c%)

Divide by ~ (@ +ac~¢%);
%- 35)2:* (35-20)2— 3bc(z+o

2¢x - 8b¢
2¢x - 3be

Thus the 6.0.M. is 22-8b; and it will be found that the first expression
= (2% - 8)(23 + ax - b%), and thst the second expression = (2 - 8b)(z +¢).

mlgo Resolving into algebraical factors the three expressions become by
' 6(a?+ab+b%)(a-0)4, 9 (a*+0%) (a+d)(a~0)} 12(a+d)*(a-0)%;
hence we infer that the 1.0.M. of the three is
86 (a - b)t (a+B)® (a®+ %) (a® + ab+ 5%);
this may be put in the forms
86 o~ 4% (a*+¥*) (a* - %) and 86 (a3 (a*- &) (- ¥7).

VIIL

1. <*+2%-8 §+6a-7 1 ’ Divide by 4;
+2z-8 z- z’+2z 8(x+h
= T)et
&t ]
828
Thus ¢ -1 is the ¢.0.x,

2. z’-3¢—4)z' -4z~ 6&1 Changethesigns;
2-8z-4 e+l )a'—8z—4 ( £-4
TS z-1 m’+ ®
x4
—4x-.4 |

Thus #+ 1 is the ¢.o.M.

8. 2 -82+3 ) 2*-6a+112-6 ( z~8
o —8xt4+ 22
~82'4 9z-6
-3+ 92-6

Thus - 8z 42 is the 6.0, M. }
4,  The numerator =(a + 3)?, and the denominator =(a+8),



v '

VLI FRACTIONA

5. z’+9a=’+26s+24) ::Ilgs+g$+m+u z+1
. + 2628 4

o+ 927+ 26x+24
o34 927426424
Thus «® + %+ 26 4 24 is the a.0. M.

6. Multiply the numerator by 2;
248~ 1123+ 1756 ) B! - 322 4 46 - 128
6o — 83234 51— 18
a3— bx+ 6
ad- 5&+6)2w' 113 4-172-6 ( 2=-~1
23 ~ 1022 + 122
- o*+ bz-6
- o'+ bz-6
Thmb’—5w+6i5theo.om.
7. 23—t =-24+2 6&’ bt 8.
. 6a® — 8% — 3z+6
T 2+ 8z-2

Change the signs;
28 -84 2 - o= 42 (241
228 ~ 823+ 22
222~ 8242
22 -8z 42
Thus 22?—8xz+ 2 is thera.0:m;

8. Multiply the numerator by 8;
823+ 523 -162+4 ) 63+ 272+ 21z~ 9 ( B
62%+ 102*— 80z + 8
1728 + 61 - 17
Divide by 1T; w’+8m—1)8a:‘+5w’—15m+4 Sg—~4
84+ 92— Bz
-43-12¢+4
=42 -1224+4
Thus %+ 8z -1 is the ¢.0.M.

9. Divide the numerator<by 8;
c'+4c+3) ' + 6z'+ 6 (e-wuec-eo

. 4%‘ 6
-4t - 16:0’ 12

1828 41223 +6
1823 + 722 4+ b4z
—6022 — bdz+ 6
- 60a* ~ 2402 - 180
186z + 186

c2



20 VIII, FRACTIONS.
Divide by 186; z+1 z‘+4z+3 z+8

8z+8
8z+3

Thus z+1 is the a.c.m.

10. P62 ~872+210 ) o4 4x?-472-210 ( 1
2~ 62 —872+210
102" — 10z - 420
Divide by 10; a?-z-42 ) a®-6a?- 8724210 { 2—5
B 4%
. —5a'+ bo+210
b2+ b +310

Thus #—2x - 42 is the e.0. M,
11, #4+222+9 ) at-423+ 4P~ 9 (1
at

+22%4+ 9
— 45+ 2% 18

Divide by — 2, and multiply the new dividend by 2;
M—z’+9)2x‘ +42? +18 kz
224 — o3 +92
28+ 42 - 92+ 18
Multiply by 2, and continue the division;

223+ 8a3 - 182 +36 ( 1
22— ¢* + 9

927 - 18z + 27
Divide by 9; «'-2z+38 )22 * +9(?z+3
228 - 427+ 62
823-62+9
8a? - 62+ 9

Thus 2?~ 2z + 3 is the 6.0. M.

12. Divide both numerator and denominator by =, 8o that » is a Iactor

of the @.0.m.;
w‘+2¢+2)z‘ +4 Qac’—%-}-?
ot + 223 + 222
- 23 — 23 +4
— 2%~ 4t — 4
273 44z + 4
22 + 4w +4

Thus x(x*+2x+2) is the ¢.c.7,




VIII. FRACTIONS. 21

18. e =z+]l |- -3 -224+1( 1
xh— o8 - z+1
i g™ JUap p

Divide by -#; «*+2+1 )zt~ o® -2+l P=-2+1
4+ B+ o
-23 - 23~ z+1
- 28 o 298 - 2
o+ o+l
o+ o+l

Thus 2?+»+1 is the a.0. M.

14, Divide the denominator by a;
a‘-a’b-ab’+b') ab—ath —abt 158 ( a?4 B
a® — a'h - a®b?+ a%b®
@%b — a?b® —ab? + b5
a?h? - %% — ab* +b°

Thus a3 - a? — ab? + b is the ¢.0.M.
15. bx+2 \V2+20(1-29) -4 ( 6-22
)b’z+2b( “) (

- 2ba? —4z
- 2ba? -4

Thus e+ 2 is the e.0.x.

16. The numerator is
Taly + 2128y + 85%® + 86y + 1%y + Ty,
and the denominator is
oty + 102%* + 102 + By,

Divide the numerator by 7zy and the denominator by 52y, so that zy is a

factor of the @.0. M.
@+ 2%+ 254 8aty + < :
) S e (e

A A
oo+ 2 2yt

Thus «y (° + 2% + 225* + 1) is the c.o.m.
. a‘a-b!+b(u+b)_m 18, a [ a-b 1

-5 2a-25"2-25 3@-9 2°

(et -1)-8(2+ )2~ (-8)a_ 3
(@@ -1) T~ 5 |

19,




22

20,

21,

23,

24.

25.

26.

27.

81.

82.

88,

84.

865.
86.

VIII. FRACTIONS,
(m+n)(@a+B)-n(a+t)+m(a~b) 2ma 2

mn ma B
(@+9'-@+)@-1)-8(-1) 9
(x-1)(z+2)? (@-1)(x+2)%°
25 (- 1)(%+8) ~ (& +1) (28+3) -48(a8—1) . 20230 o
10@-1)@2+8) TE-DE=r
B-0)(@+d)-(a—2)(z—b) +3z(a—b) ax—b?
o= ey
(B+27(2+2)-(2-35)@-0)—(16z-a9) 8-z 1
i-z Il T b T
8(1+9a)—7(1-20)+4-205=0
1-42% *

(@-b)(a'+3)+b(a'+5") ~a(a?- %) _ 2a8?

at=-dt ST
2oy +@-yP-@+y)! _ot-doy-y'
@ -y ( -7
(a*+2%)*—a?(a - 3)2 - b (a — )* - 2ab(a - b)' 4a%*
ab(a—b)? =Fa-tp-
a(a+2)+8a(a—2z)— 20z 4a' 4aa= _4a
at—a% = Taiz’
13(8a—43) - 28(2a—b—¢)+7(15a—4c) ~ 4 (a — 4b) Bla—4b
84 I T

ﬂ-P+P—é+é-d_m
@-d)P-qlc-a
(54 ) (a® — be) + (c+ a) (B* — ca) 4+ (a + B) (c* - ad)
T (@+d)(d+e)(cta)
(e+d) (a*~bc)—(a— ) (B*+ca) — (a—b) (c*+ad) _ —&o.
(a-d) (a—c)(b+c)
(b=c)be+(c—a)ea+ (a—b)ad
@=-8)(®-c)(c-a)
be(c—b)+ca(a—c)+adb(d-a)

=&o0.

=&g.

WBela-HO-0lo-a)

Here the common denominator is (a+5) (3+¢) (c+a):

the numerator is
@=B)@+A(c+a)+ (B ~c)e+a)(a+D)+ (¢~ a}a+B)(b+6) + (3-B) @~c)(c~a);
this will be-found to be zerxo, .
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87. Here the common denominator is (@ =3) (b~¢) (¢—a):
the numerator is

2(-0)(c-a)+2(a-b) (e—a)+2(a-8) B~ o)+ (a-0*+ (b~ cf* + (c~a)*;
thig will be found to be zero. '
8an (a+z)(a %) bc+x)

M (c+2)(c— z)x‘a(a+x) a-z
o @ 2 g
b’+a’+c’ Z’+ @’

40.

2=2_ ge.

41. Each expression = 6+ +

2 _l-zt+z_ 1
B i yeratel
4, Oty _z-y 4 w(tﬂ)’—(ﬁ-—y)’ =4y _day—4y

z—y aty @-y ad—y? ot - y? z+y

48, Multiply 2% -z+1 by 1+§+ :;l, by ordinary work. Or thus:

l+z+ad _(FP+1)1—of
a ol

g3, 2ty -z & _@evy)e-y)+@y-2)@ty)-a 4

&o.

@ -z+1) x (l +1+1)=(¢’-”+1)"

Tty  w-y -y 2t -gp a-y
b Dalogt e 11 sty

Pra~ s gyt Ty
56. c+2y+w D+2y+2% otz o1+ 20y + 22

z+y 'y (ﬂ=+y)y Py TreyT T y@ty)

58. Divido o%+4 2+ by as+ibyordmarywork Or thus:
1 _2+22%+1_ (2'+1), '+;_g+_1
Tt z =z °

1\ ., 1 +a8+1
59. (?""1"'5")—"( -1+ “z@-z+1) =&o.
60. a?-01-c*+Qe=ad- (b-c)¥=(a+b-c)(@~Dd+c)
62. a-pt—cd— 2be=a%~ (b+c)*=(a+b+c)(a—b—o).

63. a—Baz-2al4+ 1243 (z+ 8a) (2* — 3ax — 2a7) + 1243

z+8a %+ 8a
w‘ 1laz+ 6a® % 6a= 2° 2+ 8ax—18q°
z+ 8a i z+8a_  =+3a "

65 a+b a-3 2(ac-bd) a+d a-b 2(ac+bd)
: te=d rer s c+d” a-a 3

c+d ¢-d S-dv
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be(a—-1)+ca(d-1) +ab(e-1) . &c.
be+ea—ad
‘a+b , @+ (a+3)+a’+3* 2(a’+ab+b’)
b d-B a0 at - b3
a-b a*-0® a-b (a-3)(a'+ab+??) _a-b a?+ab+ b’
a+b @B+5 e+ (atd)(@-ad+b) arb\ o -ab+ P
_a__b -~ 2ab —2ab(a-b)
atd ‘aT—abti (a+b)(a®- —ab+b)’
2(a®+ ab+b?) (a+b)(a’ ab+3Y) _ (a'+ab+¥7)(a-ad+¥)
ad-h -2ab(a~-b) ab(a-0b)?
m’+n’_m m? —mn +n?
n n _m(m=mn+n?)
1 m-n m-n ’
n K
m-n?_  (min)(m-n) = m-n
W ind (min)(mi-mntnd) m-mntnl’

67. The second fraction

68.

=&a.

72.

1
i-

z+a_z-a_(z+a)—(z—a)® dax

z-a z+a !~ a? =F@-a’

z+a z-a (z+a)’+(z-a)’ 2(=*+a%) ,

z-a z+a a3 - a? P Jye

dax | 2 (x*+a¥) daz 2az |

F-a o-a 2@ +a) Drat

z - 20 2az 2ax 4oz

G—a xta T1d D@ Diad dr-at’

1, 1 a+bdb+ec 1 1  btc-a,

at5rs= B+’ a"BFe a@ro)’

a+btec, b+e-a_a+btc,

a(b+c) " a(p+c) b+ec—a’

b’+c’ al? (b+ot-a' B+e+ta)dt+c—a) ‘

= T .

78.

74.

2be 2be
e+l _ 8-z+4+z+1 4

7. 1 Rt

3-2" " 8-= 8-z’

8- 8-2 4z+3-z Bx43
Leg =g e ==

df t+e, c,df+c= of

y O f df+¢,

b bif+betof  bdf+betef _adf+ae
df+i df+e °’ a afte bf+betof”
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IX.

1. Multiply by 8; 4 (22+1)=72+5, &o.
2. Multiply by 20; 10z—40= b2+ 4z 20, &e.
8. Multiply by 40; 20 (x+1)+8(32z—4)+5=5 (6+17), &e.
4. Muitiply by 60; 15 (52-11) — 6 (z—1)=5 (11z-1), &e.
5. Multiply by 12; 6x+4z-82=6, &o.
6. Maultiply by 12; 6 (z+1)+4 (2+2)=192 -8 (2+8), &o.
7. Multiply by 6; 6x+2 (11 -2)=3 (26-=2), &o.
8. Multiply by 2 ; 882+ T2 —2=8z+ 85, &o.
9. Multiply by 24; 6 (x—8)+8(z—4)=12(z-5)+8 (z+1), &o.
10. Multiply by 6; 8 (52~7) -2 (2+7) =6 (82— 14), &o.
11. Multiply by 60 ; 15 (»—8) ~ 10 (22— 5) =41+ 12 (3z - 8) — 4 (52 6), &e.
12. Multiply by 6; 2 (52+ 8) -8 (32~ 7)=6 (52-10), &o.
18. Multiply by 6; 8-z +6a—10=8 (x+6) - 2, &e.
14. Multiply by 12; 6 (z+8) -4 (2—-2)=8z—5+8, &o.
15. Maultiply by 80 ; 6 (32 1)~ 15 (18 —2) =70z - 55 (& +8), &o.
16. Multiply by 43 ; 6 (52— 8) — 14 (9 — )= 1052+ 133 (z—4), &o.
17. Multiply by 5x7x 11; 56 (52~ 1) +85 (92~ 5)=T77 (92~ T7), &e.
18. Multiply by 8x5X7; 15 (8z+5) -85 (22+7) + 1050 - 63z=0, &o.
19." Multiply by 12; 82 -2 (52+8) =4 (22~ 9), &o.
20. Multiply by 6; 122-8 (19 - 20) =2 (22~ 11), &e.
249 o427 multiply by 86, e,
22, Zj}”-l+¥=7@; multiply by 86, &o.
23, Multiply by 12; 6 (z+1)-8 (5 —2)=168—4 (z+2), &o.

24, Multiply by 22; 2,(75-8)+%’;L8)=ee¢-11 B1-2);

that is 14m-16+&(115;ﬂ=66a-s41+11a;
therefore B5+8) 630 835; multiply by 18, &.
25. Multiply by 8; 2 (32— 11) - 28 + 9=322— 118, &o.
26, Multiply by 13; 4 (2z~1) -8 (Be—2) =3 (52~ 4) —Tz—6, &o.
27. Multiply by 108; 4 (22— 9)4 6z~ 27 (z~ 8) =900~ 108z, &o.
28, Multiply by 120;

0 (z-1)+24 (u-g -15 (72~ 6)=240+60 @~ 2) +12 (82 - 9), &o.



)
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29. Multiply by 5x9x18; 117 (22~ 6) — 65 (x — 4) ~ 1852=0, &o.

80. Multiply by 6; 6x=182-8 (4-2)+2, &o.

81, Multiply by 45; 9 (3z—-17)+5 (25 — 4x) =15 (5~ 14), &e

832. Multiylybysx13x19 152 (22+ 5) -+ 247 (40 - ) = 104 10z — 437), &o.

z x-b
83. 7o +b6= x—ﬁ—l multiply by 77, &eo.

84. Multiply by 12; 6 (z—1)+4 (z—2)=3 (z+8) +2 (z+ 4) +13, &o.
55 @-1)@-8- (@@= _(e-5)@=T)- (-6}
: (x-2)(z-3) (@—6)(=~17) *

. 1 .
that is =9 (z 3) FEGITER ; clear of fractions;

(=6) (x-T7)=(x~2)®-8); 23-13z+42=2"-5z+6, &o.

36. 3~ Tw+10 - (221 - 162+ 25) + 28+ bu— 14=0, &o.

87, 8-z-2(@*+x-2)=—22'+112~15, &o.

88. w-8-(8+2~a"=2"-2-3+8-2, &o.

89. Maltiply by 80; 10 (z +10) - 18 (3% — 4)+ 5 (2 - 2) (22— 8) = 802" - 16;

102+ 100 - 54z -+ 72 +5 (623 — 182 +6) = 30a* - 16, &o.
40. c’+m—!4§-—(z‘+2z—15)+§=

therefore o'+ 2~ (21 + 22— 16) =3, &o.

41, d-z-%-(ﬂ-h-lﬁ)-%@;

therefore -z - (& ~ % - 15) =27, &e.
42. Multiply by 56; 4(9z+5)+3§%:1ﬂ=w+15+41:
 28B2=T)_ ... T6e-17)
therefore “8at1 =86;  therefore |
therefore 7(80—T)=9(82+1), &o.
4. Multiply by 18; 6o+7-SCoDuug(2at1);

therefore 4= E,I(”ﬁe—g—), therefore 28z - 24 =280z - 80, &o.
44, Multiply by 15; 6+ 1- 232D _g@s-1);
therefore 4= l%’“T:l, therefore 26z 64=80z - 60, &s.

4(z+8)+T7(x+2) 87

45 #5516 @+106a+6°

therefore 11z + 26 =87, &e.
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46. 2*+2+1=(6-1+2)2-2; therefore 2*+2w+1=6z+2*-2, &o.
47:1:4:(:.:2)«:8@6)'—2 -2
" @D eh) @O @-8) @-E-8) @0 @9
therefore (z—6) (z~8)=(#~2) (8—4); «'— 140+ 48=a"~6x+8, &o.
48, Clear of fractions;
2(z - 8) (82— 1) + 2~ 5) (B2 — 1)= 6 (20— 5) (= 8);
2 (32— 102+ 8) + 6~ 172+ 5=6 (2% - 112 + 15), &o

21
5

} , @ (1643
49. Multiply by 2 +1; 25—§z+ )

21
(®+1) 16a+3 16
T =8+53

(x+1) (16w+-2—1)=(3w+2) (s.;.lﬁ_’);

13,s+§!+1s¢+_=1w+—~+9z+6, &o.

=28+5x+5;

50. Multiply by 60; 80 x-—) 20 z—4)+15 w-—) =0;
80z - 10a — 202+ 5a+ 152 - 8a=0; 252=8a, &o.
51. &+ (a+d)z+ab=2+(c+ )@+ od, &o.
63. Multiply by a (*- a%); z(3*-a")+ ax(d +a)=a*(>- a), &e
63, Multiply by ab; a%bx+abt=bx+a, &o.
54, Maulliply by abe; ac(z~-a)+ab(z—b) +bec(@—¢)=x-a—b-¢, &o.
55. x=+(a+b)o+ab-ab-ac=93’+z~-

(a+b)z-—b—+ “(T'b) divide by a+b.

56. Clear of fractions;
@+8) (2-0a) (w-b)=al@-B)(x-c) +b{&-0) @-a);
(a+8)a* - (@ +b)*2+ ab(a + B) = (a+ be? - {c (a +b) + 2ab}a + 2ade;
therefore w{a+ 8- ¢(a + b)} =ab (a-+ b) - 2abo.
67. Clear of fractions; (aa*+bz+c) (pr+ q)=(pad+ g +7) (az+3);

pM'+(Pb+qa)a='+(pc+qb)x+qc—pax’+(pb+qa)x’+(qb+m)x+rb;
therefore (yc ra)z=rb- qe.
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58. Multiplybya(a+b)’
Sa’bc(a+b)+—+(2a+b)b’w 8ac(a+b)%2+b(a+b)%x;

therefore 8abe(a +B) +g —b, =3¢w(a + bz + a'bz;
3c(a+D b
therefore a% —%=ax{3c(¢+ B+ ab}, &,

69. Clear of fractions; m(z+a)*+n(z+5)3=(m+n) (@ +a) (#+D);
(m +n)2* + 2 (ma-+nb) 2+ ma® + nb3=(m + n)2* + (m +n) (¢ +b) 2+ (m+n)ab;
therefore (m —n) (@ —b)z=m (ab - a?) + n (ab ~ b%) = (nd — ma) (s - b), &o.

60. Clear of fractions; (x—a)?(z+a+2b)=(z+b)*(@-2a-0);
@4+ (2b - 2a) 2* — Babad + 2 (a® + 8a%) 2 - a® (a + 26)
=24+ (25~ 2a) 23 - Babe® - 2 (B¥+ Bab%)z 18 (b + 2a);

therefore  2(a+ 5)°z=at - b+ 2ab(a® - B%) = (a® - %) (& + b)?, &o.

61. 822 ~8(a+b+ )2+ 3(0¥+ 8+ )z — aP — BB — ¢
=3{a?~ (@ + b +c)2*+ (ab+ be + ca)z—abe} ;

therefore 8(a?+ 0%+ 3~ ab—-bc—ca)z=a® + 5+ ¢4 - Babe

=(a'+ b+ c?-ab-bc—ca) (& + b+ ¢), &e.

152 1575 875x 625z

2_10 (16 6\ 4o 89 132 86z 1 _ds 8
6s. 1_0‘?(?60"1'60) =15+’ 10 ~00 T10~10 T 1o’ ¥*
48z 10 (T2 6\ 16z 89
b w-% (iW‘l’o‘ﬁ)"W*E'

48z 4z 1 16z 89
10 100 T10-10 T10°

&o,
X.
the property of the poorer person fo be » pounds then that
of the n er person is 2z pounds : tgous @+ 2¢=38870, '
2, Let @ denote the number of shillings which one receives, and the
number of half-crowns which the other receives: thus 5~ 20 9=420.

z; Let @ denote the number of shillings in the money oi the purse: thus

+5=

bl
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4. Let x denote the number of pounds in the amount of the bill ;: thus

z =
7 - 5=9% |

5. Let z denote the first part; then 46 — z denotes the other part : thus
46~z

+—3 =10.

6. Let z denote the number of children ; then 42 denotes the number of
men, and 2z the number of women : thus =+ 4+ 22=266.

X -

x

7

7. Let # denote the number of pounds in the person’s income : thus

T z z
3 +§ +T6+818.—_-x.

8. Let z denote the number of pounds which B contributes; then 4

% pounds, and O contributes 7{ pounds : thus a:+8-g—: + %z =594,

9. Let z denote the number of pounds which 4 has; then B has z+100
pounds, and C has #4100+ 270 pounds : thus

e+2+100 +x+100 + 2370=1520.

contributes

10. Let x# denote the number of pounds in the sum ; then 4 has =l%—30
pounds, B has g- 10 pounds, and C has ;+ 8 pounds: thus

x x -a:
Q—30+§-10+Z+8=z.

11. Let z denote the greater number, then 5760 - denotes the less
number : thus z- (5760 — ) =§.

12. Let z denote the number of quarts which each cask originally con-
tained : thus - 84=2 (z - 80),

13. Let z denote the number of shillings in the cost of the print: thus
2-20=2 -; 15 .

- "14. Let « denote the number of pounds in the value-of a sheep: thus

72 + 85 =92z - 35.

15. Let z denote the number of pounds in the price of the house; then
850 —z denotes the number of pounds in the price of the garden : thus

bz=12 (850 - ).
16. Let 2 denote the number of inches in the length of the rod: thus

€.z &8 @ & B o0
To*z0*tsotao teo teot o=
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17. Let « denote the number of persons; then %’ persons received
gahnnngamh,md;pmonsmeivedgammngsmh: thus

2¢ 8 =« b
iX§+§X§=55-

18. Let x denote the number: thus g + ';:20.
19. Let x denote the less number, then x4 1 denotes the other: thus
(x+1)*-22=15.

20. Let 2 denote the whole number of kings: thas

g &z &
stitstm

21. Let z denote the number of miles per hour at which the stream flows:
then with the stream the boat moves over 9+« miles an hour, and against
the stream the boat moves over 9 —x miles an hour: thus 9+4+2=2(9-z).

+5=am.

22. Let » denote the number of shillings each had at the commence-
ment, After the first game A has ¢+g+1 ghillings, and B has z—;-l

shillings, that ig 4 hasszf+lshillings and Bhasg-l. After the second
8z 1/3z ] 1 /32
game 4 has —2¢+1-§(—2-+1)—1, and B bhas §'1+§(7+1)+1' thus

- 1 /32 8z

23, Let « denote the number of pounds in the cost of the house; then
12000 —  denotes the remainder: thus

12000-¢ 4 2(12000-~2) &

3 X TO_O —-8——-—— X WO=892°
24. Let & denote the number of oxen, and therefore 85 ~x the number of

sheep : thus gi:f+ 9 (si—”)=191§.

3. Lot & dencte the number of shillings in the purse: then 4 takes
z- 1lj z-~2 .
24727, and B takes 8+ J2-2-257 -8} : thus

-2 z-6 ®-3

Mg =t - g
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28. Iet x denote the number of leaps the hare takes; then the grey-
hound takes ?; leaps, which are equivalent to %lesps of the hare: thus
80+a:=%.

27. Let z denote the number of yards in the breadth of the first fleld,
and therefore 2¢ the number of yards in the length ; then this field contains
223 square yards. Similarly the second field contains (2 + 50) (¢ + 10) square,
yards. Thus (22+ 50) (x +10) =243+ 6800.

28, Let » denote the number of minutes. Then, as in Art. 171,

L2 L2
80+ 200 *800~

29. Let x denote the number of pounds in the sum of the incomes below
£100 a year, and therefore 500000 ~2 the number in the sum of the incomes
above £100 a year. Then % is the number of pounds raised by the tax on

5;.002%9:3 is the number of pounds raised by the

7z 500000~z

tax on the latter incomes: thus 20 + %0 =18750.

80. Let x denote the number of pounds of the inferior tea; the cost in
shillings of the tea which is mixed is 8z+ 5, and it is sold for % (®+1)
8xz+5

10 °

31. Let x denote the number of oranges, and therefore #+ 180 the num-
ber of apples. Each apple is sold for g of a penny; thus 85 apples are sold
for ‘21 pence, and therefore 16 oranges are sold for 22} pence, Therefore
each orange is sold for %—g pence, that is for ; pence. Thus

% +§ (x+180) =234,

32. Let x denote the number of gallons drawn from A, and therefore
14 - 2 the number drawn from B. Two-fifths of what is drawn from 4
congists of wine, and three-fourths of what is drawn from B: thus
2% 8(4-a)_,

Tt "

83. Let 82 denote the number of days in which € could dig the trench;
tgen B could dig it in 2z days, and 4 in z days; therefore in 6 days C digs

.6 . L P 6 6 .6
Ed thetrenc#,degs jﬁof it, and 4 digs §°f it: thnsﬁ+2}+;=l.
84. Let = denote the number of pounds the person had at first: thus

. c—2—45=408é-}%-

the former incomes, and

shillings : thus 3+ (e+1)=8z+ 5.+
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85. Let 2 denote the number of minutes after one o'clock. In =
minutes the long hand will move over z divisions, and as the long hand
moves twelve times faster than the short hand, the short hand will move

over ;5 ? divisions in & minutes. At one o’clock the short hand is 5 divisions

in advance of the long hand. Thus 5+——=z N

86. Let x denote the number of miles the person can ride in the coach ;
then this takes %‘ hours ; and to walk back takes g hours ; thusg +§=a.

87. Let x shillings per owt. denote the duty after reduction. Since the
consumption increases one-half 8—; shillings is now obtained for every 6 shil-
lings formerly obtained. As the revenue falls one-third what is now obtained
is two-thirds of what was formerly obtained. Thus 3-23 = % X 6.

88. Let = denote the number of men. Then the ship sails with 60z Ibs.
of biscuit. In 20 days 20z1bs, are consumed. Then in the remaining 64
days g (- b) 64 1bs. are consumed. Thus 60z=20z +&°-T5&4 .

XI.
15, Simplify the equations; thus z+5y=48, Tz+y=183.
16. From the first equation 143z=91y; therefore 1lz="Ty.

17. Multiply the first equation by 12;
8z - 48+ 6y+122=96 - 9y +1, that is 20z +15y=145;
therefore 4z +3y=29. Multiply the second equation by 6;
y—8x+12=1-122+36, thatis 9z +y=25.
Then multiply the latter by 8, and subtract the former.

18, 4dz+8y= :g , 102% -6y= %8) multiply the first equation by 3, and

the second by 4, a.r:ld add
19. Bubstitute the value of « from the first equation in the gecond: thus

1 2
5 Gy+T)-1=7 @y-by+1),
that is 3y_1=4_1/_ + g . Then multiply by 8.

20, Multiply the first equation by 4;
4o+ 6x-2y—2=1+8y -3, that is 10z~ 5y=0; therefore y=2z.
Multiply the second equation by 10;
82+ 6y="Ty +20, thatis y=8z-20.
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21, Multiply the first equation by 10;
152 - 25y +30 =4« +2y, that is 112~ 37y +30=0.
Multiply the second equation by 12;
96—8z +6y =6z +4y, that is Gw—2y=96.

22. Multiply the first equation by 180;
b4z~ 12y —80=156x - 10y, that is 89z~ 2y=80
Maultiply the second equation by 60;
1202 — 160 =52 - 4y + 66, that is 115z +4y= 226.
Then multiply the former by 2 and add to the latter.

28. Mnultiply the first equation by 80;
24z - 18y ~ 42 =0z — 4y — 25, that is 16z ~ 14y=17.
Multiply the second equation by 60;
20y —20 +80z — 9y=4y — 4 +102+66, that is 24z +Ty=86.
Then multiply the latter by 2, and add to the former,

_84. The first equation is

4(% by 23wy2
7\3"12) "2 b

8 by 3=z 2y -3,
21" 21”281 69™
Multiply by 8x21x23: thus b552z—845y — 1895 +42y=2898, that is

863x — 803y =2898; divide by 8: thus 121x-101y=966. The second equation
gives b (x—y) ==+, that is 4x=6y; therefore 2x=3y.

25. Maultiply the first equation by 8 x5x 7 x 8;
840z — 560y +840 + 1155y — 1050 = 4802 — 860y +60Q +7560 - 168z,
that is 52824 955y=8370. Multiply the second equation by 18;
810 - 24z4+12=5b2 +7ly+1, that is 79z+Tly=821.
Then multiply the former by 71, and the latter by 955, and subtract.

26. The first equation is

that is

Bz 3%y 10(36s 5\ 8 100026 By
W t0”F 100‘103 =10t 10 * 1000,
that is Us 8% T _8z 104 20y

10 *100 ~ 100 1oo =10+ *1000°
multiply by 100; 240z + 82y — 72m+10=80a=+1040 +2y,
that is 88a:+30y— 1030. The gecond equation is

10 10 7w 1 4y 1\ _ T 1
(100 0 100~ 10 )3 therefore 2{ 55 + 10) =160 "10°

Multlply by 100; 8y+20 Tz -10, that is 7x-8y=380. Then multiply the
former by 4, nnd the latter by 15, and add.

T. K, - D
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27. Multiply the first equation by 6, and the second by 11, and add.’

28. Multiply the first equation b; m, and the second by n, and subtract:
thus ™= _m +n. Again multiply the first
equation by n, and the second by m, and subtract: thus we obtain y=m +n.

mw
=m ~n; therefore z=—

29. Multiply the second equation by 6; —+%=4 then subtract the

ﬁrst equation.

80." Multiply the first equation by n, and the second by b, and add: thus
(na+mb)z=nc+bd. Again multiply the first equation by m, and the second
by a, and subtract: thus (na +mb) y =me - ad.

8l. =z(a+o)+y(d+e)=2(a+c) b+¢), ax—-by=(a-Dd)ec. Mnltiply the
first equation by b, and the second by (6+¢) and add: thus

z{c(@+b)+2ab}=c*(a+b)+ (3ad+ b%)c+2ab%; - -
hence, by division, =c+b. Substitute this value in the first equation:
thus y(b+c)=(a+c) (b+¢); therefore y=a+e.

32, z{a-b)+y(a+d)=2a (a’—-b’), z—-y=4ab. Multiply the second
equation by a+ b, and add it to the first; thus

2az=2a (a? - b3) + 4ab (a+d);
therefore z=a%—b3+2ab+2b3=(a+b)%. Substitute this value in the second
equation: thus y=(a+b)?- 4ab=(a-b)%

XII.
10. Add the first and second equations; 3+$+g’e=3: subtract the

third; 2=>: therofore o=7. Bubstitute the value of z in the first and
second eqw_mons
11. Multiply the first equation by 2, and add to the seéond;

é+§=§+2 thatlsé-§—2

multiply the third eduation by 8 and add to this; 2—6 therefore 2= LA .

Then find 2 from the third equation, and y from the second.

12. Add the second ahd third equations; 11—573 +6 Z;—.? therefore

-1—7 +%-—394 Multiply the first equation by 5, and the second by 8, and

03

add 5?3 ?l—‘ﬁ‘i theretore °0 + % _g58.  Multiply the former result

by 7 n.nd the latter by 10, and subtract ; :1£=822 therefore z=—;1
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18. Multiply the first equahon by 20, the second by 12, the third by 42
and simplify;
102+ 15y - 24z=41, ‘16z—19y+162=10, 18z-14y—Tz=-13.
14. Clear of fractions, and simplify; ’
852+ 3y — 152=0, BSx-y-z=-4, 126z+ 129y 105z=0.
15. Multiply the second equation by 8, and the fourth by 7, and subtract;

188z - 83z=4. Multiply the first equation by 7, and the third by 8, and
subtract; 492-122=4. Hence find z and z.

16. Find =, y, ami 2 from the last three equations; and then find «
ﬁ'om the first.

17. Multiply the third equation by 8, and the fourth by 4, and snbtraot
6z+20y=238: use this and the first two equatwns

18. Find w, #, and 2 from the first, third, and fourth equations; and then
find y from the second.

19. Multiply the second equation by 2, and subtract the fourth;
4y—42+43u= 13 Multiply the first equation by 8, and the third by 7, and
add; 36y —6z2—bu=107. From these two and the fifth equation find g, 2,
and 4.

20. Find v from the third equation; substitute in the others; ‘clear of
fractions and simplify: thus we eliminate v and obtain

6z + 22y - 82— 3u=28,
8x— by+2—4u=11,
~22410y+22+Tu= b,
8z —84y+92+3u= 6.
Next we eliminate « from these equations; we find u from the first equa-
tion, substitute in the others, and simplify; thus we obtain
1524103y — 182=79, 86z +184y—~16z:=211, Tz-6y+82=17,

91. Add the first and second equations, and subtract the third.

22. From the first equation y=°_‘7ii‘,’_"; from the second z=b—_7‘—.f; sub-

stitute in the third; "—(";—“’ +ﬁ;—b") =a: multiply by a and simplify.

23. Add the first and second equations, and subtract the third.
24, Substitute the value of z from the first equation in the second;
G+oz+(c+a)y—-(a+d) (®+y)=0, ths.t is c—a)z=(b-0)y.
Again substitute the value of y from the first equation in the second:
thus we get (b—a)z=(c~b)z. Then from the third equation
calc—a)z , ab(b- a)a:
b—c T c-b 5

bez +
D2
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that is bex+
that is wibet+a?—a(d+c)}=1, thatis z(a-d)(a-c)=1.

25. Multiply the first equation by ¢ and subtract the second;
a(c-a)n+b(c-b)y=A4(c~4).
Mulhply thesecond equation by ¢ and subtract the third;
a*(c-a)z+ b (c-b)y=42(c-4).
Multiply the former by b and subtract the latter;
a(d~a)(c-a)z=A4(b-4) (c—A).

cu(c-a)-ab(b-a)z=1
b-c i

Similarly for y and =
1111 .
26. wyz=a(yz-zz—=xy). Divide by azyz: thus a=z"y e Bimi-
1111 1 111 .
larlyweget—5=;-;-;,and;=;-;"§- Add the second and third
of these.
27, 2+y+s=a+bd+e,

bx+ecy+az=ad+b*+ct,
.o cz+ay+bz=at+ b+t
Substitute the value of ¢ from the first in the others;
B-a)e+(c-a)y=b+c*~a(d+¢),
(c-d)z+(a-bd)y=al+c-b(a+c).
Multiply the former by b - a, and the latter by ¢—a, and add;
2{(b- a)2+ (c - a) (c-B)}= (b - a) (B*+ ¢* — ab — ac) + (c— a) (a*+¢* - ba - b¢),
that is z(a?+b*+c*—ab-be—ca)
= — a3+ 13 + 3+ 2a%d + 2a%c - 2b%a - 2c*a ~ abe,
therefore by division z=b+0c—a. Similarly for y and #.

28. Bubtract the second equation from the first,

’ —~@=-b)y+(a®~ bY) g=a®-13;
divide by a-b, -y+(a+d)z=a'+ab+ b
Subtract the third equation from the second,

—-)y+ @ -cNz=b"-c*;
divide by b—-e¢, —y+ (b+¢)s=b3+ be+ e
Subtract the latter from the former,
(a—-c)s=a*~c3+ b(a—-c);

divide by a~¢, s=a+c+d.
Henoe y=(+c¢)(a+c+5)—d*-bdc—c*; from which we get y=ab+bc+ca

Bubstitute the values of y and 2 in any of the three given equations, and we
obtain the value of
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X1,
1. Letx denoie the numerator, and y the denominator of the fraction:
thus ‘iﬂ:l
Y y+ y+3 3°

2. Let = denote the number of pounds in 4’8 money, and y the num-
ber in B's: thus +y=>570, 8z+ by=2860.

8. Let z denote the numerator, and y the denominator of the fraction:
thus z+1 1 z 1

FRE T
4. Let z denote the first number, and y the second: thus
@ +4y=29, O6x+y=86.
5. Let x denote the number of shillings in 4’s money, and y the num.
ber in B's: thus « + 36=8y, y-5=;.

6.. Let = denote the number of shillings in 4’s money, and y the num-
ber in B’s: thus ®~10=2(y+10)-25, y-10=f—7(éc+10).

7. Let @ denote the first number, and y the second: thus
2 +y=17, 2y+z=19.
8. Let z denote the first number, and y the second: thus

z, 8 _
gty =%-y, Se—y=1L

9. Suppose that tea costs # shillings & pound and coffee y shillings a
pound: thus 8%+ 15y=105, 86z+ 9y=105.

10. Let z, y, and ¢ denote the first, second, and third numbers respect-
ively: thus z+y+5=9, 2+2y+82=22, z+4y+92=>568.
11. Let = shillings denote the price of a pound of tea, and y shllings
the price of a pound of sugar: thus
z+3y=6, 111: -l-3 x8y="T.

12. Let « denote the number of pounds invested in oonsols, and y the
number B;n railway shares: thus z+y=25560. The annual income from con-
sols is 81’ andthatfromthermlwayaharesm o1 thus81 2"/4 ‘We shall
find that y= 1200, go that the number of rmlway shares=50.

18. TLet z denote the number of pounds in the capital of the first per-
son, and y the rate per cent. at which it is invested: thus

¥1+—1(z+1000)_—+80 12 o+ 1500)= 22 4+ 160;
therefore  ®@+1000y+1000=8000, 2+ 1500y-+8000=15000.



38 XIII. PROBLEMS.

14. Sappose that there are z persons and each receives y shﬂhngs thus
(2+4) y-1)=wy, (x-5)(y+3)=ay.

16. Let « denote the number of gallons which the first plug hole would
discharge in an hour, and y the number the second would discharge: thus
8z+8y+1ly=192, 6xz+6y+6y=192. .

16. Suppose the original income {o be # pounds, and the poor-rate to
be y pence per pound: thus

S Y2 _ggg, P T2 o0,

240 240 " 240 24.0
therefore by addition, & — g = 7= + 508 ; this finds &, and by substituting

the value of # in either equation we obtain y.
17. Let @, y, and 2z denote the numbers in the first, second, and third
classes respectively: thus
z+y—-z=4(y+2-2)-10,
z+80=y+2-29+],
z+y+e=8(s-y)+84
18. Suppose that the farmer has z pounds, that an ox costs y pounds,

and & lamb s pounds. Thus z=4y + 3%, z=4y+16s+ 5 (4416)+9. Each

ox cost y shillings for conveyance, and each lamb —1& shillings ; so that the
whole cost of conveyance was 494-% shillings, and as 20 animals were
conveyed at an average cost of 6 shillings per head we have 4y+T=120.

19, Buppose that 4 won = games and B won y games. Then A4 has
received 2z shillings and paid 8y shillings. Thus 2z -8y=3. BSimilarly we
obtain 2(z-1)—5 (y+1)= —80.

20. Suppdse that originally 4, B, C, D, and E had #, 9, 2, u, v
shillings respectively: thus a:+§y=30, y—§y+%z=30, z—§z+zu=80,
u-%u}+%v=30, v—%v:SO. From the last equation find v; then u from
the preceding equation; and go on.

21. Suppose that the distance is z miles, and that the coach goes at the
rate of y miles an hour; then the railway train goes at the rate of 2y miles

: 2z 2
z-16 = 3 8
an hour. Thus =E+3’ —=§-+8.

22. Suppose that 4 could do the work in z days, and B in y days : thus

80 80 . 80+5}-8 80+5}-4
w-|-y=1, z + v =1
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23 _Suppose that 4 tould run a mile in # minutes and that B eould run

a mile in y minutes. At first B runs 1760 -44 yards in 51 seconds more
time than A takes to run a mile: thus 17:,?6044y=c+%—(1). At the second
heat A runs 1760 — 88 yards in 1 minute 15 seconds less time than B takes to

- 1760-88
run a mile; thus -—l-,mTz—y—li.

24." Buppose that the distance from the foot to the summit of the -
mountain is # miles, tha.t A walks y miles per hour, and B walks 2 miles’

per hour. Therefore ;17 is the time in which A would reach the summit:

thus 3:; -%, And 3 is the time 4 takes over the needless mile and
2 a: 6 =z =« 10 20
back: thus —+§3—I-—-—-€6 Also 33 27=3%60 60" Subtract the second

equation from the first and we find y; then subtract the third from the ﬁrst
and we find .

25. Suppose that the length of the line is 2 miles, and that the train
originally goes y miles an hour, When the accident happens the train has

%~y miles still to go, and at the diminished rate this will take ”s—z hours.
Y
Then 2+% =$+_3. If the accident had happened 50 miles further on
Y
the time taken before the aceident would have been 1 +5—0 hours; and there

would have been z—-50-y miles still to go. “Thus 2+? + 1—5—1 = +3 -1}
©E _,,
Multiply each equation by 8y;
6y+5 (x-y)#3z+9y, 6y'+150+5 (%—50 —y)=38z+5y.

26. Suppose that originally 4 has z shillings, B has y slnllmgs,
and C has z shillings. After the first game A has z-y-z s 3
B has 2y; and O has 2z. After the second game 4 has 2z -2y -2z shil-
lings; B has 2y—(2—-y—2)—2z, that is 8y—x—2; and O has 42. After
the third game A has 4x—4y -4z shillings; B has 6y—2x-2z; and O has
4z (2x 2y-22)—-(8y—=x-2), that is 7Tz-y-=2. Thus 4x-4dy-42=16,
6y—22-22=16, Tz2-y-2=16.

27. Suppose that 4 counld do it in # days, and B in y days : thus
™Moy BLMER
Yy Yy
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28. Suppose that the original rate of the train is # miles per hour, and
that the accident happens y miles from Cambridge. By the diminishing of the
speed the time taken over these y miles is iL hours instead of %hours. thus

n
=g+ a; therefore ny=y+ ax Sxmihrly@ =?+c; therefore

“fe

=] -2

n_ n
 n(y-b=y~b+cx. Subtract the second equation from the first, and we find x.
29. Suppose the circumference of the fore-wheel to be z yards, and

120 120 120 120
that of the hind-wheel to be y yards: thus ~— - 7—-6, =" -3;24.

80. Let x denote the digit in the tens’ place, and y the digit in the
units’ place; then the number is 10z+y: thus
10z+y=8 (z+y), 10z+y+45=10y4=.
81, Let = denote the digit in the tens’ place, and y the digit in the units’
place; then the number is 10z+y: thus 102 +y="7 (z+¥), 10z +y~ 27=10y+=.

82. Suppose that the distance from A to B is z miles, from 4 to Cis y
miles, and from ¢ to B is z miles; and that the eoach goes u miles an
hour, and therefore the train 3u mlles. Then

+ % -3 therefore 3z2=y+2-u;

Su +8u' therefore 6z=y+2z;

l+1‘3

. ._¥ 2. _ .
'—‘+1_3u +m—— therefore 6x+ 6u=2y+ 82;
o+y+2="763.

83, Suppose that the course is x yards, that 4’s original rate is y yards
per minute and B’s original rate s yards per minute. A4 goes tiice round

the course and 150 yards more while B goes twice round: tkus 22.;150 2=

=

2
In the second race 4 goes round four times at the rate of 4—1 yards per
minute; B goes round onoe at the rate of — yn.rds per minute, once at the

rate of z yards per minute, and once round all but 180 yards at the rate of i
yards per minute : thus

4 o« =z z-180 . 8 18 10 (z - 180)
] §+ +_2i y thntls—y-—;{§+w+—9 }
3 8

10
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Divide the terms'of this equation by the terms of the first: thus
858 @ 10@-180)
22+ 150 18z ' 2z 182 !

8z 4.1 6 100

that is %0~ tate "3
therefore LS. .
@ 2 22+160 2(2x+160)°

therefore 400z -+ 80000=4502; therefore z=600.

84, BSuppose the original rate of the coach to be 2 miles per hour, and
that of the man y miles. Suppose that the coach goes z hours before it
overtakes the man; then as the man started p hours before the coach,

At the increased rates the coach goes 6—: (2+¢) miles in z+¢ hours, and

the man goes %y(wq) miles: thus %?(¢+Q)--5f}(z+q)=92,

that is > —%’!)ﬂ(z+q)=92
Also @-y)(e+g)=80
8z _by
. . 5 4 92
Divide (2) by (8); w—_y-—-s—(—),
from this we get B=27 ceenriennierninennns ).

Then from (1) we get e=p. Therefore from (8) if p+q=18, we get
z—y=1—6=5: from this and (4) find z and y.

XIV.

1. 8a-[b+{2s-(d-c)}]=3a-[b+{2a-b+c}]]=8a—-[b+2a-d+c]
=8a-[2a+¢]=8a-2a¢~c=a-c,
1
s_ =
2= -1 20-1
2+1 22+l 2 °
1 2-1 1 1
a-c+§ +——§—-=a—c+§+c—§=a.
2. 82°+142°+220+21 ) 6aA+ 1022+ 22— 202 28 ( 22-6
Gt + 2827 + 44 + 422
~182% - 42+~ 622~ 28
— 1843 — 844 - 1822 - 126
427+ 70z+ 98
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Divide by 145 8z’+5s+7) 8% + 1423+ 2224 21 ( 248
33+ 52+ Tz
923 + 152+ 31
924152 +31

Thus 32+ 5z + 7 is the g.c. M.

b a-b a'-a'+adb al-abibd
b a b@=%)  a(@-=?)

ab a*—ab+8? ad-(a'-ab+dT)  ab-B' b
b@-0) a@-8) ~_ a(a-b) a(e-%) a°

. c-b+a—c+b-a
4, The expresmn-(a_b) (b_c)(c_a)-—'é.

5. First take m=1. Multiply out the factors in the numerator and in
the denominator: some of the terms cgncel, and we shall then have

(b - &) (ac - bd)
(a-0)(ac-bd)*
Next take m =2, Multiply out, and we shall then have
(b= d) (abe + acd — abd —bed)
(a—c) (abc +acd — abd - bed) *

a®+ B4 ~ 8abe (a?+ 0%+ e~ ab—be—ca)(a+b+c)

b GO tB-rl-af - S @iPii-db-be-ca)
: z y £
7. T2 g is

_2(1-y)(A- +y(l-ah) Q- +e(1-a) (1-y)
1-2) Q- (1-7)
The numerator of the last expression
=z+y+s-z(y’+2Y) -y @ +2%) -2 (2 +9") + oYz (2 + 2w +2y);
and since yz+zx+xy=1, we may write this
(z+y+2) (Z+ez+my) -2 @ +27) -y ' +27) -2 (F* +y) + 7z,
which gives by multiplying out 3zyz + xyz, that is 4xyz.

8. o - 6az® + 12a% — 8a® + 2 — 6ba® + 12b% — 8b®
=2{z*-8 (a+b)22+3 (6 +b)3z - (a+d)¥},
therefore 2{122%+ 120 - 6 (2 +1)*} =8a®+ 80® - 2 (a -+ b)3,
that is 62 (a? ~ 2ab+ b%) = 643+ 6b® — 6a% — 6ab?,
therefore z(a% - 2ab+b%) = (a + b) (a? - 2ab + 8%),
therefore x=a+Db.
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9. » et+y+e=a+d+te
bx+cy+az=ab+ be+ ca,
oz +ay+bz=ab+bc+ ca.
Multiply the first équa.tion by a, and subtract the second;
@-b)z+(a—-c)y=a-be.
Multiply the first equation by b, and subtract the third;
®-c)x+(d-a)y=b-ac.
Multiply the former by a - b, and the latter by a — ¢, and add;
z{(@-03+(a—-c) (b-c)}=(a~0b) (a*-bc) + (a~c) *—~ac);
that i8 z(a¥+ %+ c*~ab-bc - ca)=a (a3 + b3+ ¢ —ab - bo - ca),
therefore z=a.

10. 2 +63+112+46 x'+7a:’+14z+8(1
22+ 627+ 112+ 6
4+ 3z+2
?+82+2 )22 +622+112+6 ( z+ 8
2848234 22

827+ 92+6
82+ 9z+6

Thus the a.0.%. of the first two expressions is 2'+82z+2; and theiz
L.C. M. i8 (z+8) (& +Ta'+ 142+ 8), that is af+ 1023 + 3623+ 502+ 24.

It will be found that this is divisible by the other two expressions, and is
therefore the 1.0, . of the four. It may be shewn that it

=(@+1) (+2) (x+38) (x+4).
XV.
L z4+2a3-10z’—11z-12)x‘+&t'- Ta3-212-86( 1
" )+ 20 - 1022 - 11z - 12
?+ 823—-10x-24
a‘+3¢z’—10¢-24)_z‘+2z’-10x’—11z-—12 z-1
A 48231027~ 24z
-2 +13z-12
- 23— B3+ 10x+24
. 82+ 82-36
Divide by 8; B4x~-12 )2?+842-102-24 ( 42
2+ 2'-12¢
22+ 22-24
2+ 22-24

Thus %+ 2—12 is the g.0.M,
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3 2 __2 23-2) 2-=
. Sy o2 i-m-2- iz’
92
2-z
2__ 2(1-2 _2(1-9
2-z2 3-2%-2+2 -z °’
1-2
2 2 22 g
2-w‘2+2(1—‘5-z %+2-2% 3
z

3 _
2-:i2

=2

4, Reduce the expression to & common denominator ; then the numerator
=s(s-b)(s—-c)+e(s—a)(s—c)+s(s—a)(s-b)-(s-a) (s-D) (2—¢)
=8{8s%— 2a(a+b+c)+bc+ca+ab} {8#- a’(a+b+c)+s(ub+bc+ca) abe}
=268-48% (a+b+c¢)+abc=abe

5. It is shewn in Art. 110 that every expression which is a measure of

A and B divides D: thus D is a common multiple of all the common mea-

sures. But no expression lower than D can be divided by D. Thus D is
the least common multiple of all the _divisors.

6. Multiply out; thus o8- 2225+ 164a? - 4582 + 815
=t - 2243 + 16427 — 488 + 480,

7. Multiply the first equation by ¢, and subtract the second ;
(c—a)z+ (c~d)y=0;
G “3”. Multiply the first equation by b, and subtract the

second ; (b-a)z+(b—c)2=0; therefore z=(1b—_l%'1. Substitute the values

of y and 2 in the third equation;

therefore y=———

o oo+ 20D  BO-DY, (4 3) G- c-a)=0.
Thus we get Mf—_‘ﬁlﬁ=(a-b)(b-c)(c-a).
9. Buppose that # pounds are left to a child, andyponnds to a brother;
thus b+ 3y=12610, -1 —2(y 100}

10. Clear of fractions;
(a;-aa)(a=+2a)(a:+a)+2(z+6a)(z+2a)(z+a)+3(z+0¢)(z—8a)(z+a)
=6 (a-+6a) (¢~ 8a) (z+2a);
o - Ta’z - 6a'+2(x'+9ax’+20a’z+12a')+8(x'+4az‘ - 15a% — 1843)
=6 (@* + 5az? - 12a% - 86a3);
therefore —12a% — 36a%= — 72a%—216a%;
therefore 60z= —180a; therefore @= —3a.
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XVIL
All these examples may be worked by ordinary muliiplication.
XVII.
1 c‘-2w'+3c'-2z+1kw'-z+1
at
2 -2 ) -203+ 323 -2 +1
-2+ o
23 -2+1 )22 -2+ 1
22 ~22+1
2, w43 . +8c+4(w’-2¢-2
. at
?6’-2%) -4 +8x+4
— 4o 4 4o?

2 -4z-3 ) —dx+8x+ 4
—423 482+ 4

8. M+12w‘+5c’-6¢+1(2a'+83-1
4ot

w+3a:) 1223 453 - 6+ 1
125% 4 0at
4m'+6a=-1) -4~ 6z +1
—4x3~6+1
4. oA — 4o - 523 - 224+ 1 &2@’—2-&1
4zt

4 - ) — 428+ b -2 +1

-4+ o
dt-2%+1 J4a2-22+1
4% -2 +1

5. 5—12m'+ 25a%? - 24a%2 + 16a¢ (23’-8«3+4a’

~12a2® + 9a%k?
4a? - Gax + 44 | 16a%2° - 240’z + 1604
16a%* - 24az + 16a¢

40’-8@) —12a2? + 25a%*— 244z + 16t

6. 2524 - 80ax® + 492 — 240’2z + 16a¢ &Ec’-sw%ia’
2624

104 ~ 84w ) — 80az® + 49328 - 24a%% + 1603
—80ac®+ 9atz®

102 - 6az+ 40" ) 40a°7° — 240’z + 168

400823 - 24a%z + 1644
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7. $-6¢z'+15¢’z‘-20¢’w’+15¢‘z’—6¢’z+¢‘&z’-8¢z’+3¢’z—¢‘

H-W)-Gaz’+l§¢’z‘—20a’z‘+15a‘z‘—6¢‘z+a‘
— 6az®+ 9a¥2* )
M—Baz’Tsa’z) 6a¥zt — 20a%2® + 16a'2® — 6a°z + ¥
6a%zt - 18a%% + 9atx®
223 — 6az? 4 6o’z —a® ) -~ 2432+ Ga'2®—6a’z+a®
- 2a%2%4 6a'2®- 6a’z+a®

8. Multiplying out we find that the proposed expression becomes
a*+ 242+ b4: the square root is a? + 5%

9. Multiplying out we find that the proposed expression becomes
at(+ @)+ 2a%% (2 + AP + 04 ( + d7)%:
the square root is a*(c*+ d?) + ¥ (*+ d).
10. :: - 2a3(%* - A+ d%) 404 - 23(c* - AN+ - 2 +-dY( a*—(D2—c+dY)

23— (b3-¢ - 2a3(b* — ¢ b8 — 2b3(c? — dB)+¢4- 2c7d*+ d¢
L) I AT R AT "

41 1
1, a’—4z+2+;+;,(z-2-;
L

2"2) —dzi2+ 4

x

—dz+4

1 7.1
%41 ) -2+ +

4 1
“iatam

4

o2 4 z 2
12. z‘-—z'+-4-+4z-2+;, (z’-—+;

4

o @
w‘i) -B+otla-245

L
-¢'+-4-

%’—21—2 ) h—2+;‘

4
b-2+;,




XVII. EVOLUTION. 47
at a® a? 217a' a @
13. ;4-‘+;+;,-az—2+;,(§+5—;

s
2,0)2 % o
a+z):‘+x: ax 2+;,
a
z
2 3
a’+;“-§ —az-2+5

o3
-aw—2+;,

14, a: +2(2b - c)a®+ (403 - 4bc + 8¢?)a® + 2¢*(2b - c)a + ¢t a’+(2b—c)a+c§
@

2a%+ (2b—c)a, ) 2(2b - c)a® + (453 - 4bc +BcHa+ 2326 — c)a + c*
2(2b - c)ad + (2b — c)¥a?

2a%+2(2b-c)a+ c’) 2ca® +2¢3(2b - c)a + ¢t

2¢%a? + 2¢3(2b - ¢) a -+ ¢t

15. For shortness put 4 for a®+ 4ab— 6a — 8562+ 125, B for 4ab - 6a, and
C for 45%-12b+ 9.
ga-2b)’z‘-2u(a-2b)z’+Az’-Bz+0 (@-2b) 2 —az+26-8
@ — 2b)3x4
. 2(a-2b)a;’-aa:) —2a (a—-2b)ax3+ Aa® - B+ C
—2a(a - 2b)a® + a’x?

2 (a—2b)a® ~ 2az+ 20— 8 ) (4ab—6a— 809+ 126) 22 — Bx+ O
)(4ab-6¢—86’+12b)a:’—Baa+0

16. The sum of the squares is 1:2996.

17. 8 -5 Bt
—Ga:} —3w(3ac’—3a:)}

8- 9x+2 8ot — 923+ 9B
923
8aA — 183 + 2Ta? ’
+2 (32— 92+ 2)
8t — 1823 + 3322 - 182+ 4

::—99:“+83w4-63c'+66x'-36m+8 (z’—&v+2

- 928 + 334 ~ 6843 + 662 - 3628
—9ab + 277 - 272
6 — 3643 + 662 - 36 +8
6act — 863 + 662? — 362+ 8




48 XVIL. EVOLUTION.

18. 6+ hz
Sex 4oz (62% 4 dez)
[ g {oy > 1288 + 2cad +1sa=-}
16e%?

122* + 48¢cx* + 48¢%2?
—18¢%2® — 36c%x +9¢c4

1224+ 48cx® + 30c%? - 36c%x + 9t
$+ 48c2® + 607z — 80c?2® - 90ciz® 4 108c°z — 278 (2:‘+44=-3c’

48c+ 60c%* ~ 8072 — 90ctz? + 108z — 278
480z% + 96c328 + B4ci?
= 86c’z% ~ 144c32% — 90c'2? + 108c°z - 27¢6
= 86c%x* — 144c%* — 90c*2? + 108c%z — 27c8

19, 622 — Sex 1224
—6ex — 3z (62 — 8cz)
62 - 9ex+ 4c? 1224 - 182 + w}
9c3z?
1225 = 36c3 + 27c'°

+ 24¢%2? - 36¢%% 4 16c¢
124 — 36¢c2® + b1c%? — 3662 + 16¢*
8% - 86¢2® + 102¢%28 - 171c% + 204c%2? - 144c°x + 64¢ K%'-Bcz-l—&c’
w .

- 86¢r® + 10268 ~ 1716°23 + 204c'a® — 144c°z+ 648
—86cx® + bdcat— 27c%°
480% — 144¢%2° + 204cha? — 1445z + 644
A8c%rt — 144c%23 + 204c'2? — 1447z + 648

20, 155 75.. 167-284151 k5-51
10 775 125
1651 827 49284
25 41375
9075.. 909151
1651 909151
209151
21, 27009 2480000. . 781189187729 ( 9009
248081 729
248243081 2189187729
2189187729
23, 62 12.. 10970-645048 ( 2222
4 124 8
662 1824 2970
4 4 2648
6663 1453.. ~B823645
1824 208048
166 29597048
4 20597048
147363, . e
18834

1{7ecs4




XVIL. -EVOLUTION.
23. 81 }

333333351
i37i74210836762689026663i (111111111

371
831
40742
36631
~2111108
8699631
411477367
870329631
- 41147736626
87036629631
4111106995890
8708699629631
407407366259260
870870329629631
37037036629629631
87037036629629631
24 t~ &z’+6-—+z,(z’ -2+
ot
1
283 ) - 4:c’+6-_+z‘
—4a2 4
T
PRV )2—f 1
1
2-mta

49

3..
i
831
1)
863..

831
86631
1
36963

8831 )

8699631
1

8702963. .

870329631

870362968. .
833331 }

370366296Bi

83331 }

87036962968. .
8333331 }

8703699629631
1

8703702962963. .
83333881 } .

870870329629631
1

870870862962963. .
833383331

87037036629629631

1, 1
The square root of x’\—2+;, se-—.

T. K,



50 XVIL INDICES.

25. First suppoee n an even number, say—2m; then there are m digits
in the square root: and ;i&u—l-(-l)'} -_-% im+1—1}=u.

Next suppose s an odd number, say=2m+1; then there are m+1 digits
5 the square root: and § {2n+1—(- 1pf = fmsa 4141} =mir.

XVIIL

“ Ly )

b xb-} b"xbﬂ'

16. The numerator =:a(aa :rj)+z(a; zl) (a+s)(a§—za), the
denominstor=a*(at - 23) + 30z (a? - z!)n'(ai )= (a*+ Baz +2) (ad - 2d):
then remove the common factor o -

P.ut ot Ay 31 =
17. :’+ ,'i+4’&‘,+v*z* v

L] 2t E
a7)E 5

%

LA

LY. ¥

8

2y z 2 o
3+ Zylz'}—a) - y}z‘}— -_ +a;

,}-£+£

I A

18, 4¢-4ai (8% - ach) + 98 - 2u¥cd 160 (2&- (36% - 4oy

dat - (358 - 4 -4&(35% 4ct) + 963 — 2453 + 1603
) —4a¥ 36 — 4cty 4 0vd - 240dcd 4 1604




XIX. SURDS. 51

(160:3_16@*+

19. 25605-51zm+640¢%-512wv+304-128a:—x+40x-r-8¢-1+¢-§
4x'§+¢‘§

256zt
32a.v_s-16a§ )

-512z+640z§-512z%+304-128r%+40z~§-8¢-1+m4'

—5122+2562%

3s4z§_512mr+ao4-128¢-'+40x-r-srl+z-=

3842738481144

822% - 8223 4 24~ 4z-%) -123xr+160-128¢-%+40¢-r_8a-1+¢-s
-1282%4128— 96 ¥+162—3

8%% - 8208 424 _ 8 ot ) 82~ 82zt 1243 -8p 1t
32— 322 4240 F-8p-1y ot

. 82 - 822 + 12)

20. a*=3"; extract the bt root; thus a=b%: and

(%) 4 = a%—:- b% = a%éju:a%_",

It a=2b we have (20)’=0"; extract the bth root; 25=05%: divide by b
then 2=b.

XIX.
1 1 L 2-v8_ 2 \/3
. TV - ITyB X a-yB= 4-8 —2~ V&
5 B+v3)B+v5)(V5-2) _ v3(B+v5)W5-2)
5 6~ \/5)(1+\/3) 5-4/6

~/3(~/5—1) _V8xyB_yi15
Y vs NIV A
6. 10=4/5X/3; /20=24/5; /40=2 /5 X+/2; \/80=4 /5. Thus the
fraction
' 15 8.5x./b
VBIV2+2+23-1-4]  6{8y/2-8}
/5 V5 (v2+1)
V-1~ Wa-l)wa+ )~ Vo v+
8 Multiply out: then the expression becomes
¥ — 400} + 2ab + dadod 4 39,

E2



w

52 XIX. SURDS.

15. Assume y/fab+c*+ A/(a7— ) (B - cD}=v/z+4/y; then
z+y=ab+el, (- —c)=2/(m);
(5~ g)*=(ab+ 61 ~ (a — ) (B3 — o%) = ¢* (a + B+ 2ab) ;
therefore ' z—y=c (a+d), &o.
16. /27+v/15=+/3(8+/5); therefore v/{v/27+/15}=¥8/{3 +v/5}; &o.
17. —9+6y/3=+/8(6-3v3); therefore /{9 +6y/8}=Y3\/{6—3v/3}; &o.

18, 1+(1_c’)-i=i\/(](.]-.f)—o:)45 therefére vu+(1_a)-&;=:/‘:,//_g‘__°:)?)ﬂ; &o.

19, \/(1+x)=\/(1+%) ; wo find this =¥°+1,
Vl-2)= \/ (1 - \f’) ; wo find this =Y 2,

1+ 1.8 :

1, 2 _2+v8 2-v8 2+y3 2y3-8
VS | V3-1 318  14+/3 8+v3" y8+3
1+T 1+——2——

_8v3-1_ (8v3-1)3-4/8) -12+10y8_5.3-6
T 3+v8  (3+v3)(3-v9) 6 -8 °
V8 V3
20, s + 173 _2+v8 2-v8
: 1‘7ﬂ+ + _r_v ~1 3+y3 8-3
2 ) .

=2+vIB-v3)+@2-v8)8+v8) _6_,

9-3 6

23. We observe that four of the radicals have the negative sign, and two
the positive sign : this leads us to assume for the square root \/z+\/y—/2—+/t.
Square; thus, z+y+z+¢t=15; also we may put 2+/(zy)=64/2, 24/(2t)=2+/5;
then we must try to adjust the remaining quantities. Thus 2+/(xz) will be
equal to one of the other four radical expressions, and 24/(x£) to another of
them. -After trial we take 24/(x2)=24/80, and 2./(x#)=2+/6. Hence by
multiplication z+/(#) =4/30 x4/6=64/5. But \/(#)=+/5. Thus z=6. Pro-
ceeding in this way we obtain the required square root.

24. Proceed as in Art. 810: we have a=7, 5=50; thus = -1, ¢=-1;
the cubie equation is 423+ 8x=17; and a root is z=1.

. 25. Here =16, 56=820; ¢= —4: a root of 4x%+122=16 is z=1,
26, 9y/8-11y3=33 (3-%1 \/g) Take a=s,'\/b=181 ,\/g; then
czg! aroot of 4 ~x=38is z=1.

’
w




. XX. QUADRATICS. 53

27, 21./6-98+/5= 6\/6(7 2 %) Take a--, vb—@ -g;

7.
then e=g: a root of b:’-§=§ is z=1.

28. We first find ¥/(2++/5). Here a=2, b=5, ¢=~1: a root of

41+92=1 i8 w=3. Thus Y(V5+9)= 52"1. Then ¥(v5-2)=Y>2.

29, Transpose and square; x+ 11=z+24x+1; 10=24/z, &o.
80. Transpose and square; 8xz+4=3x-5-18+/(3z-5)+81;
184/(33—5)=172; 4/(3z—5)=4; square, &c.
81. Bquire; ¢? (b —2x)=0%(a~2); (a?-b%)z=ab(a~"b), &e.
82, Tx:anspose and square; x+a=z+b-2./c(z+b)+¢;
2Ve(z+b)=b+c—a; 4c(z+d)=(b+c—-a)?, &o.

XX.

10, 428 dz-8=0, &o. 11. 62-18=2z-38, &e.
"15. 2-82+2=6, &o. 16, 8- bz+2=14, &o.
20, 29-92+10=122-30, &e.  21. 4—1%z+9=8a, &o.
24, 1002*+ 196z +78=0, &o. '

bz 1 1 9:: 1
25, 28— -5 +x’ 12 o) =23 - 3 20,&0

26, Multiply by 6z; 823+ 12=223+18, &o.

27, 2w (z+1)-15 (2 +2-1)=12 (z+1), &e.

80. #(x+5)+147=28 (2+5), &o. B8l. 147z (5-2)=23(5-2), &o.
82. Multiply by 4 (2°~1); 2 (z+1) +13=2~1, &e.

83. Multiply by 8(2*~1); 12+2z(z~1)=38 (2*-1), &o.

84, 192 (10 — ) +40 X 95=9 (100 - 2¥), &o.

85. 76z (10-+2)+190 (8- 50)=8 (10 +2)(122+70), &e.

86, 2 (x'—bz)=2(2?~9)+2+8; therefore —ba'= ~8z+8, &o.

87. 62 (0+2)-8 (p-1){d-2)=14 (£ -1), &o.



54 ' XX. QUADRATICS.

88. 2:'=8z(x-1)+2(x-1)% &o. Or we may proceed thus: put y for
;:;1 » then the equation becomes y=g+ 7 ; therefore y’=§ y+1. Bysolving

this quadratio equation in the usual way we obtain y=2 or ——;;. Taking the

former value we have a—s—f—l=2,~whioh gives £=2; taking the latter value we

have —1= -%, which gives w=;. This method may be applied to other

examples, as for instance to 89, 40, 41, 42, 46, and 47: it will in some cases
diminish the work.

43. 5(z+2)-10(x-2)=38(2'-4), &o.

4, 4(x+2)@+8)+5 ®+1)(z+3)=12 (x+ 1)(x+2), &o.

45. bz (x+4)+ 8 (z+2)(x+4) =14z (2+2), &o.

48, (x+8)(z~ 2)(z- 1) +(z - 8)(z+2) (@~ 1) =(z+2)(x — 2)(22 - 8), &o0. Or

243 z+2+1
thus — ara= z+ 3 1+ Z53 and treating the :ther f;achons :mxlarly

1 1
wehave 1427 +2 tl-og=2-gy s thereore o~ o= gy &

50. 492'—28z-21=0, &o.

8-v8 B . »
T \/3 =71 \/s,that is, making the denominators rational,

51, 2*+

FEoDTEAVY 2‘1; 2V3) | that is ot (34vE)e=14+ 8V,

]
Complete the square by adding (2—'*'—\@) to both sides; thus

(a;+2+2\/3) 63+iﬁ\/3 therefore ¢+2+\/3 wﬂ, .
2 2

62. 2'—2ax+ad=0*, that is (z-a)’=d% &o.

68, 2'—2ax= -3'; therefore (z-a)?=a?-3?, &eo.

2(a +8Y)
bl

a'+b’ . thus a’+b‘ a’+b’ 1 4a’b’ .

a-b bl = a’—b’ T @R
a?+ ! &2ab @?+2ab 45 (ax:bd)

therefore @—-3—7,=——; thereforo z=—0-— [ Il sy I
a-b

atd’

54. 2(a?-0%) -4 (a%+0%) =2 (b*-a?); therefore »'- -1;

add

With the upper sign z_.—

=3 with the lower sign 2=



XX. QUADRATICS. '

55
65. (x=B) (®—c)+ (x—a) (x—c)+ (x—a) (- ) =0; therefore
82822 (@ + b+ ¢) +be + ca 4 ad=0,
2(atd+ge  fatb+e\' (a+b+c\* be+catab
#-—3 +(_§'—)*( 3. g &
56.

(@+¢) (@ +D) +(z~b) (2~ ) =(a+B) (€~1) +(a+¢) (@ ~¢),
o - 2 (&+ b +c) + a? + b7+ '+ 2bc +- 2ca+ 2ad=0;
therefore (x-a-b-c)?=0; thereforez=a+b+c.

57. abz=bx(a+b+x)+ax(a+b+z)+ab(at+bta);
(a+b)2* +(a*+ 2ab + 3% x +ab (a+D)=0;
therefore 2+ (a+b)z=~ab;
] 1 _3
therefore z+ﬁ'_f_b)._._(‘,'+_b — ab=(a bl” &o.
2 )=\ 2 i
58.

abe? - @+ B o= o, 22y C0

w T a
( _a?+B\?_(a?+0%) b’)’ A3-ab (a?-0%%+4abc® &
b )" a5t ab 4a®9? 3 &0

59. a(z-b) (z—0)+b(x—a)(z—c)=2c(z—a) (-b),

(@422 (2ab— ¢ (a-+ B} 2=0; theretore =0 or ~-2e=be

at+db-2¢ °
¥ 3 - )3 2 3 ¢} -
60. abw"+3a +b’az=6a +a_b 2b . thereforew’+8“ +¥ z=6a, +ab 26’;
¢ ¢ abe abc?
8a? +5?\2 6a%+ ab— 2% (B8a?+07\?
therefore o+ 20 ) =+ (ke )
9a‘+24a3b+ 10a%? — 8abd+ bt
4a%%? i
8a%45% 3a’+4ab-b*
therefore Tt =k s ; &o.

61. Clear of fractions and simplify; then

& (a+ b+ ¢) - 2z {be+ ca+ab) +3abe=0, &o.
The process may with advantage be ¢onducted thus:

z+a z+b 2a 2b 2¢ .
o=a 1+—b—1+__1 =0; therefore _+z b+a—x—é‘0\
“therefore  a(z~b)(@=0)+b(@~c) ®~a)+c(z-a) @-b)=0, &o.
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62.

XXI. EQUATIONS REDUCIBLE TO QUADRATICS.

Clear of fractions and reduce; thus we shall get
(263 + 8¢) 2+ ax (23 + 2¢—1) —a’(1+ ¢) =0;

{zLa(Qc'+2c—1)' @(L+0) a2 +3c—1)'  aP(4ct+ 1663 +206* 4+ 8o + 1)

therefore z+

L

10.

11,

12

id+6c 209+8c T 4(20+30) £(28+30p

a(2¢*+2¢-1) a(20’+4o+1) , &,
4¢3 +6¢ 4c*+6¢

XXI.
2yz 1 1
=3 t5~s
31\? 31\? 1089
a:‘°+3h."’+(2) =382+ (3) =7 &
z”+l4w§+49=1107+49=1156, &o.

!
> 1s¢=»+( ) =14 1_22=?2_5 therefrez"‘-—s=a:]:,

1
+§, &eo.

H]
- 5234 (32 ——216+( ) B, s,

1 1 3 1 1
Pogheg. ghognyl g, 1 9 o 1 8
D —agh=2; g 4 4-2+4 i x"—--_.=|=2,&o.

z+2/a /2= ~¢, x+2\/a\/x+a=a-—c; Vzt+i/a=x\/(a-c), &e.

49 _ 48076 49 _ 16961
”‘" A 8 36

z‘-14m’+49= ~40+49, &o.

, &o.

Bl 4 200,100 5,160 9. 3 138

2} BTt Tt et Y oguhye &
Tt =3 /a=52, m-Y \/x (V2 52,1729

7 98 98"’
2 27 27 18
2~ i:d:,z\/z‘—;k 1;/2, V=232 °"“‘N/2-

n I 1 16 1 49 =1
&u.}.z@s:le; ¢a+3xa+9=8 =9 P +—=é:.&o.

W+5-~/(w+5)+;=6+3=1§; \/(z+5)--..¢5-, &o.




XXI. EQUATIONS REDUCIBLE TO QUADRATICS.. 57

. 2% 9
14 22-5yz=-2; w——wlw—"l ®- 2\/ +1s “ltg =g &

Con. o} % 14, 1 22 1 441
15. brd+at=22; « +5% 5' 2+ g 106~ 5 T 100~ 100° &o.

16. z‘f—gaz‘%=%, -] ——:4:i+4 7 3 2:,&.
17. 4z+2+/(4z+8)=T7; 4a:+8+2\/(4a;+8)=15,
{V(dz+8)+1)*=15 +1=16, &o.

2 1 2 1
18, :c;'+1=§z;, z;-—g-x"+§(55 [ Y i: ]1,&0
19. Square; 2x+7+38z-18+2+/{(2z+7) (82-18)}=Tx+1; therefore
/{(22+7) (8z-18)}=xz+6; therefore (2z+7)(3z—18)=(z+6)?, &o.
20. +/(@*-16)++/(z®-9)=7; transpose and square; thus

2 =16=21-9—-14,/(z%-9)+49; simplify \/(z*-9)=4, &o.

21. Square; a +x+24/(a?—2%) +a—x=>b; therefore 2/(a?-2?)=b-2a;
therefore 4(a’ m’) % - 4ab +4a%, &o.

22. 8quare; z+9=4x-124/2+9; 2=4+/2; 23=16x; 2=00r 16.
23. Transpose and square ; 5z+ 10=(8 - 2)?, &o. }
24, 2t142%=80; put y for 2% thus 2y +y*=80: solve this quadraticin y.
25. Performing the divisions z (z+2)+z-1=39, &o.
26. Clear of fractions /(a%+a2) — /(a? - #?) =/ (a? - az) + /(a2 —23);

therefore +/(a?+ax) —/(a? — ax) =2 /(a®—2%) ; square

20— 2 /(at - a’2?) =4 (a? - z%) ; therefore 22? - a®=+/(a* - a%? ; square, &c.

27. Clear of fractions z?(z+1)*+2?(x - 1)*=n (n - 1) (23— 1)%;

therefore a*{n(n—-1)-2}-222{n(n-1)+1}+n (n—1)=0; therefore

nin-1)+1 (mr-1)+1)3
w._%’n(n—l)—2 {n(n-—l)—2}
__ _n(r-1) nn-1)+17%  4n3—4n+l
"'»(»-1)_2"'{1.(»_1)_2} Thm-n-2p’
nin-1)+1 2n-1
therefore Ap-D-2 Ta@-1-3° &

28, (a+5)* (a7 + 52 +2%) + (a—-B) (o + 12~ 2Y) ~ 2 (a? - 1) /{(6? + 5) 2~ o)
=(a?+3%%; therefore daby?+ (a?+5%)?=2 (a¥~b%) /{(a+ %) -2%;
therefore 16a%%A + 8ab (a? +5%)22% + (a7 4+ b3)4=4 (a? - BY)*{(a? + 1%)* — 24} ;
by simplifying, 424+ Baba?=3a4 + 354 — 10439,
Divide by 4, and then add 4%? to both sides, &o.
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29. /(z42)+/(@*+2x)=a-z~+/z; Bquare
‘@4 3 +2M 22+ 2 y{(z+2) (2B + 22)} =0 - 2a (24 /2) + (B+ \/2)*;
therefore 82+2+2 (2 +2) /2 =0 - 2a (B +1/2) + 22 /2 +2;
therefore 2(a+1)z+2(a+2)4/x=a?-2; therefore

a+2 at2 a*~2 (a+2)? _2a+3a?
tarivet 2a+2) =%a+2t Qat2) (2a+2)"“°

80. 2+42z={c—(2+0))?; simplifying (c+2)%2'-3 (c+1)*s=2~¢": divide by

(o491, sad odd (233)" to both sides; {a-(g-;)} =%°%{’, &,

81. Clear of fractions, 2a7+a{\/(a+z)+\/(a—z)}+z{\/(a—z) ~lia+2)}
=at+a{V(a+2)+V(a-2)} +/a/(a?~ %) ; therefore
#{V(a-2) - V(@ +z)}=+a {V(@—«")—a}.
Square; o{2a -2 \/(a? - &%)} =a {2a% - z* ~ 2a /(a? — 29)};
8az® - 2a8= —2 (a? - ) /(a* - 2%)
square and simplify, 428 —3a%4=0; therefore z=0 or *“—‘2/3 .

V(z+20) 2+
V(@-2a) Sa-z

(x+20) (26 -2)'=(2a+2) (x~2a); (2a+2)(2a-2) {26 ~2+2a+x}=0;
therefore (2a + %) (2a —2) =0, &o.

83. Transpose and square, #+8=x+x+8+24/(z"+52);
transpose and square again; (6 - a)*=4 (2*+ 8z), &o.

84, Transpose and square, z+ 8=256z~10+/(x*+82)+= +3
transpose and simplify, 5z~ 1=23/('+ 32) ; square, &o.

- 82. ; see Algebra, page 188 : therefore

; a2'-a? 1 8 5
85. Putytorm, thusy+1—l—15, hence we get Y=g Or 3» &o.

86, Transpose and square; a+ ba®=a+2c+/(aba") +be'z™;
therefore b(L~c?) a™=2c+/(aba"); Bquare, &o.

87. Bquare; u+4+¢~24(z’+4w)=z+§; therefore

z+%=2d(z’+4¢); square again, &o.
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38, oo ¢-+},)=«-1;mmfom

1\ .1 1\? 1 1\¢ 1 1\*
ot -2 a’+—,) +3 a’+-;) ="1+Z(“'+E) =—4-(a’—; » &o.

Or thus: a— a'—l-é—”’ a,

- a’)(l—-—) =0, &o. Boo Art, 832,

850  o*(d+aY)
Bl Brddta’
at 850a% o 848lat

B = =
R T

89, therefore 81x* + 81x%%=850at ;

&e.

40 Multiply each term of the first fraction by its numerator, and each
term of the second fraction by ite numerator : thus

WVE+) +VE - D +1) - (= -1
2 2

4y@*-1),
therefore 420;’:4\/(3’ —1); therefore zf=4 (x? - 1), &o.
41, Raise both sides to the sixth power; (ad +z5)'= (a§+a;§)s; therefore
a+2ada? +x=a+8¢"z§'+8a%z§+z ; therefore 2abod = 3a% 2t + 8ab o,
This is satisfied by =0 dividing by 2% we have 2ad z¥=8a¥ + 8a3<t;

ot 2“*"*— 3; x}_ﬁa%z* +(“3—%)‘= - at f— -&—'3 &o.

3 i I

a’:x’+a+x—4a, al+2*+ (a+2)?=4a (a+2); therefore - ax=a%, &o.

42,

43, Square 2+2*-2V{(1+2Y)*~2%=m?; therefore
@2+200-m3=4(1+2%+2%); therefore 42?-4m?(1+2%+mé=0, &o.
44. Proceed as in Example 40; {z++/(z2~ 1)+ {z-/(x?-1)}*=384

thus 427 -2=34, &o.
45. Bquare,  2(z'+aY) +2/i(al+ " - 9atat} =201+ 26
therefore (a* +2%)1 - 9at?= (D* - 2%)%, &o. |

46. e(“ ) =04, theretors 607 - ot (447, .



60
47.

w

48.

49.
50.

Bl

b2.
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rhe 1,1 2 1
™ 5= (" +2*)=0; this is satisfied by &=0; divide by «";

t;f v—r [
=2 (ac"+1) » _2ez™=-1; add ¢ to both sides, &,

Transpose and square; z—4/(1—2)=(1—-v2)?; -1 -2)=1-2/z;
square, l-z=1-4/z+42; bz=4+/2; &o.

2 {bz*a + 102%3 + a5} =242a°% ; therefore z*+2x%?=24at, &o.
3_
- z+1—z—\/— therefore ———- \/6, square, &o.

Transposeandsquare; 2*+az+b?=(a+b)*-2(a+b)V/ (¥¥+bx+a?)+a+bx+a?,
(b—a)x+2a(a+b)=2(a+Dd)+/(x*+ bz + a?) ; square
(b—a)i2® +4a(b? - a®)x=4(a +b)*%?+ 4(a + b)3 b, &o.

2%21-16_3(2-4o bzt+s_3

IG5 2@-B° 8 —aetimbe

53. Square; 2z+9+3z—15+2/{(2+9)(3% - 15)}=T2+8;
therefore Vi{(2z+9) (82— 15)} ==+ T7; square, &o.

84,

Transpose and square; (b_'i(‘“_ﬂ=1— 2 ,\/f+ z

therefore %—9— —-—a:—l 2\/ +— therefore ——2\/

s bx _ _cva
that is { i \/5} =0; therefore v/x= 5
55. Transpose and square;
@ +22-1=5+2/6+2"+2+1-2(y2+4/3) V@ +2+1);
»  therefore (2-7-2/6)2=4(5+2/6)(® +z+1);
therefore (19 +8+/6) 2% + (34 +12/6) 2 =53 + 20 /6;
34+12\/6 _58+204/6,
therefore P+ 1918y6 - 19+86’
-1 53+ 204/6)(8v/6-19
theretoro gt BAH1IVOIOVE-101z_ (584 20y9(60-19),
~ 44,/6—-47
that is ’+44‘/263 =2 .

T
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Completing the square we have
44670\ _12192-2112./6 _ (44./6—24\?
(”‘* 16 ) =@ ,_( ® )%
56. Transpose and square; .
Btas-1=(Va+/b)+2*+dz-1-2(Va+v/B)/ (@ +be-1);
therefore 2V/(@ +bz—1) =+/a++/b - (Va~/b)z.
Square;  @*{4—(Va-vB}+2(a+B)z=4+ K a+Vb)%
Divide by the coefficient of «?, and completé the square;
zz . a+d %’_ 4+(Vatr/b)2 @+  _{ 4+23y/(ab)
H T Wa-vbp) = E- Wa-ytr T TESWa—yop P - li=(Wa— vt
57. o®+2x3+a=0; therefore =0 or 2%+ 2 +1=0, &c.

-

58. 23+ ba¥+ax=0; therefore z=0 or 23+ br+a=0, &o.

59. - (@a+d+c)+x(be+ca+ab)=0;
therefore 2=0 or 2~z (a+b+c)= — (be +ca+ab);
H 2
therefore (z-a—"'gif) =-(bc+ca+ab)+ﬂ-%+—c)—=&o.
0. 2 - & . iherefore z(l+a¥)=22(1-aY; therefore z=0 or
1=z 1+4+a% !
1+22=2(1—2%), &
1 1 1 1
- 8L z+a+§+z—a-b+z—a+b+x+a-b'—0’ therefore
2 2____o: —(a=b)? _ 310
z’—(a+b)'+w’—(a—b)’ o’ ”;z’ (G b) ‘+¢{”’ (“+b) *_01
therefore 2=0 or 2'=(a+b)?+(a-D0)3
. 62 (@ —2) (z+m) (@=n)=(a +2) (z+ n)x-m);
therefore - 23 +2? (a+n —m) + 2 (mn +ma - na) - amn
=28+ 2 (a +n - m)+ z (na — ma — mn) — amn;
therefore " 2=0 or P=mn+(m-n)a.
a+z\? o daz _ex
03. . (GTQ —1=-G_b’ therefore -(a—_x)-i—ab,

theroforo 4a'be=cx(a—x)?; therefore z=0 or 4a®b=c(a-=z)*; &e.
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64; Transpose and square; o

(22 +1)% +22 (2 + 1)4/(2* + 2) + 22 (@* + 2) = (x + 1)? (@* + 22 + B);

- therefors 2z(2z+1)v/(z}+2) =43+ 2% +4a+2=3(z"+1) (22 +1);
therefore (22+1) je/(x* +2) — (@2 + 1) { =03
therefore either  22+1=0 or z+/(z*+3) - (x3+1)=0.

The former gives z= -~ —Ié; from the latter we have 2?(z%+2)=(2*+1)},
that is, o4 24%=qt+22%+1,, which is impossible.

* 65. 21— 22+ 2-2 /(- 22+ 2) + 1=0;

that is, }/(@2~2x+2)-1}{3=0; therefore \/zi—2z+2=1; square, &o.

66. @+ 52+ 28 — /(% + b+ 28) =24; therefore

3
3\"”'*5““’3)-%} =¥ +24=}%; therefore \/(z’+5w+2s)=g* 12—1, &e.

67. #?—22+9-24/(z% - 22+ 9)=8; therefore {v/(2% - 22 +9) - 1P=4; &o.

6s. 8 (234 52+ 1) - 24/ (2 +- 52+ 1) =5,
2 1 5 1 16 1 4 ’
c'+5z+1-§v(z=+5z+1)+§=§+§=—§, V@'+bz+1)-g=27, &o.

 §
69. %482+ 8/(s%+3x)=10; therefore {\/(x’+3a)+g} =%+1o; &.

70. 203-82+3-3/(23-82+2)+1=0; that is, {/(22'-32+3)-1=0, &s.
7L 20%46+5-+6+/(2%+6245)=55; therefore {v/(2et+6z-+5)+8]=64, &,

7. 82* - 2ax+4—6+/(3a* - 2az +4) =a+ 22 - 8;
therefore V(82 - 20z +4) - 3P3=(a +1)?, &o.
78, 27-B2+2464/(22'-3242)=16; therefore {v/(22°-8x+2)+8}%=25, &o.
74, 9=6+4(z+a%) - (z+2)% Pubyforeta;
thus y*-4y+4=0; therefore y=2; thusa?+x=23, &o.
7. (@+0) (z+40) (+20) (2-+86) = ct;

thatis, (2*+Baz+4a?) (*+5aw+6a?)=ct. Puty for o+ baz;
therefore (y+4a%) (y+6a%)=ct; therefore 3%+ 10a%y+2Bat=ct+at, &o.
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76. 16x(@+8)(z+1) @+2)=9; thatis, 16 (&' +8z) @ +8e+2)=9;
put y for 224+ 8x; therefore 16y (y+2)=9, &o.

+2t a4t
“w =: ' : see Algebra, page 182: (a?+2%) (a® -2~ ax)=0; .

therefore a®4+2?=0 or a®~z%-az=0. The former gives impossible values to 2.

a’5a_
4 4°

4 ¢
73. a=(x-%+%) +( —;-%); put y for c-l;

T\¢ 1\4 1
therefore (y+§) + (y-i) =a; therefore 2y‘+8y'+§ =a;

&', 9 a 1.9 a1
therefore r+_2-+ﬁ=2—16+16=2 30 %o

77.

o+ ar=a?; therefore av+axt—

79. z‘-2¢'+z’-z’+z=a;' that is, (2'-«)'-(2*~x)=a; put y for
3~z ; therefore y?~y=a; &ec.

t §
80. (8—2)'—(~2)=182; therefore (z’-w-%) =182+ 1 -5,
therefore a:’-av-—1-= *?’ &o.

8l 2474+ 3@ +72) + 2+ V(2 + ) =43;

therefore We+V(@+ NP +/2+4/(2+7)=43;

therefore {\/z+\/(g+7)+ } =42+l_& Vo @+ +5 _*123-

Take the upper gign 4/(# +7) =6 ~+/2; square, &o. Then take the lower sign.
82, (2—4/2)'+2(@—-4y/2)+1=0; therefore (3—44/2+1)*=0;

therefore o—44/z=-1, &e.

83. {Wa+vat+ )P +va+V(at+)=b+a;
therefore {\/s+\/(a+z)+-; }.=b+a+%=c’ say:
therefote- s/w+\/(a+z)+;= &6}
therefore Via+a)=ko-F-+a; square, 0.

84, (+x)+4("+a)+4=16a"; therefore o +o+ 2= dkde, &o.
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85. (2'+0%)'=2a*(z~a)*; therefore #'+a?=+a+/2(x-a). The upper
sign gives impossible values; take the lower sign 2?+ ax /2= —a%+ a?y/2;

therefore (x-i- =-a’+a’\/2+§=a’\/2-§; 2z _W*Mﬁl//_:;l)_

@)
2
86. Divide by 23; x+£) +a(x+—°—)+b=&;
therefore (z+—- 2) = ———b+—, &e. From this we could find n:+.——

suppose that z+ ——-—m ; clear of fmctlons and we have a quadratic in 2.

87. ' Square 1+2\/(1-—)+1__=1+ 2\/(1-_)_(24.:-1);

square 4—;-(§+2)-2(: a)+1 therefore

L]
(5—2) —2(f —g)+1=0;thereforef —l—'=.-1; therefore 2® - az=a?; &o.
s =z a z e =z

88. (a:+ )+2( 1)—14—2+2

therefore (z+ +l) _—li? 3_1—32 therefore z+1+1 *E, &e.
x2-1 —1 1 —1
89. */(7)_ N_/(\”;_z)_”;. therefore v/(a-1) {v/(e+1)- 1_‘/"= )} ;

therefore either  +/(z—1)=0 or \/(z+1)—1=\/-%é—l) ; square

z+1+1—2V(x+1)=“—;—1; thereforem+1+i—=2-\/(z+1); square

3 3
(x+1) +2(=+1)+1=4z+4; therefore (z-l) -2( —}-)+1=0.
z x @z z
90. 2(x*+1)=(x+1)¢; therefore at—4a%~6a?—4x+1=0:
divide by «*; w'+$-4m-§-6=0; therefore

1\? 1 1 2
z+—) —4{z+=)=8; therefore (z+—-2) =12; therefore
\ % "] ")

w+%=2=k \/ﬁ-'z;ws. Take the upper sign; «*-2 (1 +/8)=~1;
therefore {o-(1+4/8)= =1+ (1++/8)*=8+24/8; &o.
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(z+1)(x*~2+1)=0; thereforez+1=0 or z*-x+1=0, &o.
92. n(z*+1)+z+1=0; therefore (x-+1){n (z*-z+1) +1}=0, &eo.

93. It is obvious that #=5 is a solution; multiplying out we get -
2% - 92%+262—80=0; and we know that 52-9x5?+26x5-80=0; sub-
tract; -5~ 9(::‘ 8% +26 (x—5)=0; dividle by z-5;

o +52+25~9 (z+5)+26=0 this gives impossible values for .

94. It is obvious that z=6 is a solution; multiplying out we get
23~623+11x-66=0; that is 2?(z-6)+1l(z- 6)::0 Divide by z-6;
22 +11=0; tlnsglves impossible values for z.

95. It is obvious that =5 is a solution; multiplying out we get
x®— 623+ 11230 =0 ; and we know that 52— 6x5‘+11x5 80=0;

subtract; 23—5°-6(x%-5%+11(x-5)=0; divide by z-5;
23 +52+35 -6 (x+5)+11=0; this gives impossible values for .
96. «(62'-5z+1)=0; either =0 or 6«?-6z+1=0, &eo.
97. o (m+1)—4 (z+1)=0; (2-4) (x+1)=0; either z+1=0 or 2*-4=0, &e.
b b, b2 B

98, It is obvious that z=a is a solution; ——1+——-+x, 1:0

_Blata)_o o 1. b _B@Eta) .

(z-a)i;- o } 0; dmdebyz—a,;—“— o =0;
therefore ax® — abz - b% — b%a=0; therefore

b(a+d b(a+b))? b(a+b))? _ 52(d*+2ad+Ba?)
ot~ aa )x+2 ‘;a )§ =b’+{ ;a §= 4a? » &e.

99. 82~-14+8(32-1)=0; therefore (2z-1){dz*+22+9}=0;
either 22—-1=0 or 4x*+22+9=0; the latter gives impossible values for z.
100. z’-4=1(z+g); (a=+.§) {z—g -1 =0; therefore z+—=0
1

orc—%——:O the latter gives a:’——--—l therefore( —-) —1+9,

101. 8 (z%=1) + 82*(x?~1)=0; therefore (a:’ 1) {3 (z* ha® +1) + 8% =0;
therefore either 2%~ 1= 00r8a;‘+1]a’+3 0; &

&e.

102. It is obvious that z= —m is a solution;
B -mxi-2(mi+1)2-2m=0;
and we know that -mP-m3+2(m?+ 1) m—2m=0;
subtract; B+mP-m (22 -m?) -2(m*+1) (x+m)=0;
divide by z4+m; a'-mximi-m(z-m)-2(m?+1)=0;
therefore 2?-2mx=2; therefore (x-m)’ m*+2; &e. .
T. K. F
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108. It is obvious that 2=a is a solution; multiply out, and divide by
b-a; thus o®~ (a?+ab+b%)z+ab(a +b)=0; and we know that

a®~(a®+ab +b") a + ab (s +5)=0; subtract; #*-a®-(a?+ab+08%) (x-a)=0;

divide by z—a; 2'+ax+ae?-(a?+ad+3%)=0; &o.
z+p-1
p-1
z4+p—~1
»-1

104, z@+paip-1)+

=0; z{z'-1+p (z+ 1} + =0;

a+p-1
r-1

s@+1)a-14p)+

1
=0; (s+p-1) z(x+1)+p71}=0;

therefore either z+p—1=0 or &+ ¢+P—}_—1=0. &o.

105. c%(p—l)’z’+pc+1’%1}+(p—l)m+1=0;
therefore xz(p—l)’s’—1+p¢+l+"%1¥+(p—1)z+1=0;
therefore zt(p-—l)’z'—lﬂL:_)l”—*—-”}+(p-1)z+1=o;

Pz
therefore {(P-l)z-l-l}{z[(p-l)z—1]+P___1+1E=0;

therefore either (p—1)z+1=0 or z[(p=1)x—1]+p;,_¢i-+1=0, &o.

XXII,
10. For equal roots 8= 4 x3 xm ; therefore m=8,
2 228 pi-2¢
11, 2. B_a"+B_(a+h) P-2,
Bta™ e B T 1
al+ = (a +5)* - 8ap (a+ ) =p* - 3pg.
11 a+f_ b,e_ b 1 1_1
B S~ aTam e

equation is 23+ g z+ g= 0.

18. The roots are :t\/;_p’_iq)_; and p’—4q=(k+%)’—4q

]
=k’+2q+23-4g=(k—% , which is a perfect square.
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14, Suppose that z is a value which satisfles both axz+bz+e=0, and
a'2*+ 2+ ¢/=0; multiply the first by ¢’ and the second by ¢, and subtract ;
(ac - a'c) £+ (be’ - ¥'c) 2==0; therefore (ad’ —a'e)z=bc~bc ......... 1).
Again, multiply the first by &’ and the second by a, and subtract ;
(ab—ab)z+a'c—ac=0; therefore (a'b-ad’)z=ad —dec........... (2).
Multiply (1) and (2) orosswise; thus (ac’—a'c)?=(a’d- ab) (b'c-bc)).
27 __ .. 1+y+/f(y-1) 11y -1}
T -gz_5— Y3 then we got &= 3y '
a8 in Art, 845. This shews that y must not lie botween 1 and .5

16. Put 5’%_;:;,,,, then = (y+1>wf<::~1)' P11

Here the expression under the radical sign will be found to be
-?’)(y_p+1) ( P+1> and 8s 1 - p* is negative, one of the other factors

15. Put

must be negative to make 2 real: thus y must lie. between ﬁ and;"'i
XXTIT.
1. Multiply the second equation by 7, and add fo the first, &e.
2. From the first equation y=100 —«; substitute in the second, &o.

8. The second equation gives z+y=zy; therefore 4=xy; substitute
4 -z for y, &o.

4. From the first equation y=7 - ; substitute in the second, &o.
5., From the first equation y=«—12 ; substitute in the second, &c.

6. z+y=8, yz—y=2+2=z; from the first equation y—=8 —z; substitute
in the second, &c.
7. 2*+2ry+y?=65456; that is (x+2)*=121; also
2?-2zy +y?=65-56; that is (z-y)?=9, &o.

8. From the second equation = :y; Bubstitute in the first, &o.

9. x+y=2xy; therefore 1=2zy; substitute 2~z for y, &e.
10. Multiply the first equation by 2, and subtract the second, &o.

11. 2z+8y=37, 45(z+y)=14xy; from the first equation z=—37;s‘y;

substitute in the second, &o.
F2
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b

25
- OF - —

4v2+0 115
hence v= 7

Or, add the equations, extract the square root, &e.
v-v'_ 2
I+v 15’
4o3+v+1 6, _1
—m—s———ﬂ, hence ’—-4- or -2, &c.
v- 2v’ 1 1.1

Tio =13} hence v=35 or 3 &o.

¥-v+1 21 5 1

e e T hence v=j of 3, &o.
1-4v* 9 .. (1420 (1~ 21)
sra—gr tetls mT—=3

&e.

18, Put y=vz; thus — hence v=§ or %, &o.
14, Puat y=uvz; thus
15, Put y=uz; thus 2o”

16. Put y=vx; thus

17, Put y=vx; thus

therefore 1—"23—8, &o.

18, From the second equation y==_"5° ; substitute in the first, s,

19, From the second equation y=2 -« ; substitute in the first, &o.
Or, add the first equation to the square of the second, &o.

20, (z+y)’+(m—y)’=1:(z’-y’); therefore 6 (z?+y?) =10 (z*- y%);
therefore 4x3=16y3; therefore 2= %2y, &o.

21, (z+y)’+(z—y)’=g(x’-y’); therefore 4 2%+ %) =5 (&~ y%);

therefore 2?=9y?; therefore z= 8y, &o. .
AN e _Smy o ;
22. 10teg=V-® ¥-g3= —8z: from the first equation we’ get
bz

y=7i substitute in the second, &e.

23. z: Y8z -y 8- -—9%+3y: from the first equation we get

y=1?; substitute in the seoond, &o.
24. Multiply the first equation by 4, and add it to the second; thus
9 (y* — 62y + 9¢%) =0 : therefore (y - 8x)*=0; therefore y=38x, &ec.

25. Bubtract the first equation from the second; 2 (y —x) =y*—23; there-
fore (y—=z) (y+2—2)=0; therefore either y~2z=0 or y+z-2=0; thus y=3
or y=2-z: substitute in either of the given equations, &o.
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26, Square the second equation ; 2% - 2a,::/+ y’_a—"’—,, substitdte from the

first szy My—’;—%’—., therefore z%y3==8xy: therefore 2y=0 or 8. The former

gives x’+y’—-0 z~y=0, so that z=0, y=0; the latter gives «%+y*=20,
z-y=2; &o.

27. 16—x—2y=8—m. 23—y-3a:=3—f; therefore 16 —z - 2y =23 -~y - 3z;
therefore y=2z—7: substitute in either of the given equations, &o.

28, my:% (z+3y) ; therefore 22y — 58; (x+y) =0, add to the second equation:

5 _ 961
=35} therefore

z+y——==l= 61’ therefore z +y=6 or -5 subshtutemtheﬁrstequnhon,&c

thus (z+y)’—§(x+y)=~26' therefore (¢+y— ) —26+ 2

29. 2-9

o=y g that is 22+ zy + y*=4; substitute -2 for y, &o
2+ 6_5
z+y b i
,,;_:za =—1%1 ; that is 23 - zy+3*=91; substitute 11 —z for y.
oLy o s =g

therefore v—; org &c. Or, add three times the first equation to the

second, extract the cube root; thus #+y=>5; then from the first equation
zy.—.-.6; &c.

30.

that is 23 —zy+y*=18; substitnte 5 -« for y, &c.

81.

3 — acy+y’ 7

83, . Put y=vz; thus

8. ot +p=l8zy, o+y=12; therolore, by division, o?-ay+yt="o,
Put y=vz; thus 1—v+v’=?:—§; therefore v=2 or ; , &e.”

24yt 4914

is 22 — 1 . s -
sty =18 ; that is 2* — 2y +y?=273 ; substitute 18 -z for y.

85. 2+y3=0zy, 2+ y=ixy; by division 2?-zy+y*=12; and by squaring

the second equation we get ——=— gz’y —82y=12; this gives zy=8 or - g, &o.

86, 2*(z+y)=='(2z- 3y) ; therefore ®+y=2x-8y; therefore z=4y;
gubstitute for z in either of the given equations.

e
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8. my(e+9) =0, yay=a+y; multiply Jati o =20 (e +);
therefore #%?=16; therefore zy=£4; substitute in the first equation, &e.

38. ;% 6—’%—{ that is :r-l-y—sﬁy*l;square thus

z’+y’+2¢y—(w 1, ; T+8ay= (6“? 1)' ; 1228 — 532y — 114=0;
-1

from this quadratic we get xy=6 or --:%: substitute in x4+ y= m; , &o.

89. o+yi= ”"’ ; therefore 8="L; 16a0%*; substitute 8.2 for %, &o.

40. x+y=4; square; thus z?+y*=16 - 2y ; square; thus
ot + YA+ 22%? =256 — 64xy +4a%A; therefore 82+ 2x%*=256 — 64zy +42%?;
a%3-32xy=-87; therefore zy=3 or 29. Use these with the first given equation.

—_yS
41 ’;_:‘l =2, that is atraytalyteaptepr=1081, that is

o+ yttay (@3+98)+a%3=1031. Now z-y=3; therefore z*+y#=9+2y;
therefore  af+4yt=(9 +2xy)? ~ 2% =81 1 862y +22%3  Bubstitute: thus

81 +36ay + 2% + 2y (9 + 2xy) +%?=1081; that is 5x%? +452y=950; there-
fore 2y =10 or —19. Use these with the second given equation.

(3’“31 o (3“"‘31’) =82, Put u for —+- thus 9at4 L=82;

z+y o
therefore 9ut—-82u?+9=0; from this we get u?=9 or 7 therefore
z-y_,1 __.__ =
Pt =3 or 48. Take = w+y_ thus 8 (z-y)=z+y; therefore z=2y:

substitute in the second given equation, &e.

43. x+y=4+xy; therefore 23+y*=(4+ xy)® - 22y=16 + 6zy + »%*: sub-
stitute in the first equation; 16+ 6zy=19; therefore zy=35- Use this with
the second given equation.

m z;2+—z’y’+y‘=1;3_; this will give 2*+2y+3°=19. From this and

y’
the first given equatlon, by addition and subtraction #*+33=13, 2y=86, &c.

whalylt 931 o .
45. ;rz_gyi_-':‘ 1 this will give 2?-xy+4%=19. From this and

the first given equatmn, by addition and subtraction * +33=34, zy=15.
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46, Add twice the second equation to the first; thus (x?+y%)*+a34y’=182;
from this quadratio 23+ 4%=13 or —14. Take the former and substitute in
the second equation ; thus we get zy= +6, &e.

47. The first equation gives zy (y+«—3) = 8 (4x + y —xy). Multiply this
and the second together : % (y+ 4 - 2y) (y+4—8)=386 (x+y - 8) (4= +y — xy).
Therefore either g +4x—-2y) (y + £-38)=0 or #%3=86. Take xy=+6, and
substitute in the first given equation; next take zy=~6. Next take y+z—-3=0,
this will lead to y+ 4&~2y=0; from these find  and g,

48, Divide the second equation by the first: thus w+y-—+/(xy)=6;
therefore by addition and subtraction #+y=10, 1/(xy)=4; therefore xy=16;
substitate 10 -« for y, &e,

49. Divide the second equation by the first: thus x+y ++/(xy)=19;
therefore by addition and subtraction z +y=18, /(2y)=6, &e.

50, x+y=T7% z§+y§=6; divide the first equation by the second : thus
a.'%—a:'}y%'+y%=l2; substitate 6-28 for y*: thus we get P v 12=4;
therefore (z%f -38)*=1, &o.

51, z3-y=(8-2)%; substitute z-1 fory, &e.

52. z+y=T+/(ry), (o+y)v/(zy)=T78; therefore {7++/(zy)}/(xy)=178;
from this quadratic we get +/(xy)=6 or —13; &o.

63. z+y=10, w+y=g +/(zy); therefore 10=g (=y) 5 (zy) =4, &e.
54. Square the first equation; z+y—2+/(xy) =4y ; therefore
20 -2 y/(zy)=4xy; from this quadratio we get /(zy)=2 or —g-, &e.

55. Put y=wox in the second equation ; ”’—-:'1 =§§; hence v=§ or 5

3 8;the

5
first equation gives v/(z? —y?) - 2y= - 2; put z:%’, &o.

56. 3+2%=(8-2y)t; by*+ 4xt=(9—24%3; from the second equation we
get 3= ; substitute in the first equation, &e.

86
: be
57. ay+bx=4xy; substitute b— - for y, &e.

b4

58. y=2; substitute in the fust equation; e'-7;

=a?; therefore
a’ S al
x* - a2?=b4; therefore (z’— -2-) =L‘+I, &o.
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59. at=(z+y)s=at+yt+ 4y (2 +37) + 6alyd = b4+ dzy (a® - 223) + 627 ;
see Algebma, page 199; thus 2z%*-4a'zy=b*~a*; find #y from this quadratic, &o.

60, x*+y4+2x%%=162%3; therefore a2+ y*=t4xy; substitute a—z for y, &c.

61. Clear the first equation of fractions; thus ab=xy; substitute
a+b~-xfory; thus ab=(a+b—2z)z; therefore 2*— (s +3) ¥= —ab, &o.

62. Clear the first equation of fractions; and substitute 25— % for y;
thus we get (a+b)3?— 4adz + a? (35— a)=0, &o.

63. Divide the second equation by the first; *+y+ay (x’-w’)‘w‘y’:b; :

Now z%+y%=a2+2xy; o4 + y=a*+4a%xy+22%"; thus we get 52%3+5ary _M;____?_: :
find y from this quadratio, &e. Ca

64, Square the first equation; o+ +(z*-y9)=2y?; thus z*+a*=2y7%;
therefore x*=2y3a?; substitute in the second equation, &e.

65. The second equation gives y{2(a+3)—x}=~x(2ab-y); and the
first gives y (2ab-3y)=2{2(a+b)—x}adb; multiply the two together; thus
¥¥(2ad~y){2(@+b) -z} = —a* (2ub-y) {2 (@a+D) -z} ad; therefore either
(2ab-y){2(a+b)—2}=0, or y*= -a’ab. Take 2ab-y=0; then from the
second equation we must also have 2 (a+b) —2=0, &o.

o ihis cadatie oVt @ ¥ =0y thorelore dazy=(L-ay)?; find ey

67. Divide the first equation by the second; also multiply the two
together; thus :—g# = ‘103!; o8 — y3=caz; from the former z= (a:;-_ c‘):y; substi.
tute in the latter; thus 4acy?=cay (a%?-c?), &o.

68. Square the first equation; 2z+2+/(x?-3%=a; iranspose and
square; therefore 4 (2%-3%)=(a-2x)%; therefore 4y*=4az-a® Square
the second equation; 23+ 2+/(x*—y*)=0%; transpose and square; therefore

4 (2 - y*) = (0 - 22%)?; therefore 4yt =4b’2%— b4; substitute 4“4— @ for 32, &o.

69. Substitute ‘?? for y in the first equation; thus 2 (§+§-:)§=4;

therefore :—’:+§=4 ; therefore a8 - 4b%%+ 34=0, &ec.

70. Add: thus 2?(z-1)"+9*(y-1)*=a+b; and z(z-1)+y(y-1)=a;
put « for z(x—1) and v for y(y—1); thus we have u*+v*=a+b, ut+v=a;
tind % and v from these, and then # and y can be found.
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71. From the second and the third equations %=:—'; therefore yali::
substitute in the first, &o.

72. 2y+8z=13xy; substitute 5

ior y; thus find # and y, and then

2 from the first given equation,
78. Clear of fmchons, then we find yz_s, w= 3 zy_- therefore, by
1 1 1
multiplication, zyz* _Z’ and by dimwn,z’:i,&o. Thus :c=y=z=;/—20r—7§.
1 1.1 1 1 1 1 1 1 1.1 1 2
74. a2 33/+:m —,-=-—+—, F=;’-‘+;;' thus —2+b—’~;’=a’

this gives xy; similarly we ﬁnd yz and 2z. Then as in Example 78 we can
find z, y, and 2.

76. BP+y=c, y’+u—c, :’+my_.a Subtract the second equation from
the first; (z—y) (@+y—2)=0; therefore either £-y=0 or z+y=2z First

take y=z; thus we have c’+a==v: ' +a'=a: therefore '=?_§:' and

%)
by substitution l a:‘) +2*=a, &, Next take y=z—z: thus we have
(z-z)*+az=c, 2 +% (2-x)=a; add these two equations, &e.

76. m+%=-26—9, y+9=§3; by addition (z+y) (1+%) =%; therefore
21z 21
z+y= A+ 2+2z+z_15, &o.

77. s=—]L; substitute in the other two equations; z+y+%=;,
— ]
£+§+w=z; by subtraction (x+y)(1-xly) +1—;;l=0; therefore either

ltay
~1=0 or z+y=—==, &o.
zy Y =

78. @+y+eP=l, (z+y+2) (B +y*+2%) =1, P+y3+5=1; therefore
@+y+22+2 (@ +7 +2°) -8 (z+y+2) (x*+ % +2%) =0; that is 6xyz=0, &o.

79. Add the three equations together; thus (z+y+2)3=a'+b+c?;
therefore x+y+z=::4/(a%+8%+¢%), &o.

80, Y +Y2+22=26.c0ccenrnnrniinnniiinnnai

@3+ Y2 +2%) (xy+ yz + 22) — Yz (£ +y +2) =538
Bubstitute from (1) in (2); thus 26 (z+y +2) — Szyz=162
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Substitute from (1) and (4) in (8) thus
26 (z*+y* +29) —m}m(z+y+l)=588;
to this add (1) multiplied by 52; thus

26(z+y+z)’—23f6(w+y+z)’+54 (z+y+9)=1890;
that is %(c+y+:)’+54(z+y+s)=1890.

Solving this quadratic we get 9 as one value of z+y+32; and thus
m:;yz=24534 We have now z+y+2=9, zy+yz+2x=26, zyz=24; therefore
z+y+—=9, wy+w=26; therefore zy + 9-—2‘3 ?:26; therefore
(xy)® ~ 26 (zy)? + 2162y ~ 576=0. By trial we find xy=6 or 8 or 12; &e.

XXIV.

1. Let z denote one number and y the other. Then
z+y=39, 2+y’=17199.
2. Letz(z+1) (x+ 2) denote the number. Thus
@+ (@x+2) +e@+2)+z(z+1)=47.
8, Let the length be z yards, and the breadth —1 yards. Then
(%~ 1) =38 x 4840, ’
4, Suppoqe the crew could row at the rate of « miles per hour in still
water. Then with the current 8} miles are passed over in ?% hours,

: n B 5, 8
andagatmttheomentmw_zhours. Thereforem+x_2=1§.

5. Buppose xz hurdles are placed in each of two opposite sides of the

e; and y hurdles in each of the other two opposite sides; then

2z + 2y=176. And as each hurdle is two yards long the area of the rectangle
i8 4zy square yards. Therefore 4xy=4840+968,

6. Let z denote the number of acres he rents, Then he pays %‘ pounds

for each acre ; and he lets x~4 acres at %+%pounds an acre. Therefore
84 1
(5—4) (;+§)=84.
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7. Let 2 denote the aumber of sheep he purchased. Then he pays s_i_i
pbnnds for each sheep; and he gells z—2 sheep at g +% pounds esch,
Therefore (x-2) (35 1) =86,

8. Let a denote the length of the given line, and # the length of the

produced part, Then 3 (§+ z) =23,

9. Let x denote the dividend, and y the divisor. Then s:&;, 2y="7560.
10. Let z denote the number the gentleman got. Then the market price

of each i is —3 of & shilling, and the gentleman paid for each -~ 1 of & shilling.

515 3
z+2 13°

11. Suppose eggs eost  pence per dozen. Then fbr s shilling we gef %2

Therefore B
x

dozen, that is 1—45 em ; and if the price were lowered one penny per dozen

we should get i for a shilling. Therefore lgi - 14—4—-—2.

12, Suppose tha.t 2 Austrian kreuzers are worth a shilling. Then 2+ 6
Bavannn kreuzers ate worth a shilling, The worth of 15 Austrian kreuzers

— of a shilling; and the worth of 15 Bavarian kreuzers is % of a

slnllmg. Therefore Z i e~

13. Let z denote the greater number, and y the less. Then
1 .
z+y=9(z-y), ay= i’”-

14. Let z denote the number of days the first worked; and therefore
c 6 the number of days the second worked Then the first received
— shxllmgs a day, and the seeond received m——ﬁ shillings & day. Therefore

54
z—6"°

15. Let z denote the member of persons in the party, and y the num-
ber of shillings each spent. Therefore

@ +5) (g +1)=120, (z_s)( _g)_—.sz.
16. Let # denote the number of shares he bought, and y the rate per
oent. discount. Then he paid ?L(%_—y)

(z 6)—-mx

pounds per share and received
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&%m pounds per share. Therefore .
20 (100-9)z 20 (100+y) (z- 60)
=100 =1500, 100 1000.

17. Let z denote the number. Then %*+2®=9(z+1). Divide by z+1.
18. Suppose that he lends z pounds at the rate of y per cent., and
1800 —z pounds at the rate of z per cent. Then '
2y _(1800-7)s =z .o (1800-2)y_,0
100 100 100 1000
Substitute in the first equation the values of 2 and y found from the
second and third equations; &o.
19. Let z denote the number of miles in the rest of his journey; and
suppose that the coach goes y miles per hour and the train z miles per hour.

Then 56+”=-5-, 56 E=5———6"'35+“’. From the first equstionz:zﬁ-%;
2 y =y z 25 y
Y

and from the second equation zz’afyy. Therefore 2705»—56=z_—y. Put u
85

ai’ therefore 20u?-76u+21=0. The only admis-
sible root of this quadratio is ; .
20. Let ¢ denote the number of miles from London to York; and sup-

pose that 4 travels z miles per hour, and that B travels y miles per hour.
Suppose that they meet at the distance of z miles from Tiondon. Then as

they have travelled for the same time when they meet 2 =°!,1; therefore

for’!il: thus 20u-56=
Thus z=14.

z=%. ThuswhentheymeetBhustﬂlﬁ;mﬂea to travel, and 4 has

x _ . o %Y
c-m miles to travel, that is oty Therefore
— Y _16......(1 < _ —36..
z(z+y) @ Yty =20

Divide (2) by (1); th ;‘—:%g; therefore §=§. And from (1) we have
£=16 (§+l) =16 xg; and 2 is the time in which 4 performs the journey, &o.

21. Let z denote the number of miles in the distance. Then the first
eourier goes 114 miles an hour, and the second goes 110 miles an hour.

14
20x14 20x14 1
Therefore —  —zii0 23"

22. Let = denote the number of miles in the distance ; and suppose that
A travels y miles per day, and that B travels z miles per day. Then as in



XXV. MISCELLANEOUS EXAMPLES. 7

the solutmn of Example 20 we shall find that 4 and B meet at the distance
of 2 m.lles from P md —_ nnles from Q. Therefore
= _ i= By, T 9
y+z y+z yy+2) ' z(y+z)
Divide the third equation by the setond ; thus we get y=%; substitute
in the first, &c.

23. Let « denote the number of hours in which the one pipe alone
would fill the vessel, and z~2 the number of honrs in which the second pipe

1 8
alone would fill the vessel. Then + v _; i

24. Let xz denote the number of hours in whieh the first pipe alone
would fill the vessel, and y the number of hours in which the second pipe

alone would fill the vessel. The first pipe is kept open fora—"/ hours, and

£l i

therefore fills 52 of the vessel ; there remains 1-3-3-' of the vessel to fill:
this is filled by the second pipe in y(l—s—;) hours. Thus the whole txmem
hours is 3—3’+y(1—3_1‘). I the two pipes had been kept open together

the time would have been i honxs Thusa-;%,.—.:si’ +y(1—:%)-6.
Also 1 x—q—=g(14—s—y). Put u for ¥ in the second equation ; thus
z z+y 8 bz ©

2 1-3—“); therefore 6u’+11u—10=0. The only admissible root
l+u 8 b
of this qnadmﬁoisg. Then put %foryinthe first equation.

25. Let z denote the number of workmen, and y the number of pounds
each carried at a time; and suppose that z journeys are made in am hour, °
Then 8xyz is the total number of pounds moved. Thus

8axyz="T (2 +8) (y-5)2z, 8Bay2=9 (2-8)(y+11)z.
Therefore 8ay=T(z+8)(y=~5), 8xy=9(z-8)(y+11).
XXV.

. al(c-d)+ba—-c)+c'(b-a),
1. The expression @-50-0(c-a) ; it will be found that

the numerator is equal to the denominator.
2. All three statements reduce to @ — b+ ¢~ d ~ bed + acd - abd + abe=0.
5. Letaand b denote the quantities ; and suppose that \/(ab)=k: then

B a
ab=P*; theretore § = 77 ; therefore Jb :
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6. 1428 4ot - 20t it 2f 4t (\1+z§+x*-z'

1
2+n§) 228 1 2.4 2% — 2% + o8 — b 4 0t
2z3+a:
2+28 2% ) 2uF b2t
2z% 4 922 +22
2+zc!+2a%-z=) —20-2%  —odben
, -2 -92%  _9gh4at

7. The root + 2 _3%)}. Assum 33— .
then as in‘itgt".o ;Ofez + ;/ =“;*; \2/(:}:;3/ =’1}/(a’ -b%); eﬂ\:{a‘;-f;;{a(‘(‘z - y))z=$z; -';o/.y

8. The roots are +a \/ﬂ‘ig—tw Assume

3 2 4!
JW:J@*.\/y; &c.

9. $+6x'+11z’+az+31 &z’+3¢+1

22+ 3% ) 623+ 1122+ 32 + 31
) 6251 9m

2@’+6¢+1) 22 + 3¢+ 31
222+ 6z+ 1
—32+30
Thus if -3z + 30=0 the process terminates ; that is if =10,

10. If #*+aa®+ ba + ez + @ be a perfect square the square root must be
of the form 2*+ pz + ¢, where p and ¢ do not contain . Thus we must have
identically 24+ ax® + ba® + cx+ d= (2 + e+ g) o= 24 + 2p23 + (p*+ 29) 2%+ 2pgzc + ¢
Thus we see that a=2p, b=p'+2q, ¢=2pq, d=g¢?;
therefore a(4b-a?)=2px8g=16pg=8¢, (4b- a?)®=(8¢)*=64¢"=64d,

1. (1+a2+yy)'=(1+2*+3%) (1 4+2% +y3) ; working it out we have
2+ + a2+ Y%+ 220+ o2yt — 220’ — Qyy’ - 2’y =0,
that is @-2)1+ -y + (@ —2)1=0. -
Each of the squares then must vanish; therefore x=2' and y=y.

13. Suppose that the eost was £ pounds; then the loss was z—24};
* therefore z—24§=i%:, &o. ’

14. Let =, y, z denote the parts in descending order of magnitude. Then
z+y+2=16, y-z=4/z, £-y=2%. From the second z=y2+2~ 2yz; sub-
stitute in the third and divide by y; thus y=2z+1. Then from the second
«=(2+1)%. Substitute for # and y in the first; z3+5z=14, &eo.
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15. Put p for ;14-2& and g for"l-T V=3, First Suppose # &

maultiple of 8, say n=3m. By Art. 360 we have p*=1; therefore p’»=1;
¢3=1; therefore g™ =1: thus the sum =2. Next suppose that when n is
divided by 3 there is & remainder 1; so that n is of the form 8m+1.
pPIrti=pMxp=p; gdntl=gimxg=¢g; the sum=p+g=-1. Last suppose
that when z is divided by 8 there is a remainder 2; so that n is of the form
3m+2. pdE=pimy plopl gdmti—_gimy g2—03; the sum =p*+¢* which =-1.

(z+) z-2)+(z-1) (z+2) _2(z+3),
16 @D @-9) =~z-p + themslore
(22-2) (z - 8)=(x—1){z - 2)(x+8); therefore 2®—32%—2z+6=2°~T72+86, &ec.

4 2 . theretore 1&-1-2@-2)__, .
U e m - wao% e B @) % %
therefore - 2=z(z-2)(z-1)=(2'-2) (2'-22+1).

Put y for 2* - 22; thus 2=y (y+1); therefore y=1 or —2, &o.
18. (@'-1)(2'-4) (@*-9) -2 (z—1) (- 2) (z—3)=0; thus either
(z-1) @-2) @—8)=0 or (z+1) (& +2) (x+8) - =0, &o.
19. (@-42)'-4(2'-42)=16; 2*-42=24&2./5, &o.
20. v(22-1)-+/(5z—4)=4/(42~8)-+/(32~2); square
Tz—5~3/{(2— 1) 5z - 4)} =Tz -5 - 2 v{{dz - 8) (32 - 2)};
therefore /(2 1) /(62— 4)=/{(4z - 8) (8- 2)} ; square, &o.
21. Multiply by 2, and arrange thus;
2-a+4c/(z-a)+4c=z+a—-4b/(z+a)+4b?;
extract the quare root; v/(z—a)+ 2= = {\/(z +a) - 25}. '
Thus +/(z-a)FV(@+a)=-2(cxd); squuez=n=\/(x’—a’)=2(c=|=b)’;
transpose and square {e—-2 (cxd)H=2-a? &o,
22, {(V(a+2) - vaH{V(a - 2) +/a} =8 {V(a + 2) +va} {y/(a +z) - \/a}.
Either +/(a +2) - v/a=0 or «/(a —z) +o/a=n{\/(a+z)++/a}. The former gives
z=0; take the latter; transpose 4/(a-z)-nv/(2+z)=(n~1)+/a; square

a(l4+n?)+z(n?-1)-2n/(a?-2%) = (n—1)%a, 2na+x(n?-1) =2n+/(a?-2%).
Square again, &ec.

23. ay+bdz=2xy; put a+d-x for y; thus 22'- (8a+d)z+a'+adb=0.

24 ab(z+y)+@+d)ay (a+d)ec
' (a+2) (0+y) atb+e
(a+b+¢) {abe+(a+b) 2y} =(a+b) ¢ (a+2) (0+3);

therefore (@+b)*xy+abc’=(a+B) ¢ (ay +bx).  SBubstitute c-x for y;
thus we get  (a+D)%"—2acx(a+ b)+a%?=0, that is {(a+d)z - acj*=0.

; therefore, using the second equation,



’
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25. 6(z3-y")=bay, 6(z+y)=bzy; by division z-y=1, &o.
96. From the first equation ay+ba:=f‘y—(%+—y)- ; substitute in the second ;

2,2
’i (x+y—-c)=abc(x+y—c). Thus eitherz+y—-c=0, or z%y*=abc? Take
the former then we have also from the second equation ay+ bz —zy=0. Sub-
stitute ¢ — z for y, &c. Next take zy=c+/ab ; substitute in the first equatwn,
thus ay+bx=4+/(ad) (x+y); therefore yv/a (\/a Vb)=2z/b(Va—-a/b), &ec

27, From the second equation z+%=9y; substitute in the first equa-
tion; thus y(z+2) =1, Hence the second and third equations become
(z+2) z+; =9, (¢+%) (1+—1-) =;; divide the former by the latter;

z+1=2 (1 +—1—) ; therefore z —2==- (—— 1) ; therefore either =2 or zz=-1;
2z az z\z
only the former will be found admissible. Hence z+%=2; &e.

28. Add the four equations; thus we get (v+z+y+z)i=4(a+b+c).
By subtracting from this four times the first, second, and third equations in
succession we get (v+z-y-—2)3=8a, (v-2+y-— z)’ 8b, (v-z-y+2)*=8ec.
Extract the square roots ; thus we have four simple equations.

XXVI.
1 IL.P_ E '} L 7:=7
VAT I Th " 5X97 1
22+9_8 .
8. Let 2x and 3z denote the numbers: then 3r9=1’ &o.

a+c) " a?+2ac+c? _ad'+2ac+adb _a(a+2c+d) @
btc) "Bt e+ D+2bctab b(b+2cta)

5. Let z be the number of miles in the distance from A to B by the

 shorter road; then z + 14 is the numbet of miles by the longer road. The
distance front B to C by the shorter road is 2x miles, and by the longer road

z+14 2

2z + 8 miles. Therefore .—— %i8-38"
aa:+by cztar by+e 2(ax+by+a)
6. - @iyt If az+by+cz is not=0

by
we thus get az+by=2c, cz+ax=2by, by+cz=2ax. Subtracting the
second of these from the first, by =cz; similarly by=azx; and z+ y+2=2. If

az+by+cz=0 then 217 _ -1; thus z+y+z=-1.
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7. By Art. 884 each fraction=
M+00+ 0+ at+datar _(+at+a)(1+2) _ 1+
G tay+ Oyt Oy to+ay  (aitosta)(l+y) 1+y°
8. By Art. 384 each fraction=
a-b+b-ctc-atatbte _ atb+te .
Wt+bz+bzterteytaztaz+tby+e (@+d+o)(z+y+2)’

and this =

if @+ b +¢ is not zero.

-1
z+y+z
9 ay-bz cx—az bz—cy _c(ay—bw)+b(cx—a2)+a(bz—cy)

. = = =0.
¢ b a c84-8%+a?
Thus ay-3z=0, cx-az=0, bz—cy=0.
a-a' b=V _V(@-a)-d®-b _ Ya-ba’
a -a’ - =" - b (a'— a/[) — a-l(b'!_ b”) - e -ba’ .
Similarly the other cases are established.

10.

11. From the first two equa.tlons s =
e=>5k: substitute in the last equation, a.nd

== =k say ; thus 2=38k, y=4k,
e have k*=8; therefore k=2.

12. From th i z Y 2 :
om the first two equations el -5 (c’ & s @=5 k say
substitute in the last equation : thus we ﬁnd ==x1lor0, .

XXVII.

4. Let z be the required number of days; and let ¢ be the number of
days in which z men could copy the manuseript working 8 hours a day. Then

t:32:2:2 andg: ¢ 8: y; therefore t=2);32, z=8—t—-2x8—><32

]

z_(z+2)? _of+2xz42 -y 28-3y2+2(z-y)z

S o A e ke . 894, TY_T-yt3E-y)e

5 T o by Ash B, = re
divide byz —y; thus v % clear of fractions ; s?=2zy.

6. 'Snppose 5= then §=r; thus a=b, p=rg;

(aa-}.b?)_—_b 1+r)= b(bl:’r) (1+r)r(sl+‘r’)

¢ 1+ A+,
ql+n " !

(»* +Q’)—— ?1+r)+
therefore the required result follows.
T. K. G



82 XXVIII. VARIATION.

7. BSuppose that a : b::¢c:d; and let b3=cd; then ad=be; therefore
'-'?:bc; therefore ab=c3,

8. (a+d)*-(+c)*=(a-d)*-(b-c)?; therefore 2ad-2bc= —2ad+2bc;
therefore ad=bec. ’

10. Suppose that in the first vessel the fraction z of the whole is wine,
and 1 -2 of the whole is water; and that in the second vessel the fraction y °
of the whole is wine, and 1 -y of the whole is water. If we take a measure
from each the mixture contains as much wine as water; therefore
z+y=1-2z+1-y. If we take four measures from the first and one measure
from the second, we obtain 4z +y measures of wine and 4 (1-z)+1-y mea-
sures of water; therefore 4x+y:4(1—-2)+1-y::2:8.

11. Suppose that 4 has z pounds, and that B has y pounds; and sup-
pose that 4 stakes mx pounds, then B stakes my pounds. Then

z+y=168, z+my=2(@y—-my), y+me=3(x-mx);
therefore z=(2-3m)y, and y=(8-4m)x; therefore by multiplication
© 1=(2-8m)(8—4m). The only admissible root of this quadratio is 1% .
12. Suppose z the original number of male criminals, and y the
original number of female eriminals; then x(l—]%g) and y(1+ 23) are
the new numbers of male and female criminals respectively ; therefore

46 98 1-8 4z
z(1—~ﬁ)—0) +y (1+ ITO) =(z+y)(1+m) . Hence we get y=x.

XXVIIL
1. Put y=mx; then 3=mx1; therefore m=3: thus y=3x, and y=9
when 2=3. ’ )
2. Put a=mb; then 15=m x 3; therefore m=5: thus a=5b.

8. Put z=mays then 1=m x1; therefore m=1: thus z=xy, and z=4
when z=2 and y=2.

4. Put z=m(px+y); then 3=m (p+2), and 5=m(2p + 3); therefore

2p+3 _
iz’ therefore p=1.

5 -—
5=
5. zvaries as y when % is constant, and varies as ; when y is constant:
therefore by Art. 425 when both y and ; vary z varies as their product.
6. Put z=%; then 3=2m; therefore m=§; thus z=%, and z=g
when y=2 and z2=4.
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7. The number of weeks varies as the sum of money directly, and the
number of men inversely. Letz, y, ¢ be corresponding values of the num-

ber of weeks, the number of pounds, and the number of men. Then z=m_.y ’

6=m—?—*-; therefore m=
then z=10.

40
1’ thus z=%. Now put 19 for y, and 4 for s;

8. Puta’=my®; then 4=27m; thus m=%, and ,1%17',

9. Denote one quantily by axz and the other by :—:; then y varies as

az+;.‘ Put y=m(aa:+g); then 4=ma+ mb, 5=2ma+"—;b; therefore

ma=2, and mb=2: thus y=2a:+g .

10. Let z denote the former quantily, and y the latter. Put z=my;

then i =ﬂ ; therefore m=

3 thus z=-%; therefore y=16 when z=9.

16’ 16

11. Suppose that 2 varies as z+y when z—y is constant, and varies as
-y when #z+y is constant. Put u for z+y, and v for z—y. Then 2 varies
as « when v is constant, and varies as v when u is constant. Therefore by
Art. 426 when both u and v vary z varies as their product, that is as 22 —y2,

12. Let z denote the radius of a sphere, y the volume of the sphere;
then y varies as 3. Put y=ma®. Thus the sum of the volumes of spheres,
whose radii are 8, 4, and 5 inches is m (3% +43+53), that is m x 216, that is
m63, that is the volume of a sphere whose radius is 6 inches.

18. Let z denote the radius of a circle, y the area of the circle; then y
varies a8 2. Put y=ma% Then the sum of the areas of circles whose
diameters are 6 inches and 8 inches respectively is m (63+8%) that is m (36+64)
that is m10%; that is the area of a circle whose diameter is 10 inches.

14, Since the volume of a globe varies as the cube of its radins we
may denote the volumes of the two globes by mr® and mr? respectively. Let
R be the radius of the single globe which is formed ; then the volume is mR?;
therefare mR? =m (r3 ++3).

16. The speed in the nth mile varies inversely as n —1; and therefore the
time of describing the nth mile varies directly as n—1. Denote this time in
hours by m (n—1). Since the second mile is described in two hours we have
2=m(2-1); therefore m=2,

17. Denote the first quantity by p, the second by gz, and the third by
rz?; then y varies as p+ gz + 7% Put y=m(p+gzx+r23); then

O0=m (p+ga+ra?), a=m(p+2ga+4ra®), 4a=m(p+38qa+9ra?);
1 2z o2 z 1
therefore mp=a, mg= -2, mr=_; thus y=a(1—;+;;)=a(;—l).

G2
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18, Let z denote the quantity of work done in y hours by z men; then »
varies as #¥ when z alone varies, and varies as y‘ when y alone varies ; there-
fore when both y and z vary z varies as z*yb. Put a::m*ﬁ. Put =24,

y=25, and z=1; thus m= ; 8o that z= (2%)}.%9-. Next put 2=38

1
5@t
z=%; and find y: thus y3=84=2; therefore y=4.

XXTIX.
1. 7| 128456 2, 513575681
7117686...4 6] 271506...1
712619..3 6 54301...1
7| 859...6 5 | 10860...1
7] 51...2 . 52172...0
1[7...3 ' 514342
1...0 5|86...4
5117...1
782
3. 7| 857234 4. eleven | 833310
7]61083...3 eleven | 80300...¢
7]72%..8 eleven [ 2764...6
711041...8 eleven | 250...4
7]148...6 eleven | 22...8
7]21..1 2...0
8..0 .
6. ten| 546 6. fen|4444 7. seven | 3418
ten [82...9 ten | 222...4 seven | 310...8
2.0 ten 11...2 seven | 24...2
.6 2.2
8. twelve | 40284 9. eleven | 64520 10. ten | 15951
twelve | 1324...1 eleven | 4161...¢ ten | 1760...1
twelve | 82...¢ eleven | 246...8 ten | 194...4
1...6 eleven | 15...0 ten | 20...4
1.1 2.3
11. 8|15 75 8 12, 831462
) |—71... 100 X8=7*8=6. 878082..6 125

874914 1000 %=1
§T6L.8
7.5
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18, 5221 248 248
5744..1 To_o‘o"5“200‘1”"
58..4 6 581 1
1.3 g *5=5=1b 5"5 =L
14, ten | 444 . ' 4 4
hnfT§§."4 441u::stsndufor -+5,
1.2 that is 35 in the common scale.
2 o 48 o, 8 o
25XI03F=9." 5)(10—6.
15. 12| 1845 -8125
127163...9 12
12712...9 87600
1.0 12
9-0000
179
16. tilelnl_la_g% 0 +268 here stands for ¢ +g, +g that is 31
ten—]Tl_B in the common scale and this=-849609375.
1.5
17. 7281 7| 452 B
738 7]64..4 29
LA 64060
4.8 I g...; 5162
ten [ 613260
ten [ 42304...2
ten | 3021...1
ten ]206".4
ten | 13..4
1...0
The product is 104412 in the seale of ten,
18. 4685 ) 17832126 ( 3483 19. 3332 ( 152
15276 1
25451 25) 232
21072 221
~ 43682 842 ) 1124
42154 1124
15276

15276
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20. 128454321 (11111
1

21 )23
Jan
221 ) 245
221
2221)2443
2221
22221) 22221
22221

22. 103050301
30404030
62444261

28, 1}060006160601 (1101111

101 ) 1000
101
11001 ) 110000
11001
110101 ) 1011110
110101
1101101 ) 10100100
1101101
11011101 ) 11011101
: 11011101

117
192

5
16

25.

—=X12=

4

—X12=9.

21, 84544 ( 444
24

124)17045—'

1824\ 10144
) 10144

8|44 .
8|13...1 4 mem!‘:g.

8]5..0 63
1.0

62444261 (7071
61

1607 ) 14442
14261

16161) 16161
16161

- o4, 67556é21 (sm
54
14¢ ) 1855

1204

158¢ ) 1616¢
14821

159t7) 14921
4921

x=1¢ '7”"

TS

26. Let 2 denote the radix; then 95=2+3z+7.
27. Let # denote the radix; then 2704 =2+ 823 +4.
28, Let » denote the radix; then 1881 =2®; therefore z=11,
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29. Let  denote the radix ; then 16000 =28 4 843 ;
s
therefore 16002} = (a:’+ g) : that is 2009 _ (zn, §)’;

4 2
253

therefore < =23+ g ; &o.

80. Let # denote the radix; then 35%=5¢+5+g.

1664 4 + 4
_ 10000 2% T 24
82, Perform the division; the radix being supposed greater than six, it

will be found that we have never to consider what the radix is; the quotient
is 1002001. .

83. The square root is found to be 12.
84. The cube root is found to be 11,
85. 211719

27 859...1
21429...1
2
2

81. Let « denote the radix; then

[
=
IS
=

107...0

o
o
H

-

S
=3
:
=

o &
| ol b

»w»ww
@ -y
(=

1...
86. -1027=8x342+1; 842=8x114; 114=8x88; 88=8x13-1;
13=3x 441, 4=8+1.
Hence reversing 4=38+1; 13=3%+341; 88=3%+8%48-1;
114=34+3%48%-3; 842=3543443%-3%; 1027=36+8%+8¢-8%8+1.
87. 716=3x239-1; 239=3x80-1; 80=38 x27~1. Hence reversing
80=3¢-1; 239=385~3-1; 716=86-32-8-1.

88. 475=3x158+1; 168=8x63-1; 63=38x18-1; 18=8x6;
6=3x2; 2=3-1. Hence reversing 2=38-1; 6=38"-8; 18=3%-8%;
53=384-8%—1; 168=85-3¢-8-1; 4756=35-86-82-8+1.

. 285 . 285 1 7 7
39. 235 cubio mches_1728 of a cubic foot; 728 =13 +igt 175"
Thus the volume of the parallelepiped ezpressed in the scale of twelve is
7t-177 cubio feet. The area of the base expressed in the scale of twelve is
20-05 square feet. By the rules of menmsuration we find the height by
dividing 7¢:177 by 20-05, )

I

20'05) T¢-177 ( 8-e
6013

11047

11047
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. 10} 10 10 3
40. 10} mches:—ﬁ of a foot; ﬁ_12+m'

pressed in the scale of twelve is 2-t3 feet. 79§ square inohes:% of a square

793 6.7 3
foot. Tu=mtim*tiTas-

is 5-672 square feet.
2'6) 5672 ( 1ed
2¢3
2842
2749
€50
€50,

41. The number consists of 100p, +10p, + p,+ some multiple of a thou-
sand. Now a thousand is divisible by eight; and therefore the number is
divisible by eight if 100p, +10p, +, is, that is if 8(12p,+py) +4Ps+ 20, +Pp
is, that is if 4p,+ 2p, + p, is.

42. Let s denote the sum of the digits in either number: then each
number is equal to % increased by some multiple of nine; see Art. 446; and
therefore the difference of the numbers is a multiple of nine.

43. Let n be the number of digits, and r the radix of the scale: the
greatest number has the digit -1 in every place, and is therefore equal to
™ —-1: the least number has unity in the extreme left-hand place, and
zero in every other, and is therefore equal to #*-1. For example let n=3,
and r=10: the greatest number is 999, and the least is 100.

44, Let a and b denote the numbers; we will suppose a the greater. It
is given that a+b is a multiple of the radix. Now a%-b*=(a-b)(a+Dd)
which is therefore a multiple of the radix. This demonstrates the first part
of the proposition. Again, ah+a?*=a(a+b), which is a multiple of the

.radix: this shews that if we divide a® and ab by the radix the sum of the two
remainders is equal to the radix.

45. It is given that the number is divisible by 23, by 8 and 5. The
number then has, besides 2, the following twelve divisors : 2%, 23, 2.8, 2%.3,
23.8, 2.5, 2% 5, 28.5, 8.5, 2.8.6, 21.3.5, 22.8.5. These twelve numbers are
the twelve excepted scales. And as the number has no other divisor it
must be 28.8.5, that is 120,

Thus' the length em-

Thus the area expressed in the scale of twelve

XXX.
20 82 81 82 1
L Pui10x9=80. 2. ?(s-f S

3. 224‘(1-23:5)=12-2s x 15= — 883,

20/ 19x2 8
s i(10_ . )=1o _§)=_2s;.
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10716 9x2 10
5 5 (5~ =29)-2(- 5)"2

12/, 11x3
6 3 (2+T)—6xz=61§.

o ZL(10_20\ 21 10_
- F\7)= T %a

50 /2 49 30
8. 2(3 3) 25 x 17=495. 0. X (as2-20x8)=0.

10. Z{ 18+2(n-1) } = ;(18+2n—2) =g(16+2n)=»(8+n).

p 12-24+1 n(183-7n)

T S

12. Let b denote the common difference ; the sum of the first five terms

2(2+41>), the sum of the following five terms is {2(1+5b)+4b}, for
the first of these terms is 1+5b. Therefore

11 gz_ =

§(2+4b)=ix > {2 +14b}'; therefore 4 (2+48)=2+ 14 &o.
13. Here a=2; 7=2+45; therefore b=g;
then . 63=" {4+4(» 1)‘ 2 Gn+11); &e.
1. 88=) ’32+4(ﬂ—1)¥=n(2n+14); &e.

15. Here 3 24 (m-— 1)b} : -’-' 2+(r-1)d% :: m? : n?; therefore

{2 + —lb— {2+ (n-1) b} ; theref 2 1)d 2+ (n-1)d};
t"l‘:;riforéﬂé (n) in,) mlr:(}; +n(:). tzle}refot:r: o;e sR+E-Dil=nit+ (-1

The nth term =a + (n-1)b=1+2n-2=2a-1.

16. 120——{42 ~2(n-1) $ =n{22-n}; hence we find n=10 or 12. 1If
n=10 the last term=21-9 x 2=8. If n=12 the last term =21-11x2= -1,

17. 204=}xn(i+a)=3xn(50+1); therefore n=8; 50=1+7b; there-
fore 5=17.

18, 29=147d; therefore d=4.
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19. The sum of the n+1terms 1,5, 9, .. i-’-'—;*I{ 2+4n}; the sum

oithentermsS,?,ll,...ing{6+4(n-l)};th.tisg{2+h}.
20, a=1,.b=4; n=;{2+4(u-1)}=u(2n—l).
2 mm1=3{2+2(.-1)}=u’,&q.

29, 1840=;{32+8(u-1)}=n{44|+t2}, &e.

28. There are n—1 journeys; the firet is of 8 yards, the second of
2(1+8) yards, the third of 2(1+8 +5) yards; and so on. Thus the first
journey is of 2 x 1 yards, the second of 2 x 4 yards, the third of 2 x 9 yards;
and so on. The sum is found by Art. 460; we change n in the formula
there given to n -1, and double tne result.

24, 66=a+13b, 666=a+133%, 6666=a+(n—-1)5. From the first two
equations we find a=1, $=56; and from the third n—-1=1383.

25. Let n denote the number of means; then 21=1+(n+1)b; there.

fore b='%. The first mean is 1+5; the last is 21—b; therefore the

sum=g(1+b+21-b)=11n. The two greatest means are the two last,
namely 21-5, and 21-2b. Therefore 11ln:42-8b::11:4; therefore
in=42-8b=42— f%; therefore 4x3-88n+18=0. The only admissible root
of this quadratic is 9.
n 8 n
26. 28}~ { - 24+§(n—l.)§=-4 {,&.-51}; &o.
27. .25:’2!{6-{45—12 =g(u+5); &o.
“ )
28, 14=§%1o-(--1)}=§(11-»); &e.

2. +=) g2¢+(a-1)b!; this vanishes if 2a+(n—1)b vanishes, that is

i!n-l:-——bz-a: hence that n may be a positive integer b must divide 2a,
and the sign of b must be contrary to that of a.

80. n=a+(m-1)b, m=a+(n-1)b; by subtraction n—m=(m-n)bd;
therefore d=-1. Hence a=m+n-1. Let z denote the required

number of terms; then %(u+n)(m+n-l)=;{2(m+n-1)-(z—1)};
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therefore -2 (@m+2:—1)+ (m+n) (m+n-1)=0;

- 2 - ]
therefore (z—2"+22n 1) = (2m+§n 1) —(m+n)(m+n-1)=};
therefore g-M:*l &eo.

81, 72=§{ 8-4(n-1) } =n(26-2n); &o.

R {24+(1.-1)b}='§f{2.-b+nb}=g(a¢_b)+"2;b.

8ince this is true for all values of n we may put for m» in succession
1, 2, 3, ..., we shall thus find that 2—a—éi’=p, g=q; therefore 5=2¢g, and
2a=2p+b=2p+2¢. The mth term =a+(m-1)b=p+g+2(m-1)q.

83, S,=’§'g2a+n—li,
Suutacs=g 22(3¢+n—1)+n—1} =g{ Ba+5n-3 }

84. We have to shew that (z*~2¢-1)34 (2 + 22~ 1)*=2 (23 +1)%.

85. P-a'={a+(n-1)bP8-a’=(n-1)0{2a+(n-1)d}. Twice the sum
of all the terms=n {24+ (n— 1) }}=2na +n (n—1)b; from this take away the
sum of the first and last term, that is take away 2a+(n—1)b; the remain-
deris (n-1){2a+(n—1)3}. Divide /*—a? by this, and the quotient is b,

86. .=%‘{2a+(m-1)bf...(1). m=’§’ {2a+(n—1)b¥.-.(2): from these

equations we may deduce b= -2 (:: “), ¢=m,+“,+m"—"'” , and then the
sum of any assigned number of terms can be found. Or we may proceed thus:
the sum of m+n terms="1" 224+(m+n—1)b$. Now érom (1) and (2)
by subtraction 2(n—m)=2a(m-n)+(n—n)(m+n-1)b; divide by m-n;
thus (m+n-1)0+2a=—~2. Hence the sum of m+n terms = ~(m+n).

Again the sum of m—n terms='-"—2_—"{2a+(m-n—l)b } . Now we have

just soen that ~1=a+&2 D2 0ng grom (1) 2 =204 (m-1)5; theretore

(m-1-n)d
2

by subtraction we - obtain %?+1=a+ . Hence the sum of

mn tam'=(m-u)(1+%?).



92 XXX. ARITHMETICAL PROGRESSION.

87. Supposé » the number of means. The second mean is 1425;
the last is 19-b. Therefore 1+2b: 19-5:1: 6. Thus d=1. And
19=1+(n+1)b; therefore n=17.

=2
2

89. Let 2n+1 denote the whole number of terms. Then 44 is the
sum of n+1 terms of the series a +(a+ 2b)+ (a+4b)...; therefore

8. 5350:%{8-“0-1} {n+7}; &e.

44:-"%—1 i2a+2lmg. And 83 is the sum of n terms of the series

a+b+(a+8b)+...; therefore %:;{2a+2b+2b(n-1)}=g{2a+2bu}.

Henoe, by division, %=l:_1; therefore n=38, and 2n+1=7. The mid-
dle term =a+nb; and from abdve thi.s=”—4:;1=11.

1 1 1 . o, 1 1 2 .

0 5ie mva g aein AR il yrnd o =gy et I8 i

(c+a)(a+2b+c)=2(b+c) (a+Dd), that is if a*+c®=2b%; and this is true by
hypothesis.

41, The first term is 1, and the common difference 2,
=} { 242(n-1) }-n’-

42. Here we might first sam the series 145+ 9 + ..., and then the series
8+7+11+...; and subtract the second result from the first. Or we may
proceed thus: the first and second terms together make - 2, the third and
fourth terms together make-—2, and so on. Thus if » be even the sum

is —2x’—;, that is —x; and if n be odd the sum is—(n-1)+the last term,

that is - (n - 1) + 2n -1, that is n. Thus the swm is —» if n be even, and +n
if n be odd; that is the sum is —n (-1)".

43, Proceed as in the solution of Example 42. If n be even the sum
is ~7. If n bo odd the sum is — "= +n, that is "3, It will be found

on trial that this may be expressed thus in both cases: % {1-(2u+1)(-1)"}.

44, P=a+(p-1)b, Q=a+(g-1)b. Therefore
p=P=Q ,_(p=1@-(@-1P
= , a= .
r-q r-q
Hence the required expression can be obtained.
45. z=a+(p-1)b, y=a+(g-1)d, z=a+(r-1)b. From tile first of
these equations p-1=—: %; therefore p=1+ 1_;_“.,.(@_1)5, Simi-
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larly q_1+1——a+(y l)b' r_1+ +(z l)b These!hewt;hatp,q,r

b

are respectively the ', ¥ 2t terms of an A, p., of which 1 +1—:3 is the first

term and lb the common difference.

46. Suppose n the number of sides; then the number of degrees in

all the angles =11 {240 +5(mn- 1)}; and this number, by Euclid 1. 32, Cor.

=(2n-4)90. Thus j {5n+ 285E =(2n-4)90; therefore n?-26n+144=0.
The roots of this qna.dmtm are 9 and 16; the latter root is inadmissible for
it would make some of the angles of the ﬁgure greater than two right-angles.
47. The first term=141; the second 22 +2; the third=324+3; and
so on. Thus we require the sum of the two series 1+2+3+...+n, and

1
124 284 3% 4...4n8. The sum of the former series is —(l-t—), and the sum

of the latter series is 'E(LH;QH—I) . Byadding the two together we obtain
n(n+1) { 1+2n+1 } , that isn(7|.+1)('n+2) .

2 3 3

48. We have (a+3)?=a(a+30); therefore b*=ab; therefore b=a;
therefore (a+ 5b)*=(a+ 3b) (a+8b). .

49. We have ¢ (n)=g {2¢+(n—1) b}. Let % denote the second term
n3(h-a) + n (3a—h) .
2 2

of the series ; then A=a+b ; therefore =h~a, and ¢ (n)=
Hence ¢ (n+3) -3¢ (n+2) +3¢ (n+1) = ¢ (n)

='u{(n+s)= 3(7l+2)’+3(n+1)’—n’}

+ sa;h{n+3—3(n+2)+3(n+1)—n} .

It is easily seen that each of these two expressions vanishes,

50. The first term is 5—% , and the common difference is-—% . Thus
n n-1) n

=7 {9-7}=Z§19-n¥.
51. Let the four parts be denoted by 28y, -y, #+y, «+ 3y these

are in A.P., the common difference being 2y. Thus as their sum is unity

dx=1. Also (z-3y)°+@-¥)*+@+y)%+ (x+3y)P= 10’ this reduces to
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4%+ 60zy?= . Bubstitute the value of z, and we obtsin yi= 1= ; there-

iorey==k2lo. It will be seen that owing to the peculiar form we have

adopted for the unknown quantities the work is much simplified. The arti-
fice should be noticed, as it is often useful. If we are engaged for example
on a problem respecting three unknown quantities in a.». instead of denoting
them by z, z+y, £+ 2y it may be more advantageous to denote them by
z-y, % z+Y.

52. Let n denote the number of months, a the number of shillings in
the wages for the first month. Then, as the wages are raised & shilling
every month, a+n-1=60. And the total amount of the wages is 48n

shillings; therefore 48n=;22¢+n—12; thus 48=% a+60;; therefore
a=36, and n=25.

53. Buppose z the number of hours B iravels; then 4 travels z+43
hours. Therefore 5(z+4§)=;{6+%;=§+ %z Thus 28-9z=90;

therefore =15 or —- 6.

54. Suppose that the last person worked for x hours, then the last but
one worked for 2z hours, and go on ; and the first person worked for rz hours.
Then the total number of hours of work is w_r(;il) . Ang by supposition

- 2m 2mr
this is equal to mr; therefore =7 and =
55. Let z denote the digit in the hundreds’ place, y the digit in the
tens’ place, ¢ the digit in the units’ place. Then the number is 100z+10y+2.
Therefore 100z +10y+2=26 (z+y+2), 100z+10y+2+3896=100z+10y+=,
2y=z+2z. '
56. Let a denote the first integer ; then the sum of the 2n+1 integers

= 2‘”2-'-1 {2"'*'2"2:(2“"'1) (a+n); this is divisible by 2n +1.

XXXI.
5\° -
: g.%)i_‘;g{(gy-l}. b AEDESL Ty,
8

SRCLIONC R O NTNE

37! i
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2 4 1 o 3.9
5oSoa e S 28 g 2 g2
e e a

~3 ry 2
4 1 4 5 5 50
R R
12— .1 .2 8 8
" ( 1,18 13 2 2%
'('9 9
1 1 1
5 5 1 2 1
14, - T =-1-E=a. 15. I__I_=§'
"5 § *3
16. To find r divide the second term by the first; thvs we get
1 v2-1 ve-1 \/2 1
-2 \/2+1 \/2(\/2 1) (V2+1) ‘
L v2-1 1
Thus 1-r=1-Yopo= 20,
a__v2+1 o V2(V2+1)°_
Tor=ao1%Vi= ooy —t+8v2
17. Here we have two geometrical progressions,
2.2 2 8
st tEte '“d‘;s gitee
2 3
3
'_[‘heau,m:—ﬁ-.l.s_ 25 2 3
l—l 1 24 5
25 '2‘5
18. Puta=r and b= in Art. 473 ; thus we get
Pt (1 g
i t -3 °
19. Puta=1, =1, r=§inm 473; thus we get
1.8 17 1
2 2 an-1 n 1 n+ 2
=.2-2?1:,2(1 2,_1) =4-317.

)



96 XXXI GEOMETRICAL PROGRESSION.

20. Puta=1, =2, r=;inArt. 473 ; thus we get

i_2n-—1 1_ 1

> . 2n+8
1.1 1 2-1 = 2-—1 T
-2 2 :

21. Put a=1, b=2, r=—%inArt. 473; thus we get

S

T T 3 2a-1 4, 4 3, 6n+l

ol ( )r =sts(gmigtgmamiTato(cgrac
3

22. Let a denote the first term, and ¢ the third term; then c=ar?;
therefore r=4 )\/ %. We can now substitute this value of = in the known
expression for the sum.,

23. (-3)¥=81.

24. Suppose the least share to be a g:unds the next ar pounds, the
third ar? pounds, and the greatest ar® poun

a+ar+ari+art=700; @3- a=~(ar’ ar).

87r(r-1)
12
25. The first term is - a¢, and the common ratio is—a* The sum

n_ 1 4
=~ T = (o).

1 .1 rP [

The second equation gives r3-1= ; therefore 12 (r*+r+1)=37r; &ec.

B P O Pl O lere
e
- —— = -1)¢
Po@- 1= ,,),(1_ =@ P18,
27. By Art. 468 we have 444.. _-, -666... g g.

28. Buppose that in the first year he saved @ pounds; then in the

second year he saved Sa pounds, in the third year 8 x Sa pounds; and so on.
P} 2772

3)7
alls) -1
Therefore g 32 ‘ =102{%; that is 2a (2112887 = 2239 ; thus =16—6

-1
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29. Take as the given term the xta, that is ar®~1; the (+ p)th term is
ar*=1; the (n—p)t term is ar®—P-1; 'the product of these is a*r"=3, which
is the same whatever p may be.

80. Let the a.P. be a, ar, ar?, ard.... Subtract each term from the
succeeding; thus we have @ (r-1), ar(r—1), ar?(r-1), ... which is also a
@.P., the common ratio being 7.

81." Let @ and & be’the two quantities ; the square of their arith-

2 2
metical mean is a_;& ; the arithmetical mean of a? and 5% is % ;b s
and the geometrical mean is 4/(a??), that is ab. The arithmetical mean of

a?+ b2 . 1¢a%+0? . [a+d\?
) nndabmé{ 3 +ab},tlmtls T)
1 1
82. By Art. 466, VTETTT0 110 A
8. s__a(r 11) S a(r’ 1), Su_a(r’ n

The sum of n of these term§=,_—'_x—1 { r+e34 .t -n }

_a r(r”—l)_ ra (r"® —l) na
r—I{ r-1 n} (r=17 ~r-1°

84. By Art. 469 the product=a™ where s stands for 1+2+ ...+ n, that
jud n
"(n+ b, ; and artl=¢. Thus = (2)’, and a"r=(ac)?.

. a —],',—1
35. 8= (:__11), s (; - ) _r?'-(:’(.r 1:)1), therefore
r
_a™10"-1) a¥(r-1)
Plr=1)  r-1
86. (a®+0%+¢%) (B2 + 2+ d)=ad (L + 13+ %) a2 (L +17+1%)
=a'ri(1+72+1%?; and (ab+bc+cd)?= (a’r + a3 + a3 =a'r3 (1 + 1P+ 14)%
1. (@-dP=a?(l-r)i=ad - (L+rsrs, '
=c)i+(c-a)l+ (d-b)=a*3(1-r)3+a? (1 - 1)+ ab(r -
=at(l-r){r*+ (L +rP2+r3(1+7)%};
and it will be found that 3+ (1+7)* +r3 (1 +7)2=(1+r+r)%

38. atar+ar'=21, at+ar+ar®+ar®=45;
e 1+r472403 45 Lad 24 8
by division Tires o —alt therefore TrrsA=ai=g’

therefore 7r3=8 (1+r+1°%). By trial we find r=2; &e.
T. K. H
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89. Squaring out we have

1.1 1 .
Pty +r’"+,_,+r‘+r, woet 3= 2m, that is

1/71 1
r2(rn-1) r’( T | 1
-2n, thatmﬁ (‘l"+ ’—_2—‘)-2’l.

A1 )
5-1
5(10-1) .  5(10°-1) 5(10*-1)
40. b=—qg—ir B5="pg—g—+ S86="5—1 &e.

Thus the series =g {10+10’+...+10"—n§

=§_{1o<1o»—1)
9

_50 . n bn
o-1 e -V-g-

41, Let x denote one quantity, and y the other. Then A—z+y

G=4/(zy); therefore A+G=M, A—G=(l/z2—\/y)-; therefore

A= y) ; therefore =Y -—\/(A’ @). Thus z=4+(4?-@&),

42. Let a denote the first number, ar the second ar? the third, b the
fourth. Then 2ar*=ar+b, since the last three are in A.P.: also a+b6=14,
ar+ar?=12, Put 14-a for b in the first equation: thus 14 2ar3—-ar+a;

therefore by division i-r+l 14 —-Z, therefore 577—18r+6=0; there-
r+ri 126

fore r=2 or =, &o.

51
43. Let z-y, z, #+y denote the numbers: then z-y+z+a+y=15;
therefore z=5. And z-y+1, 2+4, z+y+19 are in 6.».; thus
(-y+1) (z+y+19)=(x+4)%; thatis (6-y)(24+y)=81;
thus y?+ 18y - 63=0: the only admissible root of this quadratic is 8.
3 g 3
u“. Ifa,b,cbeinA.r.,—g(a+b+c)’ (u+"ﬂ ) (":°)
And a’(b+c)+b’(c+a)+c’(a+b) =b3(c+a) +b (a?+¢®) +ac(a+c)

=(¢J;c)3+(a+c) (2a’+c’)+“(a+c) (a+c)3 (a-;c)‘=3(a:-c)’.

. 1 1 1 1
If a, b, ¢ bein a.P., a’b’c’(;‘+il-,+;,)=a°r‘ ?+W+W)
=a*(® + P+ 1) =+ +a
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" af=“__)’1‘1"’ , @+ )= ghiay e “""1‘:’) \ &
Thus we have i3 gl+r+r'+ } il+ br+d43+..

ar ard that is

thatls AR a-n " aA-Ha-r9’ T -

XXXII.

1. First continue 3—13- +(§f +‘—i- which is in A.p. for two terms; the next
4 1 4 1

two terms are 3+ , and +1 that is L andz. Hence the next two

terms of the m.». are 161 md

2. We must insert 18 arithmetical means between 1 and 20; thus
20=1+19b; therefore d=1. The arithmetical means are 2, 3, 4, ...; and

therefore the harmonical means are ; ; i g eees

3. In the corresponding A.Pp. the first term is 1“ ; the second term is ; H

and therefore the nth term is —+(n—1) (1 1) bt —&lb)(a_'b_). Invert
and we have the required term of the H.P.

4. Denote the required term by z: let a be the first term and & the
common difference of the corresponding A. . Then -},:a-{-(p-l) b,

1 atg-1)3, £=a+( p+g-1)b, find a and  from the first and second equations,

and substitute in the third. Or thus: multiply the first by p and tl]l.e second
by g and subtract; hence % — d=(p-0) fa+ (p+g-DB=(p-0 x5

P
5. Let a, b, ¢ be the three quantities; and suppose z sgbtrmted “from
each: then a—z, b2, c—z are in m.». Therefore b-z:%.
. . _2ac-bla+te)
This gives z=—7-" %5
: 2
6. Let a, b, ¢ bo the threo quantities in m.».; then b=afc; thus
b a® b oac b . .
= L2 Y 22, d bviousl.;
@-3=ate 3= are’ C"3 are These three remainders are obviously
in a.p,

* H2
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7. Ita, b, careina.r thenb_T thus 3*-ac (";c) -ac=(af—4°)—’

which is positive. Ifa,b csremar then ?*—ac=0. If g, d, ¢ are in H.P.
cﬁ

then MB—ac=— 4a {4ac (a+c)$—-a—cu which is

G~ G (@top
negative,
8. Let z and y denote the numbers. Then
1 2 8
§(:c+y)=3; %:5; &e.
9. Let a and b denote the numbers. The geometrical mean
a+b a+d 2ab _ (a- b)’
=Viat)= \/( ) And == - b =2
ab-a? ab-b?
10. = a+b’ £—G=——p z-—b=-?,

1 1 a+b a+b a+b 1 1 a+b_1+1
icatzopo ab—a) " b(a=b) a" b/ e T a’h’

11. Let « denote the least number, y the next, and z the greatest. Then

T2 . g= +1l=z+y+2
y= Z+2’ =2Y; 2 +y .

‘Substitute from the second in the first: thus y=2z-1, &e.

1
12. Let z and y denote the two terms. Then z+y=%4, H=g5.

Hence these terms are -1—5 and %; then the series can be found.

13. Let a and b denote the two numpers. Then A,—a+b—3g,

20-a) 1 1 1(} 1y 1 1 2/1 1) 2oth
3 'H~ b"a)'ﬂ,"a (b a) Thusd,=

Ag= ; the harmonical mean between these is 2(2a+b) (2b+a) that is

8(2a+b+2b+a)’
Mﬂ Also H,= 8ab E,=2j%, the arithmetical mean

9@+d) 9ab(att) @ +28° 22 ) 9ab(a+b)
. a+ (2a+b)(2b+a) ab (a+
between these 18 o p o) TRR —gatl) X 2@atl)@54d)

Ag=a+———
2b+a

=ab.

14. 5”+_—A V(=y)=6, —2£y——H Thus G*= AH ; therefore we have
(b a)? a)
-5’ G= za 2a-5 °

Then « and y can be found in terms of @ and b from the first two equat:ons*
since 4 and @ are known in terms of @ and &.

(d-a)®=4(4-b): henceA— b’ H=A4-b=
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15. 5=232, p=2%7 49gr_acay. Substitute from the first and second

¢+‘y
2a 2ac
th _oly _ acay _2ay_ .
equations in the third: 21:hus @ ;7), @t there::re (a;_'_‘y), @t
_2ay ac al+ =a+¢i_
ther.efore, by Art. 395, a7 7’ p +c,, therefore o ~m
3 _ -
16. _2ec o _podi-at o,
ate atc at+e
1 1 4 _ 1 ( atc_atc
abTietcaT—a a ¢
1 ( ¢ a) (c—-a)? a--c
=—(2-2_2)=- 2% __"7°
c—-a a ¢ ac(c - a)
17. We have given that b_—2£ and we have to shew that
___fae
¢+g(@th = 5 . The left-hand expression
_a_+ c ct+a
b+c a+bd
2ace 2ac 2ac 2ac¢ b

Ta@td)+c@+e) @+t @+to)b S@FAr2w (@top cta
18. Let ¢ denote the 7t anthmetical mean, and 4 the r** harmonical

. 1 r /(1
mean, Then c._a+——(b a), ; a+n+1(b 2

r [b-a a_a 11
therefore —--1-{-"_'_1 (T +3 ) (n+l)’(b a) ( d)

rb-a)? r2(b-a)?

ab(n+1)  (n+1)ab’
‘We have then to find the sum obtained by giving te r in this expression all
integral values from 1 to » inclusive. Thus we obtain

L 00 n@+]) B-a?  a@+D)@n+l)

@) X T2 T wrlia t 6
. (b-a)  (b-a? E . { n+2 (a_b)’}'
thatis n 1+-W b (n D) (2n+1)¢; thatis=n 1+-”~+—i ab §°

19. Suppose z, y, z the three numbers: then z+y+z=38a7-103,
22+ y¥+21=3at + b4, y=rfz. Square the first equation, and subtract the

second from the result: thus 2zy+ 22z+ 2yz=6a*— 6a%%. Substitute for y:
thus 6xz=6at— 6a2?; therefore 2z=a*—a%3. Eliminate y between the first
and second: thus z?+2%+ (3a3-b%—2—2)3=38a* +b*; therefore

2(z+2)2-2(3a*-b?) (x+9) + (Ra? - b%)2=3a' + b4+ 2 (a*—a%?) ;
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therefore (@+2)7- (32— 1) (@ +2) = — 2a*+ 2a%%;
3 _ p3\2 2 __ 33\ 2 o\ g
therefore (:c+z—3a2 L ) = (3“ 3 b ) —2a‘+2a’b’=(a +b ) ]

Hence z+42=2a% or a®-b%. It will be found that the former is applicable;
and that it gives y=a®- b3, x=a*+ab, 2=a3Fab.

20. We will first shew that if the sum of the products of every n—1
terms be divided by the product of all the terms the.quotient is th¢ sum of
the reciprocals of the terms. Suppose, for example, there are four terms,
P, 4,7 8 Then the sum of the products of every three

= +rer=(L 424242 pgra:
=qre+pré+pgs+per= ? E+'+8 pgrs:
if then we divide the sum of the products of every three terms by the pro-

duct of all four we obtain 1 + 1 +% +‘1. Hence it is given in the present

.

example that the sum of the reciprocals of the karmonical terms=2n; so that .

the sum of the terms of the corresponding A.p.=2n. Let b be the common
difference in this A.».; thus since the first term is unity we have the sum

. 2
=f§‘{2+(n —1)b}; this then=2n. Henoe b=—"—.

XXXIIL.
5221 842 842 .
L 5TaL.1 10000300~ 1o
5(8.4 T,

1.3 100 0= gp =3
11 1
20 x5= Z ;2%,
3

15
i X5= T =3%, &e.

2. Put rfor 4m+2. First let the last digit of the number be 2m+1;
then the number is of the form pr+2m+ 1, and its square is of the form
gr+(2m+1)3. Now (2m+1)*=4m? 4 4m +1=mr+2m +1; thus the last digit
is 2m+1. Next let the last digit of the number be 2m +2; then'the number
is of the form pr+2m+ 2, and its square is of the form gr+ (2m+2)% Now
(2m+2)*=4m?+8m+4=(m+1)r+2m+2; thus the last digit is 2m+2.

a(r*-1)
r-1 '

; and so on. Thus the sum

8. The first number=a= “,(_"_—11) ; the second number=a(r+1)=
a(®-1)
r-1

__a {r(r"-—-l) _ na
Tr-1{ -1 —"}"r—l—r-l'

the third number=a (13 +r+1)=

== {r+r’+...+rﬂ-a}
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_ _m+q_\/m(\/m+\/n) _2m  2m</n
bog=Vimn), a= g =T s = Tt v
o= ntg_ /1 (\/m + «/n) hy= 2gn _ 2n+/m .

3 2 ' BTgin Umt+/n’
therefore ahg=mn=g*=ash,.
5. Let ¢ denote the r"' anthmetxcal mean, and v the st harmonical
mesn. Then  e=bi—tr(@-d) 2=+ 1 (3 1)
1 Y a n+l\b a

___(r+l)ab _
therefore y= _(n+ T-rbira therefore yc=ab. Hence the sum of the pro-

ducts of the corresponding means=nab; and from the product of the two
first terms we get ab, and also from the product of the two last terms. Thus
on the whole we have (n+2) ab.

6. Let z denote the first harmomcal mean and y the last. Then
1.1 s+ 1 /11 and 1_ }_ 1 Thus _(n+1)ad
z a n+l\d a/°’ ¥ a n+1 b a)’ *="ab+a '

=(7;’—':_1n)aib. Suppose & less than b; then 2 is less than y. And

_,_(ntl)ab(n-1)(b-a) m+1)ab(n-1) .
Yy—-z= (nb+a)(na+b) . We have to shew that———(nb+a) wath) is less

than == v 1 ; that is (n+1)3ab less than (nd+a) (na+b); that is (n*+2n+1)ab

less than (n*+1)ab+n (a?+5%); that is 2ad less than a?+3?: this is ob-
viously the case.

7. Suppose that A travels z days before B overtakes him; then 4
travels g {2 +(a:—1)} miles, and B travels 12(z-5) miles; therefore

5 @+1)=12(z-5), that is o*-282+120=0. The roots of this quadratio

are 8 and 15. 1t will be found that B overtakes 4 in 8 days, and if both
continue travelling after the same laws, in 7 more days 4 overtakes 5.

8. Buppose z gallons are taken away en.ch txme after the first operation
256 — z gallons of wine remain, that is 256 gallons the second ope-

256
, ration removes ﬁﬁ of the wine which remains after the first operation,
and therefore leaves 266 Z of it, that is 256 256 — z\! . Proceeding thus

256 256 .
we ﬁnd that after the fourth operation 256 (252656 z

256 -2 256—2 i_ 3
Therefore 256( 356 )=81, thus 256 (256 ; therefore #=64.

gallons remsin.
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9. Buppose that A has z pounds, and that B has y pounds ; and suppose
that 4 stakes — pounds then B stakes pounds Then

;-+-§=90, z+— 5(3/— ) y+—=2( -——)
From the second equation we get 5y—x=%", from the third equation

we get %-y:-ai—u; by eddition 5y-—z+4z-2y=§g+§5-'=540; thus

z+y=180, Combine this with the first equation, and we get m=?23.

Substitute this value of m in the second equation; &o.

at+b+e _ c+d+b -4 _ c-a
erse therefore by Art. 894 ctd+a a+d+d’

ctd+a  a+btd’ L
b-d _ct+d+a, at+b-c-d _ c-
-a  a+d+d’ therefore o—a  _a+bt L therefore

therefore e
(@-=9(-q Similarly we can shew that a+b+c-—(a d)b-d),

at+b-c-d° atb-c—d’
therefore  (a+b+0) (a+b+d)="2" C)\(: +:) ‘Z 3)),“ 9,

11. In order that the roots of ax?+2bx+¢=0 be possible and different

b? — ac must be positive. The second equation is
(a?—ac+20%) 2?+2b (a+c) z+c2—ac+ 2b0%=

in order that the roots of this equation may be posmble and different
¥ (a +c)* - (a — ac +25% (c* - ac + 2b%) must be positive: the latter expression
will be found to reduce to — (b2 —ac) {463+ (a - ¢)¥, so that its sign is opposite
to that of 42— ac. Hence if the roots of either equation are possible and dif-
ferent the roots of the other are impossible.

12. a+b=-¢, z+y=—(2+w); therefore (a+d) (x+y)=cz+ cw; there-
fore ax+ by — cz=cw—ay - ba.....(1). Now take v/(az)+/(by)= —+/cz; square;
thus az+by+2 V(abzy)=cz......(2). Now by means of (1) we may put (2) in

the form cw — ay — bz +2 \/(abzy) =0; therefore y/(cw)=+/ay —/(bx); that is
\,/(bcgr V(ay)++/(cw)=0. Thus we have deduced the second equation from
Similarly we might deduce the first from the second.

10.

a+b+d=

XXXIV.
1 Ls. 1120 IE) 453600
BE" ¥ BEET
e o
8. m—454053600. 4. EE—E=34650.

5. n(n—1)(n-2)(n-8)=12n(n—1); therefore (n-2)(n-3)=12; the
only admissible root of this quadratic is 6.
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6. Any two of the ten dice may give sixes; this then can happen.in
lf—': ways: next any three of the remaining eight dice may give fives; this
then can happen in 8.7.6 ways; the remaining five dice must give twos;

1.2.3
. . _5.4.8.2.1
this can happen in one way, and 1= =1 3345

109x876x54321
1.2.8 7 1.2.3.4.5°

Hence the total number of

ways is

7. The number is the number. of combinations of twenty things taken
eighteen at a time ; and this is the same as the number taken two at a time
by Ast. 495 ; that is 201";9
seventeen pears can be any seventeen out of the remaining nineteen; thus
19x18
1x2

. If a particular pear is to occur, the other

there are

ways in which the particular pear occurs.

8. When the particular man is included we have to select 9 men out of
95
95 ; this can be done in ';La ways, When the particular man is excluded

9
L
we have to select 10 men out of 95 : this can be done in ways,
[
10. From Arts. 495 and 496 \wa see that the combinations must be com-
plementary: thus r—1/ +r+2/=n.

11. See the solution of Example 12 in the Algebra.,

18. The answer to the first part of the question is the number of per-
mutations of 9 things taken all together, that is |9. For the second part the
answer would be |10 if we allowed zero to occupy the extreme left-hand
place ; but if we do not allow this we must take away all the cases in which
this occurs ; and the number of these cases by the first part is | 9.

IE
14. We can select 3 conservatives in ‘E—B.
. 16 . .
reformers in L%FE ways : the product of these two numbers is the required
number of ways.

ways; and we can select 4

16. The combinations which are equal in number must be comple-

mentary; therefore r+r41=n. L.ll:l_l_g I"—l— |"+; therefore
r+2

5
- =7 therefore r=8.
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. |m - .
17, Out of the m things we can get E’;—’: combinations of s things;

out of the n things we can get lﬂ combinations of s things; then the

8 -8
2+ r things will give rise to |8+ permutations if they are all different.
18. A parallelepiped has three different edges: thus the answer is the
number of combinations of » things taken three at a time.

19. The number of combinations of 4n things taken 2n at a time is

4n
InTon’ the number of combinations of 2n things taken n at a time is
p 4n
Hence the required ratio= '—BL’.-

2n
[0y [2n[2n [2n°
Now rﬁz:l. 8.5..(2n~1).2.4.6...2n=1.8.5. (2»-1)2"1:.

Similarly |4n=1.8.5...(4n 1) 22|2n,
Substitute and the ratio reduces to the required value.

20. Out of the 17 consonants we get 17:; 6 combinations of two; thus

171x ; 6 x § expresses the number of ways in which we can get two consonants
and one vowel : and each combination of three letters gives rise to | 3 permu-
tations. Thus we have L X105 x|3, that is 4080 words.

21. As in the preceding Example we have mx—éﬁ x,%x |5, that 1s
86400 words.

22. If the 8 given letters are to retain the same order always they count
as one letter, so that we have as it were 5 letters; and the answer is |5. But
if the three given letters may ocour in any order by taking the permutations
of them we obtain léx Ewords.

23. Suppose we use 4 flags. The number of permutations of the 10
numerals taken 4 at a time is 10.9.8.7: but all the cases in which zero
occupies the extreme left-hand place should be excluded, and thus we can
form 10.9.8.7-9.8.7 signals with 4 flags. Similarly we can form
10.9.8-9.8 signals with 3 flags; 10.9-9 signals with 2 flags; and 10
signals with 1 flag.

24, Take the permulations of 6 consonants 2 at a time : the number is
80. Then put a vowel in the middle of each permutation. Then 30x 8 is
the number of words.

25. Put the 3 vowels in the even places; this can be done in |3 ways:
then put the 3 consonants in the odd places; this can be done in [3 ways.
Thus on the whole we get ]2 x|8 words,
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26. Put the 8 men to their proper side, and the 2 men to their proper

side. Out of the remaining 3 men take one to be put on the former side: -
this choice can be made in 8 ways. Then each set of 4 men can be arranged
in %eways. Thus on the whole there are 8 x [4x ti_ ways in which the crew

arranged.

27. The first arm can be put into n distinet positions; so ecan the
second : thus with these two arms we can form n? signals. Now take the
third arm ; each position may be combined with any pair of positions of the
first and second arms: then we have n? X n, that is #3 signals. And so on.

52.61...40
13
89.88...27

Eﬂ_}_

28. Wae can form one set in ways : then out of the remain-

ing 89 cards we can form a set in ways; and so on.

10.9.8

2. 1.2.8°

" 80. Take any pair out of the n—p points; thus we get (i-i)—("le)

straight lines. Take any one of the n—p points and any one of the p
points : thus we get (n—p)p straight lines. All.the p points lie on one

straight line. Thus the total number is (_nm_l_) +(m-p)p+1. Or
thus: if no three of the points were in the same strmght line we should get

n('ll 21) straight lines, Now if p of the points come into one straight lme

we have this straight line instead of the 2 (p p(p-1) straight lines which the p

points furnished. This gives the result in the form ’_'x(l”_l) p(p 1)
The two forms will be found to agree.
1)("—?—2)

81. Take any three of the n—p points ; thus we get (n-p)n—p-

triangles. Take two of the n—p points and one of the p pomts thus we
getp dnd ) (n—p 1) tna.ngles Take one of the n—p points and two of

the » pomts; thus we get ;_z_(p_ll)2(n;p) triangles. The sum of these three
expressions is the total number. Or thus: if no three of the points were in
the same straight line we should get n—(—";lg;("—_g) triangles. Now if p of

the points come into one straight line we lose the 2-(—?;1-;&:-2—) triangles
which they would have furnished. This gives the result in the form
nm-N{=9) plp-1)(p- 2). The two forms will be found to agree.

B B
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82. Proceed as in Example 81. Thus we obtain for the result
(=D a-p-1) @-p-2) pla-p)n-p-1) p(p-1)(r-p)
3 + 1.2 =1 t!

Or, by adopting the other method, we obtain the same result in the form
"(n-l)(ﬂ-f"’)_P(P—l)(P-Z)_l_L

& £

33. The number of straight lines is "("2‘ D or Nsay. Now N
straight lines would give ﬂl\;—_l) points of intersection. But as n—1
straight lines pass through each of the = original points (—"—M points

of intersection coincide at each of these m points. Thus exclndmg these

there remai N(N 1) n(n—l);‘n—2)

n(n—l) {n(n 1) » 1 n(n-—l)(n—2)
1.2

points of intersection ; that is there

remnnn g % points of intersection: this

reduces to MM .
8

4. This is an example of Art. 497. For as the boats which belong to
one club do not undergo any permutations among themselves they are in the
24

12
BEEEEER

85. The sets are to be treated as if they were single volumes,

s}me case as letters which are alike. Hence the number is

87. I There is 1 case in which no letter is repeated. II. 5 cases in
which p occuris twice, as many in which r occurs twice, and as many in
which o occurs twice; 15 in all. III. 10 cases in which o occurs three
times. IV. 6 cases in which p and r each occur twice, as many in which p
and o each occur thce, and as many in which » and o each occur twice; 18
in all. V. 4 cases in which o occurs three times and p twice, and as many in
which o occurs three times and = twice; 8 in all. VI. 1 case in which
occurs twice, r twice, and o twice. Then 1+15+10+18+8+1 53.

88. Out of the first set we get I_IT_ oomhma.txons out of the second

I3a . 4a
L“_IE; out of the third +T3a and so on; the product of all these expres-
sions gives us the total number of combinations. It is obvious that by can-
celling, the product takes the form given in the Example.
89. There are ? numbers in all. Consider one of the digits, as 8 for exam-

ple. In L4_ cases 3 is in the units’ place, in as many cases 8 is in the tens’
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place, in as many cases 8 is in the hundreds’ place; and so on. Thus the
sum . arising from the 3 alone is E {3+ 30+ 300 +3000 + 30000}, that is
3x L4ix 11111, Proceed similarly with_ the other digits. Thus the final
resu1t=(1+2+3+4+5)Ex 11111, -

40. The sum in the preceding Example has for one factor 1+ 2 +8+4 45,
that is the sum of the digits: and it is obvious that a similar result will
hold whatever be the digits.

XXXV,
1L faty(@-DP+ {a-y/(a* - 1)}
s o Sy

=2 {a8 +15a4(a®—1) + 15a%(a® - 1)3+ (a® — 1)%} = &e.

5 5 .
12. (y’+ g) =-(y8—+5§)—; the coefficient of y in the expansion of this
expression is the same as the coefficient of 48 in the expansion of (y3+ ¢3)%.

' 13. We have (z+a)*=A4+ B, (x-a)*=A - B; therefore by multiplica-
tion (2?-a¥)*=A4%- B3,

14. This result may be obtained by direct work. Or we may proceed
thus: (1+a)*(1-z)=(1+2)*(1—-2%; hence we infer that the coeffi-
cient of any assigned power of z will be the same whether it is obtained
from the left-hand expression or from the right-hand expression. See Chap-
ter xLviiz. Now in the expansion of (1+4z)"t1(1—2) the coefficient of 2™
will be found by subiracting the coefficient of «" in the expansion of
(1 +z)**! from the coefficient of "1, &e.

15. The middle term = g-éxn; and

[2n=1.8.5...2n~1)2.4.6..22=1.8.5...2n=1)2" |n;
2
therefore u=1. 8.5...(2n-1) 2",
[

16. Suppose that 2916 is the 7t term in the expansion of (z+a)*:
In B
= =1+l gr-1 = .
then 2916= —1 n—r+1mﬂ a1, and therefore 4860 v Tar;

tn-—r
e e 4860 n-r+la .
hence by division 6= z° In the same way we obtain
4320 n-ra 2160 n-r-lga

4860 “r+1lz’ 1320 r+2
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multiply the first of these three equations by » and the second by r+1, and

subtract; thus — 5' 8(';-1) : and similarly 8(r9+1)_r___-;2_a_, therefore
%-8—(—’:—1)—8(%2—”'2 from which r=2. 'l'hen— s.andthenucﬁ.

Hence putting z==3§ and n=6, and =2 in the first equation we find a=2.

" n
17. 1 (”':,‘1)
pression is the same as the coefficient of z* in the expansion of (z?+1)".
Now all the powers of z in the expansion of (z?+1)* are obviously eren
powers, and thus n +r must be an even number. The coeﬁczent of z*'r in

s the coefficient of 2" in the expansion of this ex-

the expansion of (x?+1)" is the same as the coefficient of y ’ in the expan-
3 CYN 3 [
sion of (y+1)*; and this is g(n—r) TG+ .

18. The coefficient is the same as that of z™+1*3%+1 in the expansion of
(2~ 1)"‘;+l this is the same a8 the coefficient of y™*H in the expansion of
(y 1)“ 1

19. We must find the st term from the beginning, the ' term from the
end, and the middle term of (22— 1)2*; and divide each by z*",

20. Since (z+a+/-1) (@ —-a+/-1)=2+a® we may conclude that
(z+ay/ =1)*(z-ay/~1)*=(x*+ad)".
Now @+a/ =1t =ttt ti— et (W=t + 8~ ...) /-1,
and (T—av/-1)=t—ti+t,— ...~ (1—ta+15~...) / =1}
by multiplying together the two expressions on the right-hand side we obtain
(to=tatte—...)34 (6, - ta+ t;— ...)?; and therefore this=(22+a?)"™,

XXXVI.
1(-1), 3G-1)G)
(z-1 s(z-1)(5-2
1. (1+x)4=1+%z+2 122 AL B LERVAY T
11,1
=1+25-§z’+ﬁz'—&c.
i), 1600
2. (1+z)i= =147+ P F
=1+iz—'8‘2‘¢’+rz—8‘1’—...
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2/2 2
3, (1+z)i=1+§z:é(f.;l)x’+§(§—1l)£(§- ):c'-l-...

=1+§z— 13’1-—4—-:!:’ -

5
4 (L+a)b= 1+ -- (---A—-wug—x':i—)2

=1- 2z+8z -~—9:3+

5. (1fx)'i=1+(-§)x+§i)4ﬁzxs
( )( __1)( “2)-‘ SO PR

‘t.", x:
5 - —1) sy,
6. (L+z73= 1+(_ 5),” o
(1) )
2V 2o1) (=22
3 3 3 28 = g § 9_4_0 ]
+ ~+..._1—3x+9:c 81z+...

@‘ll—ﬂ
Orl =
|
-
) -
S| -
|
[
| -t
U
»
N

7. (1- —x)E= 1—%3-‘-

1 32, 6
=l-ge-52' -1

- 8/3 8 /3 3
2(2-1 2(2-1)(5-2
8 (1- 2@)*:1-22:;-}-_(14—2)(2,):_44_.%4_—2(23):_‘"

]
"1-55— §G'—RG'—...

2.
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=af1_1%

‘% gat—T3 &~ ] @t
_agl_}.‘_‘.’ 1ot 1o }

- 9at 8at"16 a8

10. (3a-2)3=(3a)} {1__§

e Ly 620G

4z 4 z’ 82 a2

9 a 8l a? 2187 @ }
' bz)-%

11. (a’- bz)‘l (a’)‘F 51__2%

= (3a)} {1

2 2 2/2
LN 3“>b’x’+5( +1)(5+2) L
Fat T2 & 3 @ T
- %{ 2%z 7 b 28 ¥P
et ltgatog or t1eg et

17 /17 17/17 17
5 (3-1) . E1E),
T3 6=+ 3 s

=1+172 410227+ 23823 + ...

4(4+1)(4+2)'”(4+T_1)z' (r+1)(r+2)(r+3)z'

Ir 13 ’
5(5+1)(5+2) Brr=1) _ (4D (r+2)(r+8)(r+d)
% .

1Y 17
12, (1+52)% =1+—5- bz +

18.

14.

. ‘(“1)(“) 5""‘”‘. g B0 (D0

n'L
;<;-1><,—,—2g---%,—,-«-»z(_m,

==2=1Cr-DEp-1.. 4r-1)p-1} ,
I .
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17. Wllrx) =(+2)-}; the (r+1)» term=
1.8.5..@2r

%(%*’1) G”) (%"_1) (-1 2'L D -1y
r

2( 1)( +? (§+r—l)(ﬂ' 2.5. g'lfsr l)z,,

7(7+1)( ') (3+r- 1)(%)'=7.9.11E(2rf5>x,.
20, -2/(1—)=(1_z)-i- the (r+1) term=

1(1“)(4*2) (a+r- 1),, 1.5.9..(4r-8)

4"_
oo £ e L i)
22, §(999)=(1000-1)¥=10 (1_ ﬁ) ¥

| ol )
23. :/(31)=(32-1)'1’=2(1-“) ‘2{1 532 2 32) }

24. ¥/(99000)= (100000 — 1000)% =10 (1 - __)*

| =10 {1 5 100 25 (100)
3. (l+ad=1+lz-1 2
. (L+2)i= +— z-—-z’+...- —x)’:l-gz——x’—. ;
11, 1
1+2z—§x +1-3 a:-—z’+

thus the expression =
. 1+z+1-{-§x——z’+...

8
1 17 1 17
2—§W— ﬁ-z’+... _l—ﬁz—ﬂ4m’+
38 1 ) :
2+§z-§a=’+... 1+4z— Téx.-'-

Now divide the numerator by the denominator and we find for the first twe
| terms of the expression 1— %z .
T. K. 1
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26. We have to shew that
n a@n-1)(n- 2) n(n—-1)(n- 2)(n 8) (- 4)

it E!_
excoeds by unity n(;uzl) nin—- 1)(&2)(» 8) $os
that is we have to shew that
n(n-1) n(n “1)(r-2) n(r-1)(n-2)(»-8)
fn— 1.2 L B L

equals unity; this is obvious for the expression=1-(1-1)",

27. By Att. 528 the number=2{2+1.-Cn-1)

tor and denominator by |n -1

28. The (r+1)® term may be found by multiplying the r** term by
'-H'—l-l z, that is in this case by g—l : putting this=1 we get r=2,

80 that the 8rd term is equal to the 2nd, and these are greater than any
other term.

29. The numerical value of the (r+1)% term may be found by multi-
plying that of the s term by (—1+1)a:, that is in this case by

; multiply both numera-

S:i+1) L ; this multiplier first becomes less than 1 when #=38: thus the
d term is the greatest.

80. In this case the numerical value of the (r+1)* term may be found by
multiplying that of the r* term by g-}-1) 5. this is equal to 1 when r=5,

so0 that the 6th term is equal to the 5th, and these are greater than any ofher
term.

81, In this case the numerical value of the (r+1)t term may be found by
multiplying that of the % by (% + 1) i%; this multiplier first becomes less
than 1 when r=8: thus the third term is the greatest.

i
82, (u-~ =il (1——-) ; thus we require the greatest term

1
in the expansion of (1——) . In this case the numerical value of the

(r+1) term may be found by multiplying that of the # by (2’”’2_1) N

If n=1 this expression is equal to 1 when r=2; if n=2 this expression first
becomes less than 1 when r=2; if n is greater than 2 this expression is
always less than 1,
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4.5..18 11.12.13

L A

84. We mnstﬂnd'when!;-r+1 first becomes negative; this is when
r=>5; and so the 6% term is the first negative term,

83, By Art. 524 the number =

85. The coefficient of 2P in the expansion-of 2* (1—x)~* is the same as
the coefficient of zP—™ in the expansion of (1 —z)~**, and this is

2n(2n+1) ...... (2n+p-n-1)
- Ip_n °

Now multiply both numerator and denominator by lﬁa-i; thus the
coefficient becomes 12 +" =1 | d then b; ing |p —n we
m,m en by cancelling | p —n we get
(p-n+1)(p-n+2)...... (p+n-1),
’

|2n-1

the middle factor of the numerator is p; the factors before and after p are
p-1and p+1 respectively, the product of which is p*-12; and so on.

86. Wae require the coefficient of-z*® in the expansion of
(1 - 62+ 122 — 8a3) (1= 82%) 4,
Now (1-82%)~4 when expanded contains only even powers of ;- thus & will
ocour only in (1+122%) (1-82%)~%. The coefficient of z% in (1-32%"¢ is

4.56.6...... (n+4'—1)3.’ that is (n+1)(”é2)("+8)8“;andthe ooefficientof

™2 is “—(’i%(”—m 8*-1, Thus finally we have

(r+1) (nl}2) (®+8) gu . 123(»-!-;) (4+2) gus

that

. 8%1(n41) (n+2) (5n+8)
18 ) .

87. ‘We require the coefficient of 2 in the expansion of (142z+a%)(1-2)~%:
by Example 18 this will be
(+D) (042 (048) M+ (042) | (@=Dnlat])
3 3

E ’

it will be found that this is '%1(2“’+4n+8).

at+z\}_ at+z e o z e -l.
8s. («-‘_—’c —aymeraw e (“'..) (1 Z) i v
ghould therefore expand (1-;:)-}in powers of :i:, and maultiply thuuult

12
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by1+§. Henoce to find the coefficient of «* in the original expression we
must find the coefficient of z* in (1—%:)-%: and to find the coefficient of
%+ in the original expression we must find the soeficient of ¥ in (1_5:)'},
and multiply it by ‘1-‘

n(nt+l)...(n+n-2) *im(n+l)...(n+n-3)
[»-1 = -2 "

89. The a* coefficient

40. The middle term in the expansion of (1+2)*

o @r-1)..@r-r+l) |2  1.8.5..@r-1)2|r
T R
1.8.5...(2r=1)
=-—E———---2'z'.

And the coefficient of 2* in the expansion of (1—-4z)—%

S (3+2)-(5+r-1
2\at ) gt )"'(5*" ) 1.8.5...(2r-1)
= (day = .
G G
42, Buppose we expand (1+2)* and also (1+£)', and multiply the two
series together; then the term which does not contain z will be
n)? (n(n-1))* (n(n-1)(n-2))?
(o' s B

This shews that the sum of the squares of the coefficients in the expansion

of (1+x)*is equal to the coefficient of the term which does not contain z in
n 3

the expansion of (L+z)®x (1+£) , that is in the expansion of gg)_.

Now the coefficient of the term which does not contain z in the expansion
of this expression is the coefficient of z* in the expansion of (1+z)™; and

. 2n
is therefore - ll
43. It is easily seen that p, is the coefficient of 2” in the expansion of
C(l-2)"d. Thus (1-z)3=1+4p2+pa+p2*+ ...+ P2 +Ppi @+ eeee
Hence we see that if we multiply (1 —2)~3 by itself the coefficient of z™H in
the product will be 2 {pgasy +21Pan+ ... +Pu-1Pats + Palanr f-
But Q-2 dx(l-ad=(l-n)t=l+z+ad+ .. +a™ 1+ ...
Henoe we infer that we must have 2} pyuiy + P1Bem+ -+« +Pu-1Pnia + PaPuta | =1.
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44. The coefficient of ™ in thesexpansion of (1 —z)~"2
(n+1) (n+2)...0+m) _|ntm
R kR
the coefficient of z” in the expansion of (1-z)~™! will be found to have the
same value.

45, 1+22z+482'+42%+...=(1-2)"%; thus we require the coefficient of
o in the expansion of (1 —)~%; this is 2n@a+l)..(Gntr-1),

[r , ’

XXXVIL
1 g+2r=4, p+g+r=8.
The solutions are r=3, ¢=0, p=1; r=1, ¢=2, p=0.
BB
If + |3=3+3=6.
In stating the solutions in future we shall not explicitly record the zero
values which some of the letters may take.

2. q+2r=5, p+g+r=4.
r=2, ¢g=1, p=1; r=1, g=8.
E(—l)l-I-Ji(—1)’::—12—4-——16.
2 8 o

8. ¢+2r+3s=8, p+g+ris=4.

's=2, r=1, p=1; 8=2, ¢=2; s=1, r=3, g=1; r=4,
l‘:-”’(—4)’+ £ (-2)'(-4)’+L4'(-2)3’(—4)+E3‘
2 [EJE: 2 4

=26,8%4927,8425, 834 3¢=1905.
4. q+2r+3s+4+6u=14, p+o+r+s+i+u=8.

3
u=2, t=1, h:s.

6. q+2r=6, p+g+r=>5.
r=38, p=2; r=2, ¢=2, p=1; r=1, ¢=4.

3
&2’ (-4)2 +E"L§E! 2(-8)} -4+ J[.‘f(— 8)é(- 4)

=-29,5+26.3%,5-2284.5.
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6. g+2r=8, p+g+r=132.
r=4, p=8; r=38, ¢=2, p=T; r=3, g=4, p=6, r=1, ¢=6, p=5; ¢=8, p=4.

12 12 12 12 )12
é-lzsq 7'E P+ EEr+ﬁ2+JL‘?L{"

7. q+2r=4, p+g+r=5.
r=2, p=3; r=1,¢=2, p=2; ¢=4, p=L

PP P LR R P P W PO
3|3'T_2L[§'.-li'""

8. 2r+4i=8, pt+r+t=-2.
t=2, P=-4; t=1’ '=2: Pf_""s; "=4’ P='—6'

(=2)(=8) 45, (=2)(-38)(-4) (=2)(-8)(-4)(-5)
2 434 |_2 22,44 E .24

=48-192+80=-64.

9. q+2r=4, p+g+r=-5.
. r=2, p=-7; r=1, ¢g=2, p=-8; g=4, p=-9.
(=5)(=6) , (=5)(=6)(=T) (~5}-6)(-7)(-8) =
L'Z- + L2_ + L4_ =15 -105+70= - 20.
1
10. q+2r=5,p+q+r=—§.
r=2, g=1, p=-8}; r=1, ¢=38, p=-4}; ¢=b, p=-5}.

(DD, CADECED, -
2 K

35 63_ 87
8

4 2°

11, 2r4+4:=8, p+r+t=-2.
t=2, r= -4; t=1, r=2, r= -6 r=4, P="6'

(=39 (i)'+(—2)(—2a)(—4).%G)gﬂl(_-%d_)(-i)(;)‘

8,5_1
itg="1

&l
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12. q+2r+3c=4, pta+rie= -%.

s=1, g=1, p=-24; r=3, p=-2}; r=1, ¢=3, p=-3}; q=4, p=—4}.

(-3)(- g) 2(_2)+£__.21-)é+g2(_4)'+(_ ;)(I%g)(— 1) 2(-4)
CODCDED,

-84+6+4+15+ 5"

18, g+44=6, pt+g+t=g

11 28
t=1,9=2,p=-7; ¢=6, p=-T.

D, DA

8.7 71119

=95 "o -

i

(-2

. 14. Put z=g?: then we require the coefficient of y8 in the expansion of
(A+y+P+9°~y)5 g+8s+bu+Tw=8, p+g+s+u+w=5.

w=1, ¢=1, p=38; u=1l, s=1, p=3; u=1, ¢=3, p=1; s=2, ¢=2, p=1.

15 .5, 15
3 (-1 +

K EMERSEIE
15. ¢+2r=4, p+q+r=n.

r=2, p=n-2; r=1, ¢=2, p=n-3; q=4, p=n-4.
m(r-1) n@m-1)(n-2) =@m-1)(n-2)(n-8) xni+6n3-13n2+6n

g + B + E = pYy .

16. It is easy to see that 1+ 3z+ 523+ 723+ 924 +...

=1+z) (1+22+823+ 43+ bzt +...) =(1 +2) (1 -2)~2

Hence we require the coefficient of «* in (1+)7(1-2)~24; and we have only
to expand the two factors by the Binomial Theorem and mulhply the results
together. Or proceeding as usual we have

q+2r+3s+4t=4, p+g+r+s+i=7.
t=1, p=8; s=1, ¢=1, p=8; r=2, p=b; r=1, ¢=2, p=4; ¢=4, p=8,

%M%s.nlél%sué— 8% 5+ﬁ 84,

The result will be found to be 9030.
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17. l4z+28+23+...=(1-2)"1; thus we require the coefficient of 2™ in
the expansion of (1—2)~%; and this is easily found to be m+1. If we pro-
ceed as usual we have g+2r+3s+4t+6ut..=m, p+g+r+..=2. Itis
easy to verify that if m=3 the coefficient will be 4, if m=4 the coefficient

ill be 5, if m=25 the coefficient will be 6, and so on.
18. g+2r=8, p+q+r=n;
r=4, p=n-4; r=38, ¢=2, p=n-5;
r=2, ¢=4, p=n-6; r=1, ¢=6, p=n-T7; ¢=8, p=n-8.
Hence the result.
19. g42r+Besdi=d, protriati=—1.
t=1, p=-1}; #=1, ¢=1, p=—2};
r=2, p=-2}; r=1, ¢=2, p=-8}; ¢=4, p=-4.

() (D, CUCDCD,

DEEDE
ti_ 2 8 4

In fact we require the coefficient of x* in the expansion of {(1-::)"}‘5,
that is in the expansion of 1—z; and thus the result should be zero.

+6+ 0.

20. 9+2r+8s=12, p+g+r+s=5.
s=4, p=1; =38, r=1, ¢=1; =2, r=8.

]ﬁa 4+.L5. a l+ B ﬂ" S
Lé 3 Ls.al 9% 2[3 Gy
21, ¢+2r=5, p+g+r=n.
r=3, ¢=1, p=n-8; r=1, ¢=8, p=n-4; ¢=5, p=n-15.

n(n-1)(n-2) n(n-1)(n-2)(n-38)
Bl ol A U/ _Eﬁ

2 a"%a,a." + AN

+ (n— ll)_§ (n-4) agba,s.

22. 2r+8s+5u=8, p+r+stu=4.
u=1l, s=1, p=2; #=2, r=1, p=1; r=4.

4 4 4
|§(—1)+]L3(—1)+]|§(—1)4=-12-12+1=_23.
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23. q+2r=2, p+q+r=-

24. g+2r48s=38, pt+g+r+a=m.
s=1, p=m—1; r=1, ¢g=1, p=m-2; ¢=8, p=m-3.

may+m (m—1) a,a,+m m - 1;(’"—2) a®.

5

25. L3=2o.

26, 2LL( 1 (- 1) =210,
9

27. L?EL_I%O

28. ) (- 1)$=12600.

pEE-!
81. Every coefficient is of the form

where p+q+r=10. Itis
obvious that the least value of Il'll'g._2 2,2.8.8.8.4 for it is
thus made up of the 10 least fac rs w. ch are admissible : for as there are
only three quantities p, ¢, r, we cannot have more than 8 ones, we cannot
have more than 3 twos, we cannot have more than 3 threes. Thus the

greatest coefficient= {Ux i

14
82. Every coefficient is of the form m where p+g+r+a=14,

ItmobmonsthattheleauvalueofL_lLLf_- ul 1.1.1.1.2.2.2.2.8.3.3.3.4.4
for it is thus made up of the 14 least factors which are admissible : for as
there are only four quantities p, g, r, 8, we cannot have more than 4 ones, we
cannot have more than 4 twos, we cannot have more than 4 threes. T’hus

the greatest coefficient= &rs"

83. This follows easily from consxdenng such special cases as those in
Examples 81 and 82,
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84. Write down a,+ @z +ax?+ ... and underneath it write the same
expression; then multiply them together and arrange the result: by examin.
ing the coefficients of 23, 5, #7,... we easily see that the proposed result is
true. Example 17 is a particular case of this Example. See also Exam-
ple 43 of Chapter xxxvi.

85. The first term of the expansion is 1.

To find the coefficient of z:

g+2r=1, p+q+r= —%. g=1, p=-1}. (- g)(-ﬂb):b. .

To find the coefficient of #*:

1
q+2"=2, pHg+r= —§-

r=1, p=—1&; q=2, p=-2}.

1 8
(- EH D

To find the coefficient of z3:

1
3
r=1, ¢=1, p=-2}; ¢=3, p=-384.

q+2r=38, ptq+r=-

(9P D g

To find the coefficient of z*:
q+2r=4, p+g+r=—%.
r=2, p= —'2-5; r=1,¢=2, p=-38}; q=4, p=-4}.
A, G, BECD
o + B (-28)%+ (- 264

14

_5_ 1o s
86. The first term of the expansion is a~1.
To find the coefficient of 2:
g+2r=1, p+q+r=-1.
g=1, p=-2. (-1)a%=-a"%.
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To find the coefficient of 2*:
g+2r=2, p+g+r=-1,
r=1, p=-2; ¢=2, p=-8.

(-1)a %+ (%—2) a = —a%+a 33

To find the coefficient of 23:
q+2r=38, p+g+r=-1.
r=1, ¢g=1, p=-8; ¢=38, p=-4.
(-1)(-9) a"bc+———(_1)(—Ls2)(_s) 0~ = 2a~%e — a—VB%.

To find the coefficient of «4:
g+2r=4, p+gtr=-1.
r=2,p= -8; r=1, q=2,v p= -4; q=4, p= 5.
(—ll)é—z)a_,c,+<-1)(—;)(-3) IO L E TCE

=a"3c*—3a~4%+ a~ .
-1
Or we might proceed thus: (a+bz+ cx?)1=a"! (1+b;+ %’)

‘  § 3 4
=a—l{1_(bj+ﬁ,)+(éf+g) - (b_:c+¢£’) + (b_m.i_w_’) - E;
[} G a a a a a a
. b cx?
then expand the various powers of;-i-;- and collect the terms.

87. The first term of the expansion is 1.
To find the coefficient of z:
| ¢+2r+8s=1, p+q+r+a=n.
g=1, p=n-1 a(-1l)=-n.
To find the coefficient of z*:
q+2r+38s=2, p+g+r+e=n.
r=1, p=n-1; ¢=2, p=n-2.

,,(_1)+”("L§,1)(_1)3= - n+'i‘_"2f_l)=m;_3),
To find the coefficient of z3:

q+2r+38=8, pt+gtr+s=n.
=1, p=n-1; r=1, ¢=1, p=n-2; ¢=8, p=n-8.

A(=1) +n(n-1)(- 1)(-1)+3(”—-w11—13(—"-_—2?—)(—1)’=-n+n(n-1)-1—’3—_—'1—)8(l-—22

=-g(n-2)(n-7).
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88, These results are easily established by induction. For simplicity it is
well to take.a particular value of r; it will be found that the reasoning would
apply to any other value of . We may shew then by actual multiplication
that the laws which are stated hold when n=2 or when n=3. Assume that
they hold for any assigned value of n. Let r=38, and suppose that

(1+z+22+2%) " =ay+a,z+at’ + ...... + gy T + a5 2%;
maultiply both sides by 1+ z+2%+2%; then
(L +z+2*+ 2" =a, + (o, +ag) 2+ (8g+ O + ) 2 + (33 + Gy + 6, +ap) T°
+ (@e+as+agtay)zt+...
Then we see that the coefficient of x4 is greater than that of 28 if ay is
greater than a,; and this is the case by supposition: and so on.

XXXVIIL.
1. Let z denote the required logarithm; then 144=(2/3)%; that is
2432=(24/8)%; that is (24/8)%=(2+/8)%: therefore z=4.
2. 7 lies between 2% and 23 ; thus the required characteristio is 2,
8. b lies between 3! and 3*; thus the required characteristic is 1.

4. Let x denote the required logarithm; then 8125=>5%; that is 55=5%:
therefore z=5.

5. 1230 lies between 102 and 104: thus the required characteristio is 8.
*0123 lies between 10~ and 10~*; thus the required characteristic is —2.

6. Log -05=1log ig—():logﬁ—log 100=1ogb —~2; and logb=1log —1%-)=1—logz.
Logs-4=1ogf_4=1og B4—1; and 54=2x 8%, so that log54=log2-+8log8.

7. Log 006:103——log6 3; and log 6=log 2 +log 3.
8. Log36=Ilog(2?x3%)=21og2+21log3; log27=1log33=31log8;
log16=1log 2¢=4log 2.

9. Djvide 648 by 2; the quotient by 2; and g0 on as long as possible;
then divide by 8; the quotient by 8; and so on. Thus we find 648=2% x 34,
Similarly 864=25x 83. Therefore we have

8log2+4 log 3=2-81157501, b5 log2+8 log3=2- 93651874.

From these two equations find log2 and log8. Then logb= log- =1-log2.

10. Log\/(126)—-log(15 i==;(1og125 ~10g100) =5 10g5-1

=3 (1-1032)-1.
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26
11. Log ‘00256= 10310000_10325 -4=2log5-4=2(1-1log2)-4.
12. Log./-0125= log( 135 =§aog125-log1oooo)

4 4
=1035-§=1-log2-§.

13. Log1080=log (10 x22x 3%)=1+2log2+ 81log8.

Log('0045)* =%'log 1::.0' =% glog (5x38% -4}

1 2 41 2 4
=§log5+§logs—§=§(1-log2)+§loga_-§.
14, Fist fnd the logarithm to the base 10. Tog (<t )¥= Liog 2.
) ° 843 2°°843

1, 2 1 8 .
e log7—’=- (log2’—10g7’)=log2— 5 log7=--966617. And the logarithm

to the base 1000 will be found by multiplying this by og, 11000, that is
by §. see Art. 588. Hence the required logarithm is— 96§617.

15. Log2%=641og2=19-26592: thus 2% lies between 10 and 10%;
and so has 20 digits.

625
10000~ 5

16. Log(0625)=¢ Liog ! tog64-1og 10000)=- 1035-—

b 743491

(1 log2)— == 559176-7 = 559176+g -1=-759176~1=log
=log 5743491, Therefore (0625)': 5743491,

17. The numbers from 10 to 10711, both inclusive, have the character-
istic p; thus P=10°7(10-1). The reclproca.ls of numbers between 107 and
109-1+1, both inclusive, have the characteristic —g; thus @=10¢-1(10-1).
Therefore log P -log @=p— (g -1).

18. Take the logarithms of the given equations; thus log y=f—:o?: H
log z= = 11 H substatute in the latter the value of logy from the former ;
1 log:e

thus logz= Tloga

; therefore logz: ; therefore ¢=1 01-"".

1
1-logz
19. Supposen a*==c*; so that z= log.n, y:log.n, z=log,n. Then
1

a=n%, b—J, c-n' But b*=ac; therefore n’— n’ *, ; therefore :;:1 +1
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20. Let P denote the number of the population at the beginning of a cer-

tain year; thent.henmnberattheendoftluayea.rvrxlllm}’+4}:5 g), that is
ISIP In a similar manner the number at the end of two years will be

80 * 180 180

181\¢ P. BSuppose that in z years the population is doubled; then

180
181\*

IR] 181
) P=2P; therefore (ITO =2; therefore zlogm=log2; therefore

oo log3 301030
“log181-1og180 ~ -002407 "

18] IR — P, thatis (lsl)P and the number at the end of z years will be

XXXTIX,
1. In equation (1) of Art. 545 put 2*-1for m, and z* for n; thus we obtain
the proposed result. Multiply by Tog 10 and we have

1 1 3
l°81o(zf1)=2 10810“-1"810(”"1)‘10&10 2%,_ its (2',_1) + 2 .
2 _1
1og,10 (199 *3(e9p * )"
4. Wehnve)\+p= - M._- by Art. 836: thus

a—b¢+w’=a{l+(k+n)w+7\/w’}=a(1+).x)(1+px);
therefore log (& - bz + cx*) =log a+log (1 4 Az) +1og (1 + uz) :
then expand log (1 +Az) and log (1 + ux) by Art. 544.

Put 10 for z: thus log,,11=2—21log,;,3 ~

1ts 1-s -
T. Log {423 (-2 7| =212 log(+e)+ 152 log (1 -2
then expand log, (1+2) and log, (1-2).
1

14—
501 _ 7500 _1+-003
8. b g e L theredore
~ 500
501 (:002)8 . (-002)®
10g, 755= 23-002-»—8 +T+'"}‘
Now (002) has no significant figure in the first eight places of decimals, so

Hmswpat'm&oremshmtouhutmmphoss;md—ar
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has no mgmﬁcsnt figure in the first fourteen places of decimals, so if we

stop at ¢ 002) the result is true to at least thirteen places: and so on.

9. Wo have in fact to find when n is very large an expresslon in powers
of z for (1+ ) + %, that is for (1+ ) =2,

Now logz(li-g)‘e-’%:nlog (1+-») z= _; + .

SntT
D I e L I
therefore (l+—) e *=¢ _1_% +g5 +47’+,,,,

here the terms which are not expressed involve higher powers of W and are
very small when n is very large.
10. We require the coefficient of #* in the expansion of (z +bz +cx?) 2.

Now %=1~ x+§—...+(.—1’).rz” ... ; thus the coefficient
GG 1)»-’ (- 1)' a b z
[ -1 -3 | ln(n ) “a-it%"

11. In the series for log,(1+z) put 1 for z: thus
1 1 1.1 1

log,2=1- 2 3 4-'l-5 é+
1 1 . . s
By combining terms we get log, 2 =T1—2+§_4+6__6+'"; and by combining
them in another way we get log.2=1-2—1—§-21—5 -6—1—7—...; hence by addi-
2 2

tion we get 21log,2=1+

2
fTestsgstse.7t

12. 'We maust find the term on the right-hand side of (1) in Art. 549,
which involves z™3,

‘ Now (ac+§_ + I§+...)"=z'(1+L32~ +%+ ’:+...).
=" :1+ny+"('l._ l)y’+ f

z 2
where y stands for E+E+E+...

Thus the term which involves ™3 is I—% "(” 1) (l_) 2 ”(”— Y .

Hence the required result is obtained like the othen in Art. 549.
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XL,

2. The ratio of the (r+1) term to the yti= ot 3 _r+1

2r+1°(r+1)33+1
248 A+1 . ) . .
factor 1 FrIiFT approaches continually to unity as r increases:

hence by Arts. 559, 560 the series is divergent if z is numerically greater
than unity, and convergent if  is numerically less than unity.

z; the

8. Ifpis gi'eater than unity the series is convergent ; for it is obviously
less than that in Art. 562. If p is equal to unity the series is divergent; for
1.1 1 1 . 1 1 11
i+§+5+7+"‘ is greater than 3 1+2~ +3 +Z+"‘ , 88 we see by com-
paring term with term; that is the series is greater than the half of one which
is known to be divergent. If p is less than unity or negative, the series is
divergent, each term being greater than the corresponding term when p=1.

. . _f a+1rd \? .
10. The ratio of the (r+1)® term to the ".'"(a—+rb+b ; the fac-

» .
tor (a:tb’: b) approaches continually to unity as r inoreases; hence by
Arts. 559, 560 the series is divergent if z is numerically greater than unity,
and convergent if z is numerically less than unity. If z=1 the series

1 1 1 1 a
_b_”g(c+l)ﬂ +(c+2)’+ (c+3)P+"'¥ , where ¢ stands for 3

The series last given is of the same character with respect to convergence
and divergence as that in Art. 562. For instance, if c=4 the series is the
same as that in Art. 562 omitting the first four terms; if ¢ lies between 4
and 5 the series is less than that of Art. 562 omitting the first four terms,
and greater than that of Art. 562 omitting the first five {erms.

11, ug+ug>2ug, w,+ ug+ug+uy>2%y,, ug+uy... +%5> 2%, and s0 on.
Hence we ﬁn? that the first series is great7e; thnnu'h&l! Ee secox::l, and so if
the second is divergent the first is also divergent, .

Again, u; + ug <2u; , ug +u, + us+ ug <2y, Uy +Ug... 1 <2%,, and so on.
Hence we see that the first se‘ries is le‘ss thnn, the second, a:ul sou;f the second
is convergent the first is also convergent.

. 2-1 8-1 4-1
12, Thesenes=1+T+-3T+_F+_,,

1 1 1 1 1
=1+§“—_—1 +3—":i+"'-§27‘+§7‘+5‘+'"} .

I n is greater than 2 each of these two series is convergent, and so there-
fore is the proposed series. If n=2 the first series is divergent, and the
second convergent ; and so the proposed series is divergent. If n is less
than 2 each term of the proposed series is greater than it would be if n=2;
and so the proposed series is divergent,
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XLL

1. Let M be the sum due, D the discount. Then D= M’:;_. Again' let
7 be the interest on the sum due: then /=Mnr. Half the harmonic mean
bet ”de_MI M3nr __Mm-

ween SM+I1 "M+ Mnr 1tnr’

2. With the notation of Art. 577, Mnr=180, 1”"" =150; therefore

Tiio- =150; therefore 1—5 ._1+m', therefore wg ; therefore M=180x5=900.
-4

8. Let r denote the rate of interest; then Ar=1—+%; therefore r-—B =

4. TLet » denote the rate of interest; then 1+40r=2; therefore r=4lo

5. Let M denote the price of any article for a credit of six months P
the ready money price of the same article: then, by Art. 577, = 1+1nr
5 1 1 P 1 40
But r—m=%, and n=5; therefore il‘=1__1_~1—1’
*o

6. Let n be the number of years; then by Art. 577

1050=100R*=100 (1+ i) therefore (105 1,

210 210, 210 210
therefore (56'0 30 therefore n log — =log—— H .

log 210 - log 20 log210 —log2-1
therefore n={  010-10g 200 “Tog210-1og2-2"

Now log210= log 14+10g 16; and log 2=log (16)#=110g16. Thus n=20oi" g:ﬁg
7. Let n be the number of years; then by Art. 577

(1+-‘°’i) =8P; therefore (1-035)%=3;

100
.035 = . __log8 47712
therefore n log1-035=10og8; therefore "_log 1-035 = 01494 "

8. With the notation of Art. 677, pP=PR™, qP=PR";
. 1 1
therefore p=R™, g=R"; therefore pm=g* for each =R;

therefore p%=g; therefore log,q= %.
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XLIL
1. Wxt;x the notsghl%nb of Art. 580 we have P,=400, P,=2100, ¢,= 2
8-z
fa=8, r=10 ; hence +J_M(z ~2); therefore
30
2100 (8 —x) =400 (z - 2) + 20 (8 — =) (z—2), &o.

2. Here with the notation of Art. 580 we have P,=20, P, 16*, t,=0,
t,=270, the time being expressed in days; also r=—"2—— : hence
161 (270 -2

270 -z
1+ 600 .
8. By Arts. 574 and 577 we see that when interest is due every moment

the discount on P; for ty—z years is Py{1-e~"'%~}; and the interest on P,
for z - ¢, years is Py{¢" *~*)_1}: then we must equate these two expressions.

100 x 240 9600

270 -
=20z; therefore -I(270-z)=20z+m(T0£), &e.

4. Let «, y, z denote the numbers of pounds in the three pn.rts then
x
zR*=yR*=:R. We may write these equations thus: == R“
jons=—21YtE =

then by Art. 884, each of the fractions= ey =y = But z+y+z_the
given sum, which is known: thus z, y, and z are found.

5. Asin Art. 526, suppose I to denote the integral part of )a+\/(a’-1)}"
and I+ F its complete value, so that F is a proper fraction; then'

I+ P=d"+na1@—1)+2 ("L 1)

a*2(a-1)+....
And a—4/(a*= 1) is a proper fraction ; and therefore 80 also is {a—/(a®~ 1)}",
which we will denote by F’: thus ’

Pl=ar-navly(a-1)+ 2022 (’l'_" ) g2 (a2 - D=
Hence by addition we have I+ F+ F'=an even integer; therefore F+F'= 1
and 7=an odd integer.

6. Asin the preceding Example,

n(n—

I+F={\/(a!+1)+a}n=(a!+1);.*-n(a’+1)?a+ L 1)(a’+1) T adt...,

1 et 1) — gl — (a8 4-1)E — 1 (@ r,:l”(L).:l-r:_
F'={/(a*+1)-a}*= (a*+1)T-n(a®*+1) T a+ 2 (a*+1) T a

If n be even we add these two results, as in Ex. 5, and arrive at a similar
conclusion. If n be odd we subtract the second result from the first, and
then we get J+ F— F'=an cven integer; hence we must have F—F’=0, and
I=qan even integer.
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] ]
7 (_"_)'= R (1+§) =1-2§+3(§) -
a+x 1+§ - .

z z\2? z\*

Thus we must find the sum of 1-2;+8(;) et (B+1)(-1)" (;) ,

: H
and subtract it from (GLH)  and we shall have the required remainder.

In Art. 478 put 1 for a, 1 for b, nnd-%forr: thus the sum is

i ) N ] G L G G
W ) (49
Z#g),; the remainder=(- ;)”-(sz‘:- .

10. The whole coefficient of « will be found to be

1_,.+"('|'§1) ‘”("_11)3(""2%..., that is (1-1)", that is 0.

Subtract. this from

The whole coefficient of 8 will be found to be

—»{1—(n—1)+%3)—..:}, that is —n (1— 1%, that is 0.

14+2)m-1
11, c=a(1_’_x—;_1§ therefore (1+x)'=1+£:—.

Take the logarithms ; nlog(1+z)=log(1+%‘);

w8 e de )
therefore n=2 201 34 '"_E{ —2"+ﬁ_m}
E__x_’_*_z_’ - 1.%2.2 :
g tg = —gtg---
.. 8z 8223 z o g . -a)z
Divide 1-5,tgaz— by 1—§+§-...; thus we obtain 1—u+...

2a

12. By Art. 574 the value at any time ¢ will be ae™ where = is some con-
stant; but we know that b is the value at the time #; therofore b=ae™.

b\ 2 5\ &
Thus a:(-)a, and = (_)a.
a (]

K 2

N a e e
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XLIIL
1. In Art. 589 put P=600}, n=3, r=-1—(4)—0 :
85 (140 4 0
thus 600} = ; henoe we find 4 = =243.
140 2
1+1%0

n+;n(n-l)r ad
2. By Art. 589 we must hnve—-iTm-_—-A=_2_

therefore 1+;(n-l)r=%(1+m'). Hence r=1.
1. 4
3. In Art. 596 put 4 =100, P=2500; then r=f>_§5_ﬁ)—0'

4. By Art. 597 the present value _AB_I ; Where

~

A=168'1, R= 1+ 24 —1+m—g. Thus the present value
41\"*
168°1x | =
0 40 _168:1x (408 _ .,
= =161 ) x40= 882X (50— g400.
40
5. By Art. 595, if n denote the number of years the annuity continues
ey s , A(l-R™) A(=R™)
which is worth 20 years’ purchase 204 =—%-1 Wd=—"p—7—
. 2 1-R™_ . _6
therefore, by division, 30 _I—_F—1+R-", therefore R"‘—zo .
. A i 6
0 14 33

Substitute in the first equation; 20———2— therefore R—1= =100 =100

820 (1435 e
6. By Art. 597 the sum = £} =10000(1-032)~1%  Denote

100
this by 8. Then log8=1og10000 —10 log 1-032 = 4 — *136797 = 8-863203.
Therefore 8=17297-98.
7. Since an annuity to eontmne for ever is worth 25 years’ purchase

by Arts. 595, 696, we have 25— - therefore r= 25 Next we have by Art. 595,

26\ "3
1- ( )
%) 25N\ 0. 41 _ 925(26)* _ 25x17576
625 = 4_.___A{1-(2—6 }25,thereforeA-(26),_(25)'_ 051 °
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- 8, Let m stand for i‘%g; then we have to find the present value of 4

due at the end of 1 year, of m4 due at the end of 2 years, of m*4 due at the
- end of 8 years ; thus, as in Art. 595, we get

ml
poA md w4 w4 A RR
“ETETE TR CEwmoy
R
104 m 180 5
Here P—1000, A=40, R:m’ R=1—0—4=Z.
. (B\"_15 . . log15-1log2
Hence we obtain (I) =3 andtahnglognnthmsu:———-—-log5_log4 ; and
log4=21log2, log5=1-1log 2, log15=1log5+1log 3: thus we find n=—_‘8)%5£g.
9. Lot 4 denote the first payment ; then its prosent value s 745. The
second payment is m4 ; and its present value is }’;7{1 . The third payment
2
is m2?4 ; and its present value is ;‘Tfa And so on, Thus the entire pre-
_4 mm’m‘,} . m ,
sent value_ﬁ 1+R+JT3+F+'" , and with the limitation that B
. .. A 1
la.sthanumty. mmﬁ.l_—ﬂ.
R
10. Let z denote the sum in pounds; then ze*"=1, where n=20 and
=2 = L. theretore ze=1
=100 20° o we=2L

11. The amount of 1 pound in 1 year=e’; therefore the interest of

1 pound in 1 JW=¢'-1=,% by supposition; therefore ¢'=1——;"'. The

amount of P pounds in n years=Pe*"=P (lme)‘

12. Suppose P the sum borrowed; at the end of a year the debt is
P+ Pr; of this 2Pr is paid, so that P— Pr is still due, that is P(1-7r).
At the end of the second year we find in like manner that P (1-1) x (1-#) is
still due, that is P(1-#)% At the end of the third year P (1-1r)? is still
due. And so on. .

18. By Art, 598 we have to find the value of an annuity of 4 pounds to
begin at the end of 13 years and to continue for 7 years; and by Art. 597
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this is 1-2‘—1 RB_R%), where R:l%gJ 06. Now logR-13= 18 log1-06
=—-B269767="6710283-1; thereforo R~13=-4688385. Tog R-*=—20 log108 :

= *5061180 =-4988820 — 1 therefore R-%= 3118042,
Henoe the fine=A4 x 120 ( 4688385 — snsom)

BL-B™,

R-1 °
it is obvious that the man is ruined if this be greater than a; that is if
3(L- B s groater than a (R—1). In this case 5=90, R=100, a=1000;
thus themmw:llberuinedifQO(l—R") is greater than 50, that is if
I—R""xsgreaterthang, that is if 12"'ix;1esatlm.n§ ‘We have then to shew
that — mless than 1 thstuthatl!"ugmeaterthnn , when a=17.

14. The present value of an annuity of b pounds per year is

LogR"—l?logR 17 log> 1—17(10321 —~10g20)=17(log7+log8~1-1log2) ;

and log— log9—log4= 21038 -2log2. It will be found that the former
logmthm is the greater.

XLIV.
7. By Art. 605, 119y~ P31 = =1, pogs— P38y =F1;
therefore gy —Py1= — (P23 —Ps75); therefore (py—p,) gy =(g5~ 3:) 25-

8. Suppose & and 5’ to be consecutive convergents. Then ¢, and g,

have no common Tneasure greater than unity ; for p,g, — s, =1, so that if
any number greater than 1 could divide both ¢, and g, it would also divide
+1, v(;hmh is absurd. Similarly no number greater than 1 can divide both
P, and pg.

£19s - P59y = — 1, for the first convergent is too small, and is therefore
less ‘than the second convergent Then pygs - pygs= — (1195 — Psqy) = (- 1)%

Then pyg,—29s= — (Ps9s - Psgs) =(~1)*; and so on.

1. Bl P p 1 P pay (-1
9 @ 0% B B %l v 91 Gn1ln
add all these results together. . -

11. As in Example 7, we have

(Put1=Pn1) 90=Gns1= InD Pns  (Prta=Pn) Int1 = (Gwta =90 Puts}
therefore (a1 — Pu-1) (Puta=Pa) Inlwi1= (Int1 — In-1) (Tnta = I) PaPria’
divide by puPpi1dndnti
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12. We know that Pa_ ”"'L'”’""; therefore
‘ 9n  In-1Mnt Gn-s

Paln—3=Pr-30n="Fn (Pn-190— Paln-1) ==t (~1)* by Example 9, = (-1)*

13, Assume that p,=a,Pu-1+Bala-13 In=0nIn-1+Bnln-s. Tho next

convergent may be obtained from ;’—* by changing a, into "'*f' go that it
() 1

e_’!ﬂ) +
(%+ apyy ) P PuPas = St Pu Bt Py

+
(; +ﬁ__:_i a1+ Baln-s 190+ Bat1 In-1

If therefore we sUPPOBE Puty=ni1Pn+Bni1Pu—1 80 Gut1 = Bnia In+ Buialn-1s
the next convergent to 2* will be 2% ; thus the convergent £*t1 may be
' Ini1 Int1

formed by the same law that was supposed to hold for Pa_ Now the law

9,
may be seen to be true for trial for the third oonvergent‘ and therefore is
applicable for every subsequent convergent.

Again, gince p,=ayPp-1+BpPa-gs B0 Gy=0yGu—1+Byu-1, We have
PuIn-1—Prn-19n=Bn (Pa-s In-1"Pn-1 Qa—l) =~ Bp(Pu-19n-3— Pn-s Qu—l)‘
Then by actual work we have peq; —p,qs= — 8,83
therefore pygs— psgs= — B3(Psq1 — 199 =(—1)* 18,85 ; and so on.

14. 'This may be shewn by Induction. Assume that P=p, Ry ,+0p1Re
Now it R, , be divided by R, the quotient will be the (n+ 1)% quotient of
the continued fraction, so that Ry, =iy Ry + Ryyy, Where u,,, denotes this
quotient. Hence we get
P=pu(twi1Bn+ Rut1) + Pu-1Ru=(Puttuir + Da-1) Bu+2pRuna =Pui1Rn +DpRuyye
Thus we see that if the result holds for a specific value of n it holds for the
next greater value. Now it may be shewn to hold when n=2; for if we
start with B in the manner of Art. 601, we get-1—1=a+£3 . L =b+£’; 80

th, = = =(ab+1, . is i
ha?lttopsh:&‘*-Rl (bR, + R;)a+ R, =(ab+1) R, +aR,, and this is wha! vwe

In like manner the result @ =g, R,_; + ¢y, R, may be established,

15. % _%\ =Pun; PlQ = (@nPn —Q;u—lpn) R!l by Enmple 14; and as
» » n
GnPu-1 = In-1Pa= *1, the required result is obtained.

16. It R, and R, , had any common measure greater than unity it
would divide both P and Q by reason of the result given in Example 14;
but this is impossible, since P and @ by supposition have no common
measure greater than unity.
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XLY.

15. The quotients are 8,1,1,1,1,6,1,1,1, 1, 6,...
16. The quotients are 5,1, 1, 8,5,8,1,1,10,1, 1, 8, 5,8, 1, 1, 10, ...
17. The quotients are 5, 1, 2, 1, 10, 1, 3, 1, 10, ...; the 9th convergent is

11357 1
077" : the error by Art. 608 is less than ——— (1977), , Which is less than -000001.
18. The quotients are 4, 168 11 81 1, i;ll 8,...; the convergents are
4 5 19 24 211 235 91 15 0. 24
"1 2 5’ @’ 49 o1’ Bho’ ML Hen“’b’mm‘h"
1

1
error lies between x5 and ada+40)°

19. See the preceding Example and Art. 608.
20. See Example 18 and Art. 608.

the 9th is 0988, 4 en see Art. 608.

21, The 8th convergent i 1s 273 H 2885

22, Let z=

1 11 l 1
lt5r sy ag i thuse=l+ T

3+2+4\:—1

, that is

z+1 4z45
z"1+m—1+3¢+4 Sy’ therefore 8@"+4a:—4z+5, &e.

z+1

1 1 atz
e therefore z_H—-— s gyt therefore
a+t+z

bx?+abr=a; therefore z(z+a)=g, which is what was to be shewn.

23. Let z= bi

+|"‘

1 1 1 1
ot ToF a7 Tap’ ; therefore z= 2a+——1

4a+z-2a
1 %4z 4ad+@a’+l)ztda
=t 1= Y T Sarmrl

2a +2
therefore az*=4a (a*+1); &o. Then see Art. 608.

24, Let 2=2a+ —

a+l

8. V(@'tatl=atVia'tatl)-a=at+—rrminaT,
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\/(a’+a+1)+a =1+ Ji@a*+a+1)-1 =14 a
a+1 a+1 Vi(a*+a+1)+1°
\/(“’+“+1)+1_1L‘\/(“’+“+1) (a— 1)_1L 3
a - a T V(@ +a+])+a-1"

Thus the convergents are ;, -a—:-]i. %L;—l,

‘ V8 .1 .1 1
26. . T—0+1 —-o-i-m—-m ’

V8 8 "8
V/(48) /(48)-6 4

5 =2t g =2t ETe
JU8)+6_,  /(48)=6: 8

1 ot —=MgmTe
JU8+6_, vU8-8_, 4

3 3 J@®)+6°

Thus the quotients are 0, 2, 8, 4, 8, 4, ...; the convergents are

181
;»: ;g 3: 451’8,...,and291o 80%97: sse Art. 608,

3 /6 /6-2 1 .
27. \/2_-5-_1+ 3 _1+\/6+2.andsoon.

The quotients are 1, 4, 2, 4, 2, ...
3+4/(57),
4 ’

28. The root is
the quotients are 2,1,1,1,8,7,8,1,1,1,8, 7,8, ...

5+\/(18) the quotients are 4, 3, 8, 3, .

29, For the root
for the root E:—\éﬁl the quotients are 0, 1, 2, 8, 8, ....

80. The root is h;/(l—") ; the quotients are 2,1, 8,1,1,3,1,..

st yit5)=6+YE8 g, ; the quotients for \/(45) will be

9
\/(45)+6"
found to be 6,1,2,2,2,1,12,...; therefore the quotients for —(Ts') will be

1 1 3 7 11
these preceded by 0. The convergents to ——— \/(45) 7' 30" 47’ 14°

1 1
82. Let z=1+2—_; gF thenx=1+m,

therefore z-lsm; therefore #*—1=1; therefore 2*=3.
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1 1 1 1 1 2+2
83. Letzaﬁé—;ﬁﬁ.... then z= T =:8—+;,
. 1+2‘+s
therefore 23+ 3x=2+2; therefore 2*+22=2; &o.
1 1 1 1 1 1
8. Lebz=ltor o7 iy av o+ 1+ B0
ol 1 gal 8z+1 10z+8,
B -T z T2+3 Tx+2°
2+ 2+
8+ 3x+1
14+z-1
therefore 72? +2x=10z+3 ; &o.
1 1 1 1 1 1
85. Letz=§:2—+n-ﬂﬁi—+—_...,than
S S | 8+2%
= T, 1tz 10+7z’
3+2 T S4gra
+—
l+z
therefore 72®+10x=3+22; &o.
1 1 1 1 1 1
8. Lebe=2+ 1y 3% &% I+ 5¢ 1+
1 1 1 1
and let V=BF I¥ 5¥ iy them
_ 1 8+y 11+8y 1. 1+y
ST ST i E ik i w7
8+y 1+y
From the first equation we get y= li:;z; substitute in the second: thus

—-—1:_‘;“ -%; therefore (11— 4z) (37 — 14z) = (- 8) (8 - 3) ; &e.

XLVI.
Examples 1...10 may be solved by the method used in Art. 628 or by the
aid of Arts. 631, 633. For instance take Example 2. Here 17z+23y=183;

divide by 17: thus z+y+%=10 +i$. Hence 13;76” must be an integer;
. 1 5p

denote it by p so that 18 -6y=17p; divide by 6: thus 2+;-y=2p+ "

6
Hence @g—l must be an integer; denote it by g g0 that 5p - 1==6g; divide by

§; thus p—;=q+%. Hence g—"'s——l- must be an integer; denote it by » 8o
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that g=5r—~1. Then we find in succession p=6r—1, y=5-17r, z=4+23r.
Hence z=4 and y=5 are the only corresponding positive integral values.

If we use Art. 633 we convert ?g into a continued fraction; the convergent

immediately preceding 25 will be found to be 5; and 4x17-8x28= 1.

Hence we obtain for the general solution 2=23¢--4x 183, y= - 17¢+3 x 183:
and if we put 32 for ¢ we obtain =4, y=5.

11. Let z denote the number of guineas, and y the number of five-pound
notes required for any one way of payment ; then, expressing all in shillings,
we have 21z+ 100y=10000; the general solution of this equation will be
found to be =100, y=100—21¢. Thus there are 4 ways if we exclude a
zero value of x, and § ways if we admit this zero value.

12. Let z denote the number of guineas, and y the number of -ecrowns
required for any one way of payment; then 21£+5y=2000; the general
solution will be found to be =>5¢, y=400 - 21¢.

13. Let # denote the number of half-guineas, and y the number of ‘
sovereigns required for any one way of payment ; then 21x+40y=4000; the
general solution will be found to be =40¢, y=100-21z.

14. Let = denote the number of florins, and y the number of half-crowns
required for any one way of payment; then 42+5y=39. The general
solution will be found to be z=1+5¢, y="T7—4t. :

156. Let x denote the number of five-franc pieces, aa;d y the number of
dollars required for any one way of payment; then 8x+ 7y=887. The
general solution will be found to be z=5 +7¢, y=121-8t.

16. Let z denote the number of 7 shilling coins, and y the number-of
17 shilling coins required for any one way of payment; then 7z+17y=600.
The general solution will be found to be z=76-17¢, y=4+7¢.

17. Suppose that he gives z guineas and takes y half-crowns; then
42z - 5y=21. The general solution will be found to be =3+ 5¢, y=21+42¢.

18. Suppose that to pay the debt z sovereigns are given and. y francs
taken; then 20::—%3/:44; that is 20:0—%”:44; therefore 25z - y=>55.
The general solution will be found to be =38 +¢, y=20+25¢.

19. Let z denote the quotient in the part which is divided by 6; then
this part is 6z+5: let y denote the quotient in the part which is divided by
11; then this part is 1ly+4. Hence 6x+5+411y+4=200; therefore
6x+11y=191. The general solution will be found to be z=30-11¢, y=1+ 6¢.
Therefore the one part must be 185 — 66¢, and the other part 15 + 66¢.

81 666
20. Suppose there are z crowns and y half-crowns; then 106°* 1000 ¥=36;

therefore 90z + 74y=4000; therefore 452+ 37y=2000. The general solution
will be found to be #=28 ~ 37¢, y=20+46t. '
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21. Let z denote the first term, and y the common difference; then
j 22+ (p=1)g}=n"; therofors 25+ (n-1)y=2n. First try y=1; then

z='%ll which is admissible if n be odd. Next try y=2; then z=1. If we
were to suppose y greater than 2 we should have x negative which is
inadmissible. 3 .

22, Buppose that z is the quotient when the number is divided by 28;
then the number is 28z + 21: suppose that y is the quotient when the number
ig divided by 19; then the number is 19y+17. Thus 28z+ 21=19y+17;
therefore 28x—19y=—4. The general solution of this equation will be
found to be z=8+19¢, y=12+28¢; and the general form of the number will
be 28z + 21, that is 245 + 28 x 19¢: the least number is obtained by putting ¢=0.

23. Suppose that z is the quotient when the number is divided by 3,
y the quotient when the number is divided by 5, and z the quotient when the
number is divided by 7. Then the number =3z+2=5y+4="7¢+6.

Take 8z+2=>5y+4; therefore 3z-5y=2. The general solution will be
found to be z=4+457, y=2+87. Now take 8z +2=72+6: substitute for =
the expression just obtained; thus 1567 —7z= —8. The general solution will
be found to be r=6+7¢, £=14+15¢. Hence 7z+6=105¢+104.

24. Suppose z, ¥, z to denote the quotients when the number is divided
by 28, 19, 15. Then the number =28z +18=19y+2=152+7.

Take 282+ 13 =19y + 2; the general solution will be found to be =3+ 197,
y=05+28r, Now take 19y+2=15z+ 7: substitute for y the expression just
obtained; thus 19 x 287+ 90=15z. The general solution will be found to be
7=15¢, 2=6+19x28¢ Hence 152+ 7=97+ 15 x 19 x 28¢; this is the general
form of the required number: the least number is obtained by putting ¢=0.

25. The valae of y cannot be greater than 8, for 23 x9 is greater than
200; ascribe to y in succession the values 1, 2, ... 8, and find the corresponding
values of z and z. For instance if y=1 we have 172+ 32=177. The general
solution will be found to be =8¢, =59 —17¢; thus excluding the zero value
of z there are three solutions in this case.

26. Eliminate z between the equations; thus we get 7z+ 8y=160. The
general solution will be found to be z=1+8¢ y=>51-T¢; and substituting
for x and y in either of the given equations we obtain z=63 + 13¢,

27. Let z denote the number of shillings, and y the number of sixpences
required for any one way of payment; then z+y denotes the number of
half-crowns, Thus 5 (z+y) +22+y=600; that is 72+ 6y=600. The general
golution will be found to be z=6¢, y=100-T7¢.

28. Let z denote the number of guineas, y the number of crowns, z the
number of shillings required for any one way of payment. Then

21z+ by +2=96, z+y+2=16.

Hence by eliminating ¢ we have 20x+4y=80; therefore 5z+y=20. The
general solution will be found to be z=4~1¢, y=>5¢; hence s=12-4t.
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29. Let z denote the number of half-crowns, and y the number of floring
required for any one way of payment; then z+y denotes the fifimber of
crowns, Thus 10 (z+y)+6x+ 4y=88; that is 152+ 14y=88. The general
solution will be found to be z=4 - 14¢, y=2 +15¢; so that the only solution
in positive integers is =4 and y=2.

80, Let = denote the digit in the hundreds’ place, and y the digit in the
tens’ place; the digit in the units’ place is zero since the number is divisible
by 10. Then 100z + 10y — (x+y)=99; that is 992+ 9y=99. Hence the only
admissible solution is =1 and y=0.

81. Suppose that the number is represented in the undenary scale
(11)2z+y; then it is represented in the septenary scale by (7)% +z: thus
(11)2%2+y=(7)*y +=; that is 1202=48y; therefore 52=2y. The only admissi-
ble solution is =2 and y=>5, since neither 2 nor y can be greater than 6,

82. Let z denote the digit in the hundreds’ place, y the digit in the
tens’ place, and z the digit in the units’ place. Then ®+y+2=20.

1°°”+—1;’;’“‘—“‘=100z+10y+z; therefore 982—10y—199:=16. Eliminat-

ing y we have 108z —189:=216 ; therefore 4z—7z=8. The only admissible
solution is =9 and z=4 ; and then y=7. .

83. Let z denote the digit in the thousands’ place, y the digit in the
hundreds’ place, z the digit in the tens’ place, and u the digit in the units’

place ; then
1032 +10% + 102+ u=9Pu+ 9% + 92+ 2;
therefore 999z + 19y +2z - 728u=0.

Then we must proceed to solve this by trial ; aseribe to  in succession
the values 1, 2, 8,...8. If u=1 it is obvious that there is no solution, for
z=1 would be too great. If w=2 there is no solution, for z=1 would be too
small and £=2 would be too great. If u=8 there is no solution, for z=2
would be too small and =3 would be too great. In this way we find that
u=17 is alone admissible; and this gives 2=5, y=>5, z=6.

84, Let z denote the number of oxen, y the number of sheep, 2 the
number of ducks. Then z+y+2=100. Also 100z +20y+2=2000. Elimi-
nating z we have 99z +19y=1900. The general solution will be found to be
x=19¢, y=100-99¢; therefore =80t

85. Let the three fractions be denoted by g, 9!, and =

'1_8:
then € Y, % _os.gng%, % %
. 6+9+18—2%' and6+18—-9.
8y _8. = z, s _16, =
Hen =3} so that y=8. '.l‘herefore6+18_9, therefore 8x+ 2=82.

The general solution will be found to be z=>5~¢, z=17+8¢ If the frac-
tions are to be proper fractions the only admissible solution is that obtained
hy making ¢=0.

86. Let z denote the number of times the first bell tolled, y the number
of times the second bell tolled, and z the number of times the third bell
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tolled : then as the second bell ceased 18 seconds after the first and the
third bell 21 seconds after the first, 25 (ze-nl)=29 (y-1-18=383(s-1)-2L
Take 25 (x—1)=29 (y—1)-18. The gen solution of this equation will
be found to be 2=20+29r, y=18+257. Now take 25(z—~1)=83(s—1)-21;
substitute for 2 the expression just obtained: thus 25.29.r - 83z+529=0,
The general solution of this equation will be found to be

7=1+88¢, 2=88+25.29.¢ _
Hence x=49+29.83¢; and the general expression in seconds for the time
during which the first bell tolled is 25 (48+29.83. ¢). As this time is less
than half an hour we must have ¢=0.
87. _Let us find the distance between the z* division on thie first rod and
the y* on the second; the former division is 5 inches from the common end,

and the latter is %c inches from the common end: hence the distance is

%-%? inches, that is ;»—i.(xn-ym)inches. Now we cannot have zn~ym=0,

for then g: % 50 that g would be reduced to lower terms which is impossi-

ble. But we can have zn ~ym=1; in fact we can solve both on —ym=1 and
en—-ym= —1; see Art. 631. .

For instance if m=250 and n=248 we find that 2=107 and y=104 is
golution of an—~ym=1; and 2=250-107 and y=243—-104 is a solution of
on—-ym=-1.

88. Buppose that on one shelf there are z sets of 5 volumes eack, y sets
of 4 volumes each, and ¢ sets of 3 volumes each. Then bz+4y+3:=20.
We must then find all the solutions of this equation, and try if there are
three solutions such that the sum of the values of z is 3, the sum of the
values of y is 6, and the sum of the values of zis 7,

89. Suppose the sum is ¢ sixpences, and that it is paid by x half-crowns
and y shillings; so that 6z+2y=c. Now we know from Art.'634 that the

number of solutions cannot differ by more than unity from 5%27 , 80 that we

have only to examine values for ¢ beginning with ¢=100. Put ¢=100; then
by Case 1v. of Art. 634 there are 11 solutions. Put ¢=101; then by Case 1.
there are 10 solutions, Put ¢=102; then by Case 1. there are 11 solutions.
Put ¢=103; then by Case 1. there are 10 solutions. Put ¢=104; then by
Case 111, there are 11 solutions. Put ¢=105; then by Case 11. there are 11
golutions. Thus we shall find that 103 is the greatest admissible value of a

40. TUse the same notation as in the solution of Example 89. By
examining the four cases of Art. 634, we see that Case 1v. will furnish the
greatest value of ¢ corresponding to a given number of solutions. If we
take ¢=110 we have exactly 10 solutions. Any greater value of ¢ would be
inadmissible; for instance if ¢=111, there would be 11 solutions by Case 1.
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XLVIL
1. y(z-4)=14-8z; therefore y= —Bt::+414= 1+3x04’ therefore
8z 4=21, or 2, 0or 5, or £10. We find on trial that the only cases
in which both # and y are posxtwe integers are when 3x—4=2 or 5.

2. y(z—8)=29+2z-2% therefore y=——¢’%fz;'—2g=-‘"-1+r2_63;

therefore z—8= =1, or +2, or 13, or £26. We find on trial that we must
take z—-8=1or 2.

L
8. The quotmnts for 4/(18) are 8, 1,1, 1, 1, 6,...... : the convergents are
3 41711 18
i i §, -§' 5 gececee
4. The quotients are 10, 20, , see Example XLV, 11: the first con-
vergent is f

5. Let M denote one of the numbers; then M =n2—1:=10m?; therefore
—10m3=1: to find values of m and n which satisfy this equation we must

form the convergents to 4/(10); the second convergent is %’ : thus n=19 and
m =6 is the least solution we can obtain in this way. "And thus M=360.

6. Suppose that the paddock contained «*+ 3 square yards; and that the
brother’s paddock contained y? square yards; then 3*+ 1=% (234 8) ; therefore

a*—2y*=—1. The convergents to 4/2 are-li § Z —11 ﬂ 9 e Now as

the paddock is between one and two roods z®+ 3 must lie between 1210 and
2420 ; therefore we must take =41 and y=29.

7. Let x denote the integral part of the square root; and let 2*+y
denote the number; then #*+y=3z+1. Bolve the quadratic in z; thus

w—s—*m. Then ascribe to y in succession the values 1, 2, 3: it will

2
be found that y=1 and y=38 are admissible, y cannot be greater than 3, for
then z would be impossible.

8. We have y?=>b—ax?; thus z cannot be greater than \/ and so0 the

numnber of solutions in positive integers is limited.

9. BSolve the quadratio in y; thus y:— z+4/(8l— 20.:’)} Hence we find
that the only admissible values of x are 0 and 2,
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10. 22—9zy+Ty’= (2z hzﬂ(z —y); thus (22— Ty)(s-y)=88. Hence we
have the following cases for

2-Ty=&19, g—y=x2; 22-Ty==%2, 2-y=&19;
22-Ty=&388, 2-y=x1; 2-Ty==%x1, z-y=:%38.

It will be found on examination that the only admissible cases are
2z-Ty=-19, 2—-y= -2, and 2¢-Ty=1, z-y=88.
11. Inthe formuls of Art. 643 put 24 for p, 5 for ¢, and 23 for N.

12. In the formulm of Art. 645 put 3 for p, 1 for ¢, and 2 for N. Also
put 8 for m, and 2 for n: see Example 6.

XLVIIL

1 ‘31 =;(1_9i°) =gl (2“)+......+(2“’) P

2. 2-2-82'=(1+2)(2-8z). Assume then that
5-10z A B
1+2)(2—-8) “1rzti s’
therefore 6-10z=4(2-8z)+B(l+x)=24+B~- (34— B)a:.
Thus 6=2A+B 10=34 - B; therefore 4=38, B=-1, Then

1—— 3{1 P Ty o 1)":!:“-}-.....}

1 1 8z 3z 3x\*
—2_—3¢ -2(1 -§—) = 2{1 ( ) ...... +(§) +..-z.
Sz -2
8. Aﬂsmem—m oo 1 z— 2 therefom
B2-2=4-2) -9+ BE-1o- 3)+C'(z-1)(z 2)
(4 +B+C) (54 +4B+30)+64 +3B+2C.

Thus 0=4+ B+0C, —(5A+4B+30), —2=64+38B+2C; therefore
A_;, B=-4, o=;; &o.
4. Assume#-=i+—‘8—;therefore '

T-a0-p) 1-z I-p=
@=A(1-pr)+B(l-2)= —z(dp+B)+A+B;

therefore 1= —(4p+B), 0=A+B; therefore d=— lp, B—-llp
1 1

1_-'245_”’:_6———46)_’:(1-’)—’; then see Art, 521,

(f +::;’= (5+62) (1-82)"%. By Art. 521 we have

(1-82)~3=142 (32) + ...... + 1 (30)" 1+ (n+1) (B2)*+....
Multiply this by 5 + 62, and take the coefficient of z*; thus we get
6 (n+1) 8%+ 6n 81, that is (Tn+6) 3%

; &

5.

6.
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]
7. %"—41““@(1-;)—‘. As in Art. 521, we find that
-2y t=14dzt ot (n+1) (";2) ®+3) pnge.....

Multiply this by 1+4x+ 2%, and take the coefficient of z*; thus we get
B+1)(n+2)(n+3)  4n(n+1)(n+2) (n—1)n(r+1)
+ + ,
B 3 3
which reduces to (n+1)3,

8. Asin Art. 653 the first term is 1, the second term is z; the coefficients
of the other powers of z are found in succession by the law u, - u,_; + %, s=0.

9. Asin Art. 658 the first term is 1, the second term is 2z; the coefficients
of the other powers of  are found in succession by the law u,—2u,,_,+3u,_o=0.

5 Sz
oes 1-23 5—6z 2”
10. By actual division a __a_,_z_2+2_ —x’=z"2+ - -
l-z—éz

The latter fraction can be expanded by Art. 653; the first term is 5 , the

second term is -—%z; the coefficients of the other powers of z are found in

succession by the law w, -4, _, - % U, _g=0.

1 1

1. drazta @b

By Art. 658 the first term of %

=
;,. 1+a+a-'—,

1
142
a

is 1, the second term is —E; the coefficients of the other powers of z are
found in succession by the law u, + % Uy +$ Uy 4=0.

12. Assume for the required expansion w,+u,z+ u2?+ug®+...; then
1=(1-pz+ pa? - 2%) (ug+u, 2+ ug2+ugz®+...). To find u,, u, and 4, we have
1=u,, 0=u;,—puy, O=u,—u,p+uyp; and the higher coefficients are deter-
mined in succession by the l1aw %, — P, _; +Ply_g — Uy 3=0.

a1z A B

13. The #* f{erm is m; assume it= m-’-ﬁ—a—fé:

then o z=A4A(1+a"2)+B(l+a™x)=4 + B+a"™(da+ B)z.

Therefore 4 + B=0, Aa+ B=1; thus A=;i—1, B=_a-1-1' When each

term of the series is thus resolved into two, we find they disappear by can-
celling, except one at the beginning and one at the end. ‘

T. K. L
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14, The r term is oz (1 - a'z) assume that this

1+ z) (1+a'z) (1+aPz) *
A B

1+a""x+1+a’z+1+a”"z then, proceeding as before, a™z(l-a"x)
=A+B+C+ad z{d(a+a")+B (1+a¥) + C (1 + a)} +a¥ 2% {4a%+ Ba + C}.
Therefore 4 + B+ C=0, 4 (a+a*)+B(1+a?)+C(1+a)=1, da*+Ba+C=-1;
thus 4=C=- @ B=(a_—1),. ‘When each term of the series is thus
resolved into three, we find they disappear by cancelling except two at the

Beginning and two at the end.
15. As in Example 7, we find that the n* term in the expansion is

{14 Dity g+ Oty + 0+ €Uy _5}2"Y, Where uy ._."_("i)(ﬁ;;g)_(”_‘*'f’) ;

4 i8 obtained from u, ; by changing n'into #—1; u,_, is obtained in a
gimilar way from u, .3 ‘and 80 on. Henoemultlplymg by |4 we find that
the following relation must hold for all positive integral values of n :
n‘li:a(n‘+6n3+11n’+('m)+b(n‘+2n’-n’—2n)

+¢ (n4 — 203 - 0?4 2n) + d (nt — 603+ 11n® - 6%) + ¢ (Wt — 10n3 + 85n% — 50n +24) ;
equate the coefficients of the various powers of n; thus we see at once that
¢=0; and to find a, b, ¢, d, we have 0=6a—2b+2¢—6d, 0=1la-b-c+11d,
0=6a+26-2¢c-6d, L—-’a+‘b+c’+d

16. Assume that the proposed fraction is equal to — -i-.;f—b +z-£c+...;
then we have 2?=A (z-b) (x-¢)...+ B(x—a) (z-¢).. +0(z -a)(@-b)... +...
Now this being identically true we may give to z any value we please. Put a
for »; thus a?=4 (a-b) (a—o)... ; the terms involving B, C... vanish. This
finds 4. Snmlm-lylfweputbforzwe find B. And so on.

The original fraction being thus idemically equal to z“ -+ 33 2
we may give any value to z; put then #z=0; thus

aP-t br-L
“(a-b)(a—¢)... + ®-ay(d-7¢)...

The condition that p is to be less than = is required by Art. 648.

+...

XLIX.

1. To find p and q we bave 21 =9p+4g, 51=21p+9g; thus p=5, ¢=-6.

. . .. 4-1lz .
. .
The required expression, by Art. 656, is (oo Assume that this

A B

Am+m. then 4=3, B=1; &e.
2. Here 89=1lp+gq, 659=89p+11g; thus »p=10, ¢=-21. The re-
. - 1

quired expression is m, and this we ﬁmi—l——,.ra= -1-8’ &o.
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8. Here 11= 3p+q, 43=11p+8¢; thus p=5, ¢g=-4. The required

expression i8 ————— 4’,, and this we ﬁnd==1

gT-zts T-m &

1-
1-6z+
4. The expansion of ﬁ- is convergent if z is less than 1, and the

expansion of is convergent if 4z is less than 1; hence both expansione

1
1-4x
are convergent if 4z is less than 1,

5. Here 82=11p+8q, 84=83p+1lg; thus p=4, q=—4 Hence the
general term is the coefficient of 2" in the expansion of g 44-” that is
in the expansion of (8 -a)(1—2x)~*; this coefficient is 8(n+1)3%~n2"2,
See Example xuvir. 6.

6. We first find the general term. We assume that the series is a
reourring series with the scale of relation 1-p—-g¢. To find p and g we have
17=56p+gq, 58=1Tp+b5q; thus p=4, ¢=-8. We see that the other fwo
given terms follow this la.w. Hence the general term i 13 the ooeﬁclent of a*
in the expansion of m, andthmweﬁnd=1 &= 1 . Thus the

(n+%)"'termm2.8" 1; mdthemmoftheﬁrstntermseanbommedmtely
found.

7. Here 10=14p+10g, 6=10p+14g; thereforep=z, g=—x. Hence

6
10411
the general term is the coefficient of 2® in the expansion of T
l-zz+52°
6 "6
64 64
1——z 1-

Themmtoinﬁmtymobtamedbyputﬁnga::l; so it is 128 — 81, that is 47.

8. Assume for the scale of relation 1—-pz—gz?—r2?; then
-6=2p-q+2r, 10=-6p+2¢-r, -17=10p-5q+2r:
thus we obtain p= -8, 9= -8, r= ;1’ Suppose then tl;:tt‘l;series repre-
a+bz+ . atbztea P
sents the development of TToarotisad’ that is of Trap then, as'in
Art. 668, we have a+bz+czt= (1+8m+8¢‘+z’)(2—x+2z’—5z’+...): hence

ethngooeﬁicwntswehavea 2, b=6-1=5, c=6-38+2=>5. By Art. 521
the coefficient of z* in the development o (8 + bz + b62%) (1 +2)~° iz

{2(n+1)(n+2)-5n(u+1)+5(n-1) }‘1‘1; , that is (n1-3n+3) (1),
L2
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L.

1. This is a particular case of Art. 661, namely that in which a=1 and
b=0; so that the C of that Article vanishes.

2. Puta—llandb Omthell'esultofArt.%S thus we find that the
sum is ~— m—1{[m=1" (a+1)(n+2)..(ot m— 1);

8. 1 _1_?: 111 - 1 1-—-henoebyad-

1 1
dition we obtain 1 - —_+i when n is infinite arl vanishes.

1 1
th
4 The n* term = @t @nTd) 8“("+1,(”+2),henoethesumu

found by putting m=3 in Example 2, and dividing the result by 8.

5. The n® tem—ﬁ-—— 1}5_»:-8) ; decompose each term into
two in this manner, and add them; then we find that they disappear by
cancelling except three at the begmm.ng, and three at the end.

1 (n+1)(n+38)
8. The nt term = T ) AT I D+ B) P D)
nin+4)+8 1 8
n(n+1)(n+2)(n+3)(u+4) (n+1)(n+2)(n+8) n(n+1)(n+2)(n+3)(n+4)
1 , 8
The sum by Art. 663 is 75 12 Im+2)m+3) T 96 4(ﬂ+1)(n+2)(n+3)(n+4)
8n+1 8 2

PrD)n+2)n+8) (m+2)(n+3) (m+1)@n+2)(n+3)

The pumis 1-"=5-2113 2(n+2)(n+3);’th“lsg—n+5+(n+27(n+3)

8. The first term is 1, the second term is 1+2, the third term is
142 +38, the fourth term is 1+2+3+4, and 8o on; hence the ntt term is

7. The n' term=

1+243+,..... +n, that is w;—l), therefore the sum of n terms is
n(n+1)(n+2)
—W-byEnmple 1.

9. Put 2m for n; then we have to find the sum of
1.2m+2(@2m-1)+3 2m-2)...+ m {2m - (m - 1)},
that is of 2m{1+2+3+m}-{1.2+2.8+...+(m-1)m}. Thus the sum
m(m+1) (m-1)m@m+1) m(m+1)(2m+1) n(n+1)(n+2)
2 ] ] 12

10. The series=na’+2a{l+2+...+(n-1)} +19422+ ...+ (n-1)3,
that is na'+ (n—1na+ B=1? 1)”(2” D,
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11. Let 8=1%+2%+ 3%+ ... + n’2*"1; multiply by  and subtract; thus
8(l-z)=1+3z+ ba? -lil -+ (27; l)ar:’:;‘l -—n’x" therefore by Art. 473,
T1-@n-1)a* 2 n
i=ay I=aF "i-z' Collect the terms.

12. The first term is na®r, the second term is n (n—1) a*153, the third
term is —(:Tl) a™%%3, and so on; the sum=nar(a+br)*1, i

z z cx )
B e ma T e T -~
‘We must now expand each of these terms separately, and select tho coeffi-
cient of 2 in each. The coefficient of 2" in the expansion of —— a—ap is the
same as that of ™1 in the expansion of (1-z)~3; thisis n byArt 521, The

coefficient of z* in the expansion of e is the same as that of 23 in the

expansion of ¢(1—z)~4; this is 5("—‘]‘)@("—4-1)- by Art. 521. And so on.

z(1 - az) _ = _ b\
m = 1—_; (1 —1 = u) . Expnnd the second factor
i—az’ thus the term which contains y* is the expression
z lad . . . 1
Tz =™ Thus the coefficient of 2™y is the coefficient of 2™-1 in the
o1
iz T
- nnt+l) o,
that is in the product 3 {1+ z+2*+ 23+ ... 1+W+W alzt+...¢ .

in powers of

expansion of that is in the expansion of 5" (1-2)~1(1-ax)~»,

16, Pron, Pr_p_1 3P o . thesum of these termsis "D .
Do V53 Do 2
b n+l
Also PotP =" +P=— D1
_n+l
Pl+p,—p,+” L =",
+1
Pyt p3=p;+ p, =£_—2?3,

and so on. Hence the product is (n +1)*p’-%‘ .

NG N T LTS S

A i5 5

Let S'=h—%+ ’-;—’_
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Change n into n+1; thus §,,=n+1- 412 +‘"+1;’ié”“ D _ ... Hence

. _q_p_ n(n-1) 1 { -+1}_ 1
bysubtrachonﬂ.,,,l-s.—l—-@-}——-li ...=m 1—(1—1) —;—:i-
1 1 11
Thus S.+1=8,.+n—_*_1. But 8,=1; thus S,=1+§; 8=1+; +35 and soon.

17 1 -1 "1 n 1 nn-1) 1 _
‘ 1-2z Tl 1@ 1.2 (1-z»* ™
Expand each of the terms on the right-hand side and pick out the coefficient
of zP; thus we obtain the given expression.

Again in the expansion of ufu—x)'ifnisgreaterthmptherewﬂlbeno

term involving zP; and go the proposed expression will be zero.

18. Put n=91in the fol-muhof (1) of Art, 667; thus we have 9)(12)(11.

19, This is the difference of the numbers in {wo piles; one having 15
shots in each side of the base, and the other having 10 shots : the required
number is therefore 15. 1: .17 _10. 161 .12 .

20. In the top layer there are mn balls, in the next layer (m +1)(n+1)
balls, in the next layer (m + 2)(n+2) balls, and 8o on. The sum of p terms of
this series is pmn+ (m+n){1+23+...+ (p-1)}+13+23+...+ (p—1)? that is

pmn+(m+n)'£—(éLl) +(P__l)‘(’¥£“_l) ; collect the terms.

21. This is an example of Art. 671; we have r=4 : thus we obtain im-
mediately the first formula given for the sum, and by actual multiplication
we can shew that the second formula is equijvalent to the first,

23. Suppose that (1+z)(l+ex)(l+c%)+..=1+4x+ 423 +42%+...,
where 4,, 4,, 4g,... do not contain z. Now change « into cz; then we can
infer that (L+2)(1+ 4,02+ A%+ 4?2 +...)=1+ 4,5+ 427+ ...

Equate the coefficients of 2" on the two sides; thus A,c"+4, ;" 1=4,;
therefore Ar(l—c’)=A,..}c"‘1. Put in succession 1, 2, 3, ... for ; thus we
can determine in succession 4,, 44, 4, ..., observing that 4, stands for 1.

3 ]
24, Buppose that (1+z)=(1+;)_(1+§,) =1t Azt At ...

Changezintog; thus we can infer that

(1+z)=§1+41§+4,;+...;=1+41z+4,x'+...
Equate the coefficients of 2 on the two sides ; thus if r be not less than 2

we have A—'+2—A—"’l- +4ra_4 ana by equating the eoefficient of z we
2’ 2f—l 2‘lh’ r

hsve--‘-1+2=4 , 80 that 4,=4. Then we can find in succession 4, 4y,...
2 1 3
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LI

1. Suppose a+bd>¢, b+c>a, c+a>b; then
cla+d)>c, a(b+c)>a?, b(c+a)>b*: add;

thus 2 (ab+bc+ca)>a?+ b2 +c%
2, (W +mm +an) =8+ md+ 04+ 12 +m2 + 02~ (1)} (m-m) - (n—n")3;
thus 2 (W +mm’+nn') is <2,

8. By simplifying this reduces to a®+5%+c?>ab +bc + ca; now
a*+03>2ab, b3 +c2>2bc, *+a?>2ca: add;
thus 2(a?+ b+ ¢*) >2(ab+ be+ ca).

4. Wo have to shew that o¥+53>(ab)} {ad +83}; divide by b4
then we have to shew that a-(ab)d+p>(at)}, that is a+5>2 (ab)}: and
this is evident.

5. a%+3%>2ad; therefore c(a®+5%)>2abc: similarly a(b®+c%) > 2abe,
and b (c?+a%) >2abc. Then add. Again, as in Example 4, we have

ab(a+b)<a+p?, be(d+e)sd+cd, ealc+a)<cP+a.

6. This follows by addipg 2abe to each side of the first jnequality in
Exixmple 6. Or thus, a+b>24/ab, b+c>24/bc, c+a>3/ca: then mul.

ply. .
7. 23-82+22=(z-4)*+6; this cannot be less than 6.
8. 2%-2-1=2(z-2)+2-1=(2-1){22(x+1)+1}; this is positive or

negative according as z is > or < 1.
9. z+l—(1+1)=z-1+1(]:-1)=1(z-1)( —'}); this is posi-
nx n n\z z N %

tiveifzis > 1 or <.

) 2
1, @120+s) o +a+b+z=(x/1—b —Jz) +a+b+2.a;

thus the least value is when ( \/ %b- —\/a:)'=0, that is when 2= \/ab.

11. Let 2n+1 denote the odd integer, and x one of the two parts; then
the other part is 2n + 1- z, and the product is z (2n+1 —2): denote this by y.

. N 3
Then 2*~ (2n+1)z+y=0; thérefore z=2“+1* (@2n+1) 4"’. The quan-

2
ity under the square root is 4(n?*+n—y)+1; and thus the greatest possible
value of y is n*+n, since y is an integer. Hence we find x=n or n+1;
and thus the two parts are n and n+1.
12. +/(a*-b%)++/(2ab - %) is > a if o/(2ad—1%) is > a —+/(a?- bY), that is
if 2ab-b%is > a?+a-b3—-2a+/(a?-b?), that is if 4/(a?-b?) is >a-b, that
is if a?~ 0> (a - b)3, that is if a+ b i8 > a—b: and this is obviously the case.
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2"55; and since b, ¢, d are in

be be
n.r.wehnved=r_c. Thus a+d-(}+¢)= %% 2b _(b+¢)

bep+e) (b+c)=(b+°) {be—(2¢-3) (2b-c)} =2(b+c)(b—¢=)’ ]

= @e-t)(@2b—0) T (2c-b)(2b-0) @c=B)(2b—0)
tlns is positive, for 2c—b and 26— ¢ are positive since a and d are positive by
supposition.

14. Of the two quantities a and ¢ suppose a the greater.
a® +c® - 2 =a- "~ (D" c™) = (a6-D) {a"1+a™ T+ ...}~ (b - ¢) {14+ ).

Now this expression is positive: for a—b is > b—¢ by Art. 479; and
a*14a™ %+ ... is obviously greater than d"l+c""’b+

z+a (:c+a) is (zx+b)3

18, Since a, b, ¢ are in H.P. we have a=

15. V(x’+a’)m>°r<¢(z’+b’)“m8 >or< S
that is according as 1+x,—;ls >or<1+—w, that is according as

a (z* +b?) is > or < b(z*+a%), that is according as (a -3)z* is > or < ab(a-d).

16. It will be found that a% +3%+c%a — (a% + b%a+ c%b) = (b - a)(c-bj(a—c).
Now if a, b, ¢ are in descending order of magnitude b-a is negative, c- b is
negative, and a— ¢ is positive; thus the product is positive. Similarly the
other cases may be treated.

17. Multiply out and bring all the terms to the left-hand side; thus we
have A+ B3a?- 24aBb+ A%*+C%?®- 2AcCa+...; that is we have the
squares (4b— Ba)®+(d¢c~ Ca)*+...: this expression is therefore positive.

18. 2(a*+8+c)>ab(a+b)+be(®+c)+calc+a) by Example 5, and
"'*;,‘—Mﬂawa)} by Art. 681; so that a3+ 8%+ >3abe. Add, and we

obtain the result.

19. 6abc<ab(a+ b)+bc(d+0) +ca(c+a) by Example 5; also by the
preceding solution 8abc<a®+ 8%+ 3. Add

20. Multiply by 2 and bring all the terms to the left-hand side; we thus

obtain a set of squares (Va,—vag®+ (Vo ~v/ay)*+ ...+ (Vg - s/a,)’
there being one square for every pair of quantities. This expression 18 there-
fore positive.

21. Let a and b denote the two numbers, & being the greater: we have
—b) b
to shew that s+b_ ab is less than (1—1’)- and greater than (as:) . Now

3
2P Jabis < @D it 4y (amytytin < (o~ 0P, thatis it 40 s < (Vatw),

that is if 24/0is < \/a+ +/b; and this is obviously the case. Similarly the
second part of the Example may be treated.

22, Take n quantities 1, 2, 3,...n; their sum is M thus their

2
anthmetmalmemxs—— the fore'—'—"'—lm>{L}nbyArt 6s1.




LII. THEORY OF NUMBERS. 153

24. Take n quantities 1, 3, 5, ... 2s—1; their sum is n?, thus their
arithmetical mean is » : then apply Art. 631.
25. By Example 23 we have |ln > (2n)®; thatis
(2n-1)(2n~8)...8.1x 2% n > (2n)".
Divide both sides by 2 l n n", and we obtain the rasult.
26. a?(b?+ %) >2a%e, 3%(c*+a%)>2b%a, c*(a?+ b%)>2c%b;

therefore a2+ b%?+ c%a®>(a+b+c) abe. Moreover, as in Example 3, we
have at+ b* + ¢t > a?* + 6%2 + c%ad.

27. 6(a®+b+c*) >3 {ab(a+b)+bc(b+c)+ca(c+a)} by Example 5;
2 (a®+ 5%+ ¢*) > Gabe as in Example 18. Add.
28. Multiply up; thus the inequality reduces to
2(a®+ b3+ ¢%) >ab(a+B) +be(b+¢)+ca(c+a); this is Example 5.
29. See Example 8 of Chapter xxv. Or thus: (a+b +¢)3>27abc; this is

a case of Art. 681. Again (a+b+c)®=a®+b02¥c*+3(a+d)(b+¢)(c+a); and
this is <9(a®+ 6 +¢8) by Example 27.

g, 2
A
g, log-p)_log(l-p PrEFeT o paptipis
. = = — ; ol Pt ...
log.(1-g) log(l-g) . & g
q §+3+...
. P ) P
and >q+q‘+q4+...’thahs<q(1-p) and T
S

81. Multiply up; then the inequality is a case of Art. 681, there being
n quantities the first of which is a;%aa,...a,, and the others like this.

82. This is solved in the Algebra. We may also proceed thus; we have
to shew that 1+ ax>2+ a*; putg for z, where p and g are integers : thus we

- 2 4 .
have to shew that 2= +—Pd>¢' . Now this is obvious by Art. 681: for on

the left-hand side we have the arithmetical mean of ¢ quantities, p of which
are equal to a, and the rest equal to unity ; and on the right-hand side we
have the geometrical mean of the same g quantities.

LIIL.
1. p-g=p+q-29, this is the difference of two even numbers, and is
therefore even.

2. Resolve 3284 into its prime factors ; thus we find that 3234=2.8.73.11.
Hence to obtain a perfect square we must multiply by 2.8.11.

8. Resolve 1845 into its prime factors; thus we find that 1845=383.5.41.
Hence to obtain a perfect cube we must multiply by 3.5% 413,
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4, 6480=24.84.5. Multiply by 2.3%.5°.
5. 18168=24823; and 823 is a prime number. Maultiply by 2*.(823)".

6. The odd square number must be the square of some odd number, say
of 2n +1; the even square number must be the square of some even number,
say of 2m. Thus (2n + 1)® 4 4m3is a square, and must therefore be the square
of some odd number, say equal to (2p+1)%.. Hence n(n+1) +m*=p(p +1).
But n(n+1) is an even number, and 8o is p(p +1); hence m* is even;
therefore m is even, say=2q: therefore (2m)?={(4¢)*=16¢5.

7. By Fermat's Theorem N4-~1 is a multiple of 5 if N’ be not a multiple
of 5; thus either N3~1 or N*+1 is a multiple of 5 if N be not. That is
if NV be not a multiple of 56 we have N*=5nk1.

8. By Fermat's Theorem N¢-1 is a multiple of 7 if N be not a multiple
of 7; thus either N3-1 or N3+1 is a multiple of 7 if V be not. That is
if N be not a multiple of /7 we have N3*=Tna 1,

9. If a number is both a square and a cube it must be perfect sixth
power ; and by Fermat’s Theorem N®-1 is a multiple of 7 if N be not a
multiple of 7. ’

10. If a number is divisible by 3, so also is its square, and therefore is
not of the form 8n—1. If a number is not divisible by 8 it is of the form
8ms1; and so its square is 9m3+6m + 1 which is of the form 3n+1.

11. . Let 2(—";1'& denote the triangular number; if either m or m+1 is

divisible by 8 this is of the form 8n. If neither m nor m +1 is divisible by 3
then m must be of the form 3p+1; thus the triangular number becomes

9P(I;+1_)+1, which is of the form 3z +1.

13. Suppose a prime to ), and a—b an odd number; then will a+5 be
prime to a—b. For ¢ —b=a+b-2b, and so if any number divides both a b
and a + b it will divide 25, and therefore b, since a — b is odd. Similarly since
a-b=2a~(a+Dd) we see that if any numhar divides both a~b% and a+b it
will divide a. Thus any number which divides a—b and a+5 will divide
bothA:tandb; and as @ is prime to b there can be no such divisor. Then
see Art. 704.

14, Let a, b, and a+b be the three numbers. I} may be shewn that
2{at+ b4+ (a+0)*}=4(a?+ab+ 5% This establishes the statement.

15, e*-l=(z-1x1)P-1=(z-1)"+n(z-1)*1+.. . +n(z-1); thus all
the terms on the right-hand side except the first are obviously divisible by n;
go that the remainder when z"—1 is divided by n is the same as the re-
mainder when (z—1)* is divided by =.

16. If possible suppose that m® and n? when divided by 2p+1 give
the same remainder r, where neither m nor n is greater than p. Let m’
and n’ denote the quotients. Thus m*=m’'(2p+1)+r, ni=n'(2p+1) +¢;
therefore m?—n*=(m’—n')(2p+1). Therefore 2p+1 divides (m—n)(m+n).
But this is impossible for 2p + 1 is a prime number, and is greater than m+n.

17, Let the power have the exponent 2p; let the odd number be raised
to the power p; the result will be Bome number, say 2m+1; we have
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then to square this, Now (2m+1)*=4m(m+1)+1; this is of the form
8n 41 because m (m + 1) is an even number.

18. 7P=(8-1)P=8P- 14...4+(—=1)?. Every term is divisible by 8
except the last; if p is the last term is —1; thus if » is odd 77 is of
the form 8n-1.

21, az—2z’=98—’—2( -E)’; thus the greatest value is obtained by
2
mahng( —;) as small as posgible. If g=4m we gan take z=m ; and the
3

3
resultis%. If a=4m+1 we can take z=m; and the result is %-—}8—. it
3
a=4m +2 we can take z=m; andtheresult-is%-%, If a=4dm+8 we oan
3
take z=m+1; and the result is g—-%.

22. n(n+1)@2n+1)=(n-1)n(n+1)+n(n+1)(n+2); then apply Art.710.

23. One of the three consecutive numbers n—1, n, and n+ 1 must be
divisible by 8 ; and since n—1 and n+ 1 are both even one must be divisible
by 2 and the other by 4: thus (n—1)n (n+1) must be divisible by 24.

24. . Since n is not divisible by 3 it is of one of the forms 3m=1; and m
is even since n is odd. Then n%+5=9m?+-6m +6; and this is divisible by 6.

26. né-1 is divisible by 5 by Fermat’s Theorem, since » ig prime to 5;
algo nt-1=(n-1)(n+1)(n%+1); now (n-1)(n+ 1{ is divisible by 8, and
n?4-1 is divisible by 2. Again (3—1)(n+1) is divisible by 8, for (n—1)n (n+1)
is divisible by 8, and n is a prime number not equal to 8. Thus n¢-1 is
divisible by 56 x8x 2 x 3,

26 mS-bmi+dm _(m—-2)(m-1)m(m+1)(m+2)
) 1?0 - 120 ?

27. We sge, from the demonstration given of Fermat’s Theorem, that
n (n8-1) is divisible by 7. Also n%-1 is divisible by n®— 1, so that » (n®~1)
it divisible by (n—1)n(n+1), and therefore by 6; sge Art. 710. Hence
n (n®- 1) is divisible by 7 x 6, that is by 42.

28, 2*-z=z(3"1-1); now this is a multiple of » as we see from the
demonstration given of Fermat's Theorem: hence z* and # when divided by
n must leave the same remainder.

29. By Fermat's Theorem N*~1=1+pn; raise both sides to the power
n; thus N™=(1+pn)®; therofore N™—1=n(pn)+ #(pn)’+ ...... ; every
term on the right-hand side is divisible by n?.

80. n%-1 is divisible by 7 by Fermat's Theorem; also n-1=(n3+1)(n3-1),
These two factors are both even, and therefore one is divisible by 2 and the
other by 4. . .

81, Nm»-1_1 is divisible by n by Fermat’s Theorem; and since » is a
prime number greater than 2 it is an odd number: suppose n=2m+1; then
N»1_1=(N™4+1)(N™-1). These two factors are both even, and therefore
one is divisible by 2 and the other by 4.

then apply Art. 710.
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82, N*-N=N(N"-1-1). The second factor is divisible by n by
Fermat’s Theorem. The first or the second factor is divisible by 3, accord-
ing a8 N is even or odd. If N is a multiple of 8 the first factor is divisible
by 8; if NV is not a multiple of 3 it must be of one of the forms 8m+=1; and
in both cases N®»1—1 is divisible by 3. Hence the product is divisible by
6n. The n which we obtain as a factor of N™1 -1 cannot coincide with the
2 or the 3, because by supposition n is greater than 3.

83. N®-1_1is divisible by » by Fermat’'s Theorem. And since n—1 is
an even number N™! -1 is divisible by 8: see Example 81. And since N is
& prime number greater than 3 it must be of one of the forms 3m=1; and
thus N»-1—1 is divisible by 3. -

84. Let =™ represent any term of the series; then by Fermat’s Theorem
«*=x+ a multiple of n. Hence by addition we find that the given series is

-equal to M increased by some multiple of n. And ™ (r;+—1) is alsoa

multiple of  if # be greater than 2.

85. Let N denote any number; if N is a multiple of 11 so also is N'19;
if NV is not a multiple of 11 then, by Fermat's Theorem, N'° -1 is a multiple
of 11.

86. Let N denote any number; if N is a multiple of 13 so also is N*;
if N is not a multiple of 13 then, by Fermat’s Theorem, N'*~1 is a multiple
of 13.

37. Let N denote any number; if N is a multiple of 19 so also is N?;
if NV is not a multiple of 19 then, by Fermat’s Theorem, N8 -1 is a multiple
of 19 : therefore either N%+1 or N9-1 is a multiple of 19.

88. Let NV denote any number ; if N is a multiple of 23 so also is N11;
it N is not a multiple of 23 then, by Fermat's Theorem, N2~ 1 is a multiple
of 23 : therefore either N1 +1 or N11-1 is a multiple of 23.

89. Let N denote any number; if N is a multiple of 5 then the square
or any higher power of N is a multiple of 25; if NV is n6t a multiple of &
then, by Fermat's Theorem, N4=1+5p: therefore N¥=(1+5p)°=1+5(5p)+.. 3
this is of the form 1+25n.

1

X 1 1
=93 . 928 - - - )=
40. 140=21.5.T7; 2.5.7(1 3 (1 5)(1 7)—48.

41, 860=2%.3,5; 28.3%.5 (1—%)(1—%)(1—%)=96.

4. 1000=2%5%; 2% (1 _%) (1_ %) —400.

0N 1 1
4 s AVAPRAVAEA T
4. 3.7.11(1 3)(1 7)(1 11) 22680.

1 1
n pn - - | =9™Hipn-1
. 44, 2* b (1 2)(1 5)_2 15%-1,

45. 140=2%.5.7; @+1)(1+1)(1+1)=12.
46, 1845=3%.5.41; (2+1)(1+1)(1+1)=12,



LII. THEORY OF NUMBERS. 15

«3

47 |9=2.84.5.7; (T+1)(4+1)(1+1)(1+1)=160.

(28~ 1)(8 = (B2 - (7= 1) _
@-)E-DE-Da-1) e

48. By Art. 728 and Example 46 the number=123=6.

49. 100800=2°.8%2.5%.7. The number of divisors of this number
=(6+1)@+1)2+1)(1+1)=126.

50. Four right angles contain 360 degrees; 860=22.3%. 5 ; the number
of divisors of this number= (3 +1)(2+1)(1 +1)=24%. :

Four right angles contain 400 grades; 400 =24, 5?; the number of divisors
of this number=(4+1)(2+1)=15.

51. 10"=2".5". In the equation zy=10" we may put z equal to any
divisor of 10%, and then the value of y can be found: thus the number of
solutions by Art. 722=(n+1)(n+1).

62. Let N=aPblc... where a, b, ¢, ... are prime numbers. We shall
determine the power of a which will occur in P. Let @ denote the number
of divisors of %... ; then it is obvious that N has & divisors in which a
does not occur, or divisors in which a occurs, & divisors in which a? occurs,
and so on down to @ divisors in which a? occurs. Hence the exponent of a

in Pis w(1+2+8+...+7), that is Z2OHY thatis %P, Similarly the

"
exponent of b is 2: And so on. Thus P=N2, And n is even except in
the case in which p, g, r, ... are all even: thus N7 is always rational, and so
N* is a perfect square.

53. Suppose aPb¥c... to be a number with 80 divisors, where @, b, ¢, ...
are prime numbers; then (p+1)(g+1)(»+1)=380. This admits of various
solutions, as p=4, ¢=2, r=1; p=>05, ¢=4, r=0;... Thus there cannot be
more than three different prime factors; though there may be fewer. We
now take a=2, =38, ¢=5; for these are the lowest prime numbers; then
by trial we find that 24. 32. 5 is the least number with 80 divisors.

54. This like Example 63 must be solved by trial. 64=28; thus we see
that a number which has 64 divisors cannot have more than 6 different
prime factors ; though it may have fewer. The least number which has 6
different prime factors and 64 divisors is 2.8.5.7.11.13. The least
number which has § different prime factors and 64 divisors is 22.8.5.7.11:
this is smaller than the former number. Then taking 4 different prime
factors we see that we have to choose between 27.8.65.7 and 28.33.5.7;
and taking 8 different prime factors we have to choose between 27.83%, 5 and
28, 83, 53: of these four numbers 23. 33.5. 7 is the smallest and it is smaller
than 23.8.5.7.11. And then we may shew that 23, 83. 5. 7 is also smaller
than any number with 64 divisors which has two different prime factors, or
only one prime factor.
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55 When pa is divided by b let the quotient be n and the remainderr
thus 22=n+L. When (6-p)n is divided by b let the quotient be n’ and

b
the remainder #’; thus (b—'b?)—d=n' : Henoce by addition a=n+n'+ r;/

Neither » nor + can be zero, for a is prime to b; therefore r+¢ must be
equal to b, and n+n»’ equal to a - 1.

56. Every number will be of one of the following n forms : pn, pn+1,
m+2, ... m+(~1). Now (pr+1)' and {pn+(n=-1)}* will leave the
same remainder when divided by n; for (pn+1)*=n(p%+2p)+1, and
{pn+(n-1)P=n{(p+1)*n—-2(p+1)}+1. Similarly (pn+2)? and {pu+(n 2)j
will leave the same remmnder when divided by n. And so on. Thus there

cannot be more than ; dxﬂerent remainders.

57. 2%.5.7z=y3. Thus in order that y‘ may be a perfect cube z must
be of the form 2. 8%. 72¢*; and then y=2.5.

58. Every number will be of one of the following r forms; nr, nr+1,
nr+2,..mr+ (r—1). Then (nr)* will terminate with the digit 0; and (nr+1)’
(nr+ 2)’ ... will terminate respectively with the same dxglts as 13, 2%,

Thus by Example 16 there are —2~]-' different digits without counting 0 ; and
counting 0 we have :;—1 digits on the whole.

59. Suppose for example that p=4; let n=a+1%+¢?+d*: then we
have to shew that 6n can be resolved into 12 squares. In fact we have

6n=(a+b)%+ (@a—b)’+ (@+c)*+(a—c)+ (a+d) '+ (a—d)*
+0+ + (b= cf'+ O+d)+ (b - d)*+ (c+d)*+ [e- D)
In this way we may establish the result for any value of p.
8. 2%+ln-1=15n-1+(L+3r=1on-1+143n+" 0 Dary |

_ n{n-1) n(n-1)(n- 2)
=18n+ ) 4+ B

Every term is divisible by 9.
61. Multlply out £z+ 1) (+2)......(z+n). By Art. 504, the product will
be 2*+ Pz 1+ P34 ... +P, Putz=1; then the expression becomes

equal to |n+1 this is dxvmble by |», and ‘after subtracting P, which is
equal to |n the remainder will also be divisible by | .

62. Let N denote any number; if NV is a multiple of 5, then the cube or
any higher power of N is a mu]tlple of 125; if N isnot a mulhple of 5 then,
by Fermat's Theorem, N4=1+45p: therefore N1®=(1+5p)®=1+25.6p+ ..
this is of the form 1+ 126n.
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LIII.

1. The probability of the first event i 1s that of the second S the pro-

5 ?
bability of the happening of both is therefore : thus the odds are 27 to 8
against their happening together.

2. The probability that both will be dead is ﬁ x 3 that i 1s therefore

the probability that one at least will be alive is Zg

8. Let 4 and B denote the specified individuals; the probability that B
is on the right-hand side of 4'is éli , and the proMability that B is on the left-
hand side of 4 is also hence the probability that B is either on the right-

hand side of 4 or on the left-hand side is 1_::. - Thus it is 10 to 1 against
4 and B being next to each other.

4. The chance that they will both fail is that i 1s, i : hence the

4 s'
ehancetha.ttheywillnotbothfailis—.

5. Twoblackballscanbedrawnmsﬁwsys and one red ball in 3 ways;

bx4x38’
2

. Divide the former by the latter, and

thus the number of favourable cases is

ﬁncethmmtmbms,islm?xs

: the whole number of cases,

we obtain i

6. The probability ol throwing an ace at the first trial and missing an

ace at the second is 1 x , that is 355 the ptobability of missing an ace at

the first trial and throwmg an ace at the second is also 85_6’ hence the whole
10
36"
3
7. The probability of failing to throw ace in two trials is (%) ,hat is

11
86’ that is, 38"

8. Bince 7=6+1=5+2=44+8=8+4=2+5=1+6 there are six cases
favourable fo throwing 7; there are two cases favourable to throwing 11, for
11=6+5=5+6: thus on the whole there are 8 favourable cases, where the

probability is —

2% hence the probability of not falling is 1~
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whole number of cases is 86. Therefore the probability of success is 36 , that
2

is §.
9. Suppose that there are a sovereigns in each purse, b shillings in the

first purse and ¢ shillings in the second. The probabxhty of taking either

purse is 1, and thus the probability of drawing a sovereign is 1( 2+ )

Thus the odds are 7 to 2 against.

2 a+b atc
If allthe coins are put into one purse the probability of drawing a sovereign

is _2a . If we subtract the second expression from the first we shall
2a+b+c (Bop
. . a(db-c
obtain after reduction 3atb) (@t @atbra)’ : thus the first expression is '
the greater.

10. It is equally probable that B, or C, or D will be in the same boat
with A; if 4 is with B or C he loses, if with D it is an even chance whether
A wins or loses. Similarly we may consider the cases of B, C, and D.

11. There are 86 cases; of these 16 are unfavourable, namely the 6
doublets, and the 10 cases in which ace on one die occurs with not-ace on
the other. Thus there are left 20 favourable cases., Therefore the chance

20

18 % . )
12, The whole number of cases is the number of the combinations of

80 things taken 4 at & time, that is or20-20:27,
are those in which the tickets marked 1 and 2 are drawn with any pair of
tickets from the remaining 28; so the number of favourable cases is _l%
3.4
80.29°
18. In the first lottery we must suppose that thers are 9 tickets of which
6 are blanks. The number of ways in which 3 tickets can be drawn is

9'2'7,that is 84, The number of ways in which 4 gets no prize at all is

the number of ways in which 3 tickets can be drawn from the 6 blanks; that

% that is 20. Hence there are 64 favourable cases in which 4 gets
64 16 .

one or more prizes. Thus A4’s chance=— 83" Or if we suppose each

ticket dmwn singly we may proceed thus: A4's chance of drawing a blank at

first is §, there are now left 8 tickets of which 5 are blanks, go that 4°s

chance of drawing a second blank is §; similarly A’s chance of drawing a

The favourable cases

Hence dividing this number by the former we obtain for the chances ———

is
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thudblankm;, ¢hus 4’s chance of complete failure is 9x Xz , that is,

%. Hence A’s chance of getting one or more prizes is 1- i’ that is, ;3
7

AndB’schmce_§=2—i

14, The chance of drawing a hite ball from the first hag is 2 if 4 white
ball is drawn there will be in the second bag 4 white balls and 4 black balls :
thus the chance of dmwi.ngawhitebauisg. Thenefore the chance of draw-

843
S7T*8T

16. We reqmre the head to occur onee, or three times, or five tunes,
Thns the chance is the sum of the second, fourth, sixth, ... terms in the

11 .1
expmsmnof(§ §) ,mdmthereforegi(i 5) 3 5); thatma.
16. The number of cases is 2" ; the number of favourable cases is n; for
the solitary head may be on any one of the coins. Hence the chance is ;-. .

ing two white balls =

17. Let a denote the number of the combinations of m 4 = things taken
p+q at a time; let b denote the number of the combinations of m things
taken p at a tlme let ¢ denote the number of the combinations of n things
taken ¢ at a time, Then the whole number of cases is a, and the number

of favourable cages is bc. ‘Thns the probability is b;c.

18. In Art. 740 put Peass d=gs, w6, r=4.

36’ 938

{1+e 85+15. (35)’} that is 25086

Thus we have (36)‘ .

@6)°

19. In Art. 740 put p=3, q=-5-, n=6, r=1.

Thus we have = i1+6 5+15.5%4+20.5%+16.5446. 5'} that is %5’1
° 1
10! 9=19° =5, r=38.

Thus we have ie 29’+5 944+ 10, 9’; that is ——

20. In Art. 740 putp_

12393
12500°

21. The chance of throwing no doublets is (5) ; thus the chance of
)
throwing one or more doublets is1 - (2) .

To KI . b[
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22. The chance of throwing no double sixes is (%)'; thus the chanoe

of throwing one or more double sixes is1— (sg)

28, In Art. 740 put p=1 q=$, n=ab, r=2.

7’
1 2651
Thus we have 7 1+5.6+10.62+10. 6’; that is, . ‘We must

observe that the number of the tickets is supposed so large that p remains
practically equal to ; after one or two tickets have been drawn out. Com-
pare this with the second way in which 4’s chance is calculated in the solution
of Example 13.

24, The whole number of cases is the number of the combinations

of 52 things taken 4 ot o time, that is 22-0-0049  mpo number of

4
favourable cases is 134; for any one card may be tleen from any suit. Divide
the latter number by the former, and we obtain the probability.
52.51. 45—0ﬁ the number of favour-

able cases is 4, since there are 4 suits. Divide4 by the whole number of cases
and we obtain the probability.

25. The whole uumber of cases is

26. In Art. 741 we put p=§, q=}, m=4, n=1; thus the proba-
112

bility of 4°’s winning 4 games out of 5 is ( ) il+4 8% that is 313’

that the odds against it are 131 to 112

27. In Art. 740 put p=g, 9=E’ n=>5, r=2.

Thus we have 5—15 {26+5.24.3+1o.2’.sl+ 10.22. 33} , that is 2012

LN

28. Call the persons 4, B, C. Then A4’s chance of drawing a white
ball at first i 1s =; the chance of his failing is E, and then there are left 3
white balls and 4 black balls : thus the chance of B's drawing a white ball is

gx g The chance that both 4 and B fail is gxé, and then there are left
3 white balls and 3 black balls : thus the chance of (s drawing & white ball is
%x;x%. Then if 4, B, C all fail 4 bas a second draw; and so on. Thus
. . 3 5 4.8 38 . 27,
we find on theswhole that4As chance is 8><7x6><5, that is 56’
. 8 b 8 2 8 18 .
sBs:ha:ce;s 48><7+8><7 8XE*1’ that m56, and C's chance is
8 2 1 . 11
877X TE 7 gXgxgxge thatie g
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29. To win three or more gameé out of the next four, either all four
games must be won, or the first, the second, the third, or the fourth game
maust be lost. The chances for these five cases are respectively

2.2.2.2 1.1.2.2 2.1.1.2 2.2.1.1 2.2.2.1
?

. 84 ’ 84 4 3¢ ’ 3i ’ 84
. . 86 . 4
the sum of these fractions is 8L° tlmhsg.
80. In order that the sth person mn.y have a throw the preceding r -1
persons must all fail: thus :-n—l 1 is the chance that he will win the

stake at a first throw. If he fails and then all the other persons fail also he gets
a second throw; so that his chance of winning the stake at a second throw is

pir-1
" 1) l And so on. Thus his whole chance is an infinite geome-

- r-1
trical progression of which the first term is ’1‘ —;) , and the common

ratio is ("—l)p.
n

8l. The chance that the particular parcel is brought is g the chance

that the required book is obtained from the particular parcel is 3 :,

that is -§- There are two other parcels; the chance that one of the other

parcels is brought i 1s 3 and the chance that the required book is obtained

(lix 1 thus on account of the two other parcels we have
1 7
3° that i is 1= Hence the whole t:.htmce::5 +— 15 5
82. We must find the probability that the sovereign is in the second
purse. When 9 coins are taken from the first purse the probability that

from that parcel is

tha‘chanca

the sovereign is taken out is 1% If the sovereign is taken out we have

then in the second purse 18 shillings and 1 sovereign. Let 9 coins be taken
out: then there are 9 cases favourable to the drawing out of the sovereign,
and 10 cases favourable to its remaining behind: thus the probability that

the sovereign remains is 10 Therefore the probability that the sovereign

19°

is finally in the second purse is 190 ig , that is % . Hence the probability
that the sovereign is finally in the first purse is :—g . *

83. The following four arrangements are equally probable for the first
urn after the first drawing: 4 black balls and 5 white, 5 black balls and 4

M2
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white, 6 black balls andﬁwhite,Sb]aokbnllnu;d Bswhi;o. %hus thechanfe
. . . .1 . .
of drawing a white ball from Qus urn is o 9—+§+1—1+-ﬁ§, that is 5.

Similarly the chance is 1 for the second um. And thus the chanoo is 3 which-

ever urn be chosen,

34. The number of cases is 63; the number of favourable cases is the
coefficient of 2'5 in the expansion of (z+23+2°+ 24+ 25+ 2%)%; see Art. 742;

This coefficient is the same as that of #* in the expansion of (}1‘_—::) ,
that is in the expansion of (1-2%3(1-2)~3. Thus the coefficient is

13.14 _7.8 .
T _31~'2+ 3, that is 10.

85. Proceed as in Example 34. The number of favourable cases is the
coefficient of z'* in the expansion of (1-2%)%(1-2)~%; this coefficient is

15.16 9.10 3.4 .
——17—3.1—.5'{'3-1—‘2, thgt is 8.

86. By the method of Examples 84 and 35 we find that the numbers of
cases favourable to throwing 3, 4, 5, 6, 7, 8, 9, 10 respectively are 1, 8, 6, 10,
15, 21, 25, 27; the sum is 108 ; the whole number of cases is 63, that is 216,
Therefore the chance is % .

87. The number most likely to be turned up is the index of that power of z
which has the greatest coefficient in the expansion of (z+z*+a+xt+z5+25)®®,
that is in the expansion of #** (L +x+ 2! +23+2% +2°)™: and by Example 38
of Chapter xxxvii. the greatest coefficient is that of 2™ x #%®, that is the
coefficient of z7.

38. By the same method as in the preceding Example we find that the
‘chance of turning up any number, m, is measured by the coefficient of 2™ in
the expansion of z"1(1+z+23+23+24+2%™+1: then by Example 38 of
Chapter zxxvrr. we see that the coefficient is the same for m=7n+8 as for
m=Tn+4, and greater than for any other value of m.

89. By the method of Art. 742 we must find the coefficient of z* in the
expansion of (z+2?+...+2')1% and divide it by 10!%. The coefficient is the

— 10\ 10
same as that of 2 in the expansion of (11 i ) ; which will be found to
23 10|18 -
o L2> 10018
(o[ [£]8

40. The probability of failing to obtain & is ,% at each trial; and thus

n
the probability of fafling in all the m trials is ('%1) : subtract this from
unity and we have the probability of success.

41. By the method of Art. 742 we must find the coefficient of 2!° in the
expansion of (1+1+14 141+ 2+23+2® +2# +253; and divide it by 10%. Now
(b+z+2?+a+at+25)2=56%+8.5%+38.5.y%+)° where y=z+a'+ 23+ 24 + 2%
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v

There is no term involving 210 in 53 or in 3.5%; the coefficient of #1° in

8.5.42i8 15; the coefflcient of #'° in y* will be found to be 18 Thus the

whole coefficient is 33, . )
42. The probability is now the same as when 3 tickets are drawn simul-
taneously from the set of 10. The whole number of cases is the same as the

number of the combinations of 10 things taken 3 at a time, that is 10'3'8 ,

that is 120. There are 2 favourable cases, namely that in which the tickets

marked 1, 4, 5 are drawn, and that in which the tickets marked 2, 8, 5 are °

o1 2
drawn. Thus the probabilit =135"

n

n

48. The whole number of cases i ——=— x —L—-— Fix upon a par-
. pir—-p |[92|n-¢

tioular set of r balls; the number of ways in which this particular set can

occur in the first drawing is the same as the number of the combinations of

the remaining n—r balls taken p-r at & time; that is the number is
n-r
l In the second drawing we want to have the s balls upon

p-r|n-p’
v'?EIE we have fixed together with g -+ balls which did not occur in the first

drawing; 8o the g—r balls must be taken from the n—p balls which did not
occur in the first drawing: the number of ways in which this can be done is

n-—
D . And there are

q—r|n—p-—q+r -r
a particular sef of » balls. Thus the number of favourable cases =

|n n—y |n-p . |»
——— | ————— X = .
[rlr=r" |p=r|n-p" [g-r|r-p-q+r |r[p-r|g-r[n-p-gtr

44. Denote the two assigned persons by 4 and B. There are three cases
in which 4 and B will play together. I. A4 may be opposed to B in the four

games: the chance is ; II. 4 and B may have other opponents in the four

ways in which we can fix upon

games, may each vanquish his opponent, and may then be opposed in the two
3
games: the chance is g (EZ % III. A and B may have other opponents

in the four games, may each vanquich his opponent, may then have other
opponents in the two games, and each vanquish his opponent: the chance is

6 1\2 2 1\2
7 é)"ﬁ"(é :

45. The chance of a white ball at the first drawing is ;':Tﬁ then the

ckance of a black ball at the second drawing is —”H_—:_—i ; then the chance of
a white ball at the third drawing is _m=1 . andsoon.
m+n-2

In the second part of the Example the whole number of cases is the
number of the combinations of m+n things taken m at a time; and there ia
only one favourable case.
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46. Thechancothsttheﬁmtbandmwnisonheﬁm«olmis%-;

then the chance that the second ball drawn is of theﬁrstcolourm:’ 11,
and 80 on.

47. As any ball may be taken out each time, the whole number of cases
is n". The number of favourable cases is the number of permutations of n
things taken all together, that is Lf_z

48. 4 in order to win the set mustwin2gameubeforeme33 Thus

. . !
by Art. 741 we find that the probability for 4 is (—) fesg+ 3+22 2(1) |

that is i—z . Therefore the probability for B is 16"
49, The number of different ways is |3, that is 6. As each way is

equally likely to occur there are 68 cases; and the number of favourable
cages i8 E

50. Since N is a given number, the number of its divisors is known,

see Art. 722; call M the number of divisors, then % is the chance.

51. Let IV denote the number of shot in the bag, which must be sup-
posed known ; let M denote the number of positive mtegers which are less
than &V and prime to V; see Art. 721: then assuming that the handful is

equally likely to contain any number not exceeding N the chance is %—,{

M_16

If N=3.5.7 we have M=N (1--)(1_-)(1_-) therefore 7y = 2.

52. The whole number of cases is n; there are ;, numbers not exceed-
ing n which contain a as a factor: from these we must exclude those which

contain a**! as a factor, which are ™ in number., Thus the number of

aﬂ»l

favourable cases is 2, - :—4‘1 .

58. Let A’s chance of winning a single game he 2. Now 4 may win the
match in 2, in 3, or in 4, ... games. Thus 4’s whole chance is

2+ (1-2) z’+z (1-2)2*+(1-2)z(1-2)2*+

For instance, if 4 wins in 4 games he must win the ﬁrst game, lose the

second, and win the third and fourth. Thus we see that A’s whole chance

consists of two infinite geometrical progressions, one having 23 for its first

term, and the other having (1-z)a? for its first term, and each havmg z(l-z)

2 +(1-z)z? 23(2 - 2)

for the common ratio. Thus we obtain T z{d-4)" that is 7—- z(l—2)
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‘We may obtain B’s chance by changing « into 1 -z in this expression; or
we may obtain B’s chance by subtracting 4’s chance from unity: thus B's

=(1—a:)i(1+a:) 2 16 ,
chance 1<z(i-a) If z=5 We get 31 for A’s chance.

This problem will be found generalised in Art. 683 of the History of the
Theory of Probability.

54. The faces of the tetrahedron are supposed to be marked 1, 2, 8, 4
respectively ; and those of the octahedron are supposed to be marked 1, 2, 3,
4, 5, 6, 7, 8 respectively. The whole number of cases is 32. There are
3 favourable cases in which the face marked 1 of the tetrahedron is thrown,
4 in which the face marked 2 is thrown, and so on: thus there are in all
8+ 4+5+86, that is 18, favourable cases,

55. The probability of the failing of all the events is (1-p,)(1-p,)(1-p,); °
subtract this from unity, and we have the probability of the happening of one
at least of the events. .

Two events at least happen if all three happen, or if the first alone fails,
or if the second alone fails, or if the third alone fails: thus the probability

is pypep3+ (1 - Py) Paps+ (1~ Ps) p1 P+ (1 - p3) P1 Py
56. The chance of throwing 10 at a single throw is ?Z' that is%: see

Example 36. The chance that 4 wins at the first throw is therefore —; s if
A, B, C fail in succession 4 has 8 second throw; thus the chance of his

winning at & second throw is (g) ; In this way we find that A’s whole

chance is an infinite geometrical progression of which the first term is } N

. s
and the common ratio is (%-) . In like manner the chances of B and C are

3
infinite geometrical progressions in which the common ratio is (;) , and the

2
first terms are respectively % % and (%) %

57. Consider the figures which occur in a particular place, say the
seventh place. The upper figure may be 0, or 1, or 2,...... or 9; and so may
the lower figure: and as any upper figure may occur with any lower figure
there are 100 cases in all. We must now find how many cases are favour-
able, If the upper figure be O there is 1 favourable case, namely when the
lower figure is also 0; if the upper figure is 1 there are 2 favourable cases,
namely when the lower figure is 0 or 1; and so on: thus the number of
favourable cases is 14+ 243 + ... + 9 +10, that is 55. Therefore the chance that

in a given place the lower figure will not exceed the upper figure is %; and

7
thechmethstthiawinbethecueinautpesevenpmcesis(1%‘0 )
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58. The chanees of throwing 6 and 7 at a single throw with a pair of
dice are respectively 35—6 and 3%: see Example 8. The chance that £ wins

at the first throw is therefore % If A and B fail in succession 4 has a
second throw; then the chahce of his winning af a second throw is

:(15 :g 356’ and 8o on. Thus 4’8 whole chance is an infinite geometrical

progression of which the first term is L 36 and the common ratio is z—; :
Similarly B’s whole chance ig an inﬁmte geometrieal progression having the

same common ratio of which the first term is 36°6"

59. He may draw twe severeigns, or a sovereign and a shilling, or two
shillings; the respective ¢hances are %, Ve thus the expectation in

‘;x21+%x2, that is 21. Or thus: as 2 coins are to be

drawn out the chance that a particular one is drawn is 1; therefore the

s s B
shﬂhngsuﬂxm+

expectation is i of a sovereign for each of the 4 sovereigns, and % of a
shilling for each of the 4 ghillings; that is the sum of a sovereign and &
shilling.

60. The chance that a particular com is drawn out is 1 ; therefore the
expectation is é of a guinea for each of the 6 guineas, %of & sovereign for each

of the 6 sovereigns, and % of a shilling for each of the 6 shillings; that is the
sum of a guinea, & sovereign, and a shilling.

61. There are 86 ships ; the number of the combinations of them taken
two at & time is 1 2 , that is 18.85. Mence the chance that ene of the
first two ships which arrive is a Russian ship and the other a French ship is

10.12 .19
555 Therefore the expectation in pounds is 7o~ 5-x2100, that is 400.

62. As in Examples 59 and 60 the expectation is in ghillings g(63+40+4),

that is 7, that is 35 2.
3 3
63. The expeetation in pounds is_%o {4x100+10x50+20x5%, that is

mxlooo that is 10,
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64. Let each of the coins be worth « shillings. The expectation in
shillings is 9(100+4z) : this i# o be equal to %4; so that we obtain z=2.

65. Suppose the gold coin to be worth x shillings, and each silver coin
to be worth y shillings. The expectation in shillings is g{x+3y+4; ; this is
to be equal to 15: therefore xz+3y=26, The only admissible solution is
=20, y=2.

66. As in Example 58 we find that the chances of 4 and B are infinite
geometrical progressions of which the eommon ratio is 1; the first term in

A’s chn.ncels2, and the ﬁ!st term in B’s chanoem; Thus A’s chance is
, 1 .
sa.nstcha.ncels 3

Suppose that each stakes £a, and that 4 gives £x to B for the first throw.

Then 4’s expectation in pounds is 7x2a -« ; and B’s expectation is l><2a.+ac.

8 3

Equating these we get 2:c=2—a; therefore z=g.

67. As there are m counters marked m the expectation which arises from
2
these counters in shillings is % s Where & is the whole number of counters.

Thus the whole expectation in shillings is }.i1'+2-+ ...... +r'}, that is

1r(r+1) 2r+1), r(r+1)
n 6 2

68. As in the precedmg Example the whole expectation in shillings is
1 {13+2'+ ...... +73), Where n=1242%+......+ 7% Then see Art. 461,

; andn=14+24...... +r=

69. Consider the expectation which arises from the 5; this 5 may be in
shillings & or 50 or 500 or 5000 or 50000, one case being as likely as another:
- thus the expectation is b (1+10+100+1000+ 10000) , that is 5x11111
Similarly we proceed with the 1, the 2, the 8, and the 4. Thus the whole

expectation in shillings is w 1111,

90, Suppose any particular eard is marked with the number m ; then the
chance of drawing this card is %, and the expectation in shillings arising

from this eard i’b_;m . And thus the expectation from all the cards is b;” .



170 ‘ LIII. PROBABILITY.

7L The chance of drawing a white ball from the first urn is the

8
ia’

chance of drawing a white ball from the second urn is % thus if a white ball

has been drawn the chance that it came from the first urn is to the chance it

came from the second a8 g is to l , that is as 8 is to 8. Therefore the chance

that it came from the first urn is ﬁ

72. Before the observed event we suppose that any number of white
balls is equally likely. Now the probability of d.ra.wing two white balls is 1
on the hypothesis that there are 5 white bslls, on the hypothesis that there

are 4 white balls, iT) on the hypothesis that there are 3 white balls, and

11—-0 on the hypothesis that there are 2 white balls. Hence after the observed
3

event the probability of the first hypothesis is 141 + 5t 1o 1 0 , that is %

73. Before the observed event we suppose that any number of éovereignn
is equally likely. Now the, probability of drawing a sovereign isfll on the

hypothesis that there is 1 sovereign, § on the hypotheais that there are
2 sovereigns, and so on Hence after the observed event the probability of

the first hypothesis 1s 1.4 +2+ + —f , that is 142D ("+ D,

74. There are two hypotheses as to the two halls*put into the smaller
bag; either both are white, or one is white and one black. The probability

of drawing two white balls from the first bag is — I 4 ; the prabability of draw-

ing one white ball and one black is ; The probability that two successive
drawings from the smaller bag will produce a white ball is 1 on the first hypo-

thesis and i on the second. Hence after the observed event the probability

oitheﬁrsthypothesisis%x1+il4xl+ x4} thmﬁ

75. The probability of drawing 4 sovereigns from the first purse is
1; the probability of drawing 4 sovereigns from the second purse is

10.9.8.7 21 o1 .
35 91.93.93° that is —— 565 Hence the probability that the 4 sovereigns
1265

came from the first purse is l-r-{l+ } that is 1286 Also the proba-

1265
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bility that the 4 sovereigns came from the second purse is 1—2813 .
1265

1386° Then there is the probability p that the next coin will be drawn from

a purse containing 21 sovereigns; this gives an expectation of p pounds.
There is the probability 1 —p that the next coin will be drawn from a purse
containing 6 sovereigns and 15 shillings; this gives an expectation of
il-p {£§6—1-+ ga.z , that is (1-p) g—f pounds. Hence the whole expecta-
1265 27
1286 ¥ ix1286°

76. There are six hypotheses with respect to the notes ta be regarded as
equally probable before the observed event. I, Three £5. II. Two £5,
one £10. III, Two £5, one £20. IV. One £5, two £10. V. One £5,
two £20. VI. One £5, one £10, one £20. The probability of the observed
event on these hypotheses is respectively

9\3  /9\% /1\3 /1\3 /1\3
b (5) () G) G) ()
Hence after the observed event the probabilities of the hypotheses are
1

respectively I('Zi' Isé , 4% ' 18’ 18’ 18" The probable value of the con-

tents in pounds is therefore 416{27x15+8x20+8x30+25+45+35} ,

.. 910
that is i
77. There are two possible hypotheses, that the event took place, and
that it did not. The probability of A's assertion, B’s assertion, and C’s

denial is on the first hypothesis g%;, and on the secon l-l-g Hence

4°5°7
o Loao 12 12 6 .12
the probability of the first hypothesis is o+ it m% , that is TR

Put p for

tion in pounds is

78, This is an example of Art. 764. Here p=% 4 =‘-;~, n=9: thus
the odds for the truth are as g to ~1—:5'—0 , that is as 96 to 1.

79. Suppose that there are 13 witnesses, and that p is the probability that
each speaks the truth: let ¢ be the @ priorsi probability of the event asserted
to have happened. Then by Arts. 752 and 758 the probability of the hypo-
thesis that the event happened is to the probability of the hypothesis that

1 o s
it did not happen as p'3gisto (1-g)(1-p)%. If p=Ig the ratio is that of
. 1
103 to 1-g; and this is the ratio of 10 to 1 if 9=igmy1°
80. As there are 4 suits of cards the chance, before the observed event,
that the missing card is a spade is % ; and the chance that it is not a spade
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. 8 . 12.11 . ..
is 7. Thechmcoofdrawingtwospsdeummxfﬂmmmsmgcudha

spade, and %u it is not. Henece after the observed event the chance

that the missing card is a spade is

112,11 (1 12.11 8 13.12; .11
15750 (a' 5750 T2 51,60 » ot 55

81. Tet us first find the chance that the persons do not meet. Let A
denote the first person, and B the second. If they do not meet either 4
must reach B’s end before B starts, or B must reach A’s end before 4 starts:

0’
we shall shew that the chance of each event is W. A must

arrive at B’s end at some instant during the last b + ¢ minutes; and B must
leave his end at some instant during the first a +c¢ minutes. Hence

@ioG+9 is the chance that A’s arrival and B’s departure both occur

during the ¢ minutes which are common to the two inte:’vals; and since one

event is as likely to occur before as after the other =~ _isthechance
2(a+c)(b+¢)

that A's arrival ocours before B’s departure. Bimilarly we have the same
chance that B’s arrival at 4’s end occurs before 4's departure. Hence
3

. ¢
finally the chance that they do meet is 1_(a+c) TR

82. We shall first shew that when n odd nun'x.bers are multiplied toge-

ther the chance that the last figure is not 5 is (;) . An odd number must
4

end with 1, 8, 5, 7, or 9: thus g is the chance that it does not end with 5.

Now in order that the product of » odd numbers m»y end with a figure which
is not & every one of the n factors must end with a figure which is not 5. The

n
chance then is (;) . Hence the chance that the product does end with 5 is
n
1- (%) . Therefore we require that 1 - (g)' should not be less than %;

n
thus (g) must not be greater than 3

4\* 1 . 8\ 1 1
Put (5) =3 that is (ﬁ) =5: then z log —1%=log§; therefore

z (log 10 -log 8) =log 2, that is z=1—_1§81—3gz . From the given value of log 2

we find that « lies between 8 and 4: hence 4 is the least positive integral
"
value of n which makes (E) not greater than %
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LIv.

1. Square; 2- 2\/(1 —2f)=1-24: therefore {X(l —24)+1}2=8; there-
fore /(1 - 24) = &4/3 - Square again, and we find the value of 2.

2. From the first equation #:W; substitute in the second equa-
hon thus 32 (a- z)=bay(yy ")-Ima:; therefore ay’-bﬁ-zi—@_l;—")=(_f/’-bn)z,

that is -'—m(i”_—';b'):(y’—bn)z. Thus either y*-bn=0 or-%:z. bi 4
we take y*=0n we find from the second of the given equations zi=an. If
ay

we take z= 7-b and substitute in either of the given equations we find that

y i8 0 or is a root of the quadratic y*+ (a—b - n) y+nd=0.

8. Subtract the second equatxon from the first; thus (y—z)(z+y+2z)=c’-5%;
two similar results can be obtained b, subtractmg e third equation from
the second, and the first from the thm{ Square and add; thus

(+y+2)? (@ +y*+a-yz -z —ay) =at+ b4+ c‘—b’c’-c’a’-a‘b’.
Substitute in this the value of z'+3?+2® which we obtain by adding toge-
ther the three given equations, namely

w’+y’+z'——(a'+b’+c’-yz—u—zy);

thus (a®+3*+c%)3- {8 (y2+ 2w+ 2y)}? =4 (at + b + ¢*) — 4 (3°c* + c*a?+ a%?),

Hence we can obtain the value of yz+zz+zy; denote it by »p. Then by
adding the given equations we have 2 (x+y+2)*—3p=a’+d’+¢'; thus the
value of z+y+2 can be obtained; denote it by g. Then the three results a
the beginning of this solution become

qly-2)=c*-b% qz-y)=b-a?, q(z-z)=a®-c%;
80 that #, y, and 2 can be founa.
4. Square and multiply up; (2?-42-8)=8(23+22+11); therefore

(a? — 4x)2 — 16 (2 - 4x) + 64 =8 (2 + 2) + 88; therefore (2?-4z)*= 24(5-1)’
Extract the square root; &ec.

5. By Art. 634 the number of solutions cannot differ by more than 1 from
afb-, that is from 20 in this case: hence ¢ cannot be greater than 220. Since
220 is divisible by2 andby 5 we see by Case 1v. of Art. 634 that the number ot
solutions is %- 1, that is 10: hence ¢ may be as great as 220.

6. Multiply up in the given relaiion, and transpose; thus

(@-y) 2y +(2*-y) 2=(2" - y") oz + (z— y) 2y2*:
divide by z-y; thus zy+ yz+ze=ayz (x +y+2). And if we take any one of
the proposed relations and simplify we shall find that it reduces to the result
just obtained, and is therefore true.
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\

7. (N& (N+n)’ (N-n)'!} and = (N+n)_’_(N—n)’} i

Expand the two binomial expressions by the Binomial Theorem as far as
two terms, and add; thus very approximately
(N>§ N+n 2N _ (N-n)?*  N(N-n)
2n tNTs m(N+n) " (N+rp °

(N-n){ N N+n

The last two terme are equal to ey {N+n } that is to
_(N-mt

“In(N+np’

(N)b N fNHn_ (V-mpt
Neat o @ (N +n)?

therefore

very nearly.

8. Let u, denote the capital in pounds at the beginning of the nt

year. During the ntt year the income is —=2 3u +200 the expenditure is

100
3u,

b (8u, 314,,
i (100+200) -95; thus the saving is 95 - 7 +200) that is 45— 00"
Therefore u,,; = ty+45— Suy ; this may be written M,-wm_igz (u,—~6000).

Thus if 6000 be subtracted from the numbers which express the capital
in pounds at the ends of successive years the remainders form a series
in Geometrical Progression having the common ratio g. Therefore

Uy — 6000 = (u, — 6000) 39—-7) . Now whatever be the value of u; - 6000

400
we can take n so large that the product of this into (%)' shall be as

small as we please; and 80 u,;, — 6000 will not differ sensibly from zero.

If u;=1000 we have w,,,=6000 - 5000(@ . Put this equal to 2000;
397\" 4 8 397 8

therefore 0) “E=10° Therefore n logm_log io’ therefore

~ Jog10-log8 1-8 log3 : this will be found to be a little

~1log 400 - log 397 =22 log2-10g397 *
less than 30, so that at the beginning of the 81st year the capital is a little
more than £2000.
11 (e e et
T-z+ax? 1-2 I—z) Tiz"{@-ap (I-=p
Expand each term, and pick out the coefficient of 2", as in Example 1. 13.

Again, pnttmg( 1)‘forcwe find that 1 -2+ cx*=¢ ("%l—z (m+l-x);

= eeee

9.
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1 m+1 1 1 . .
therefore T z7&~m-1 (ﬂTf-T_: - m—_—z) ; and by expanding we

m m \" 1 1\"
seeﬂmtthe coefficient ofz"mm——l m) | (—_—) .

10. Let I denote the integral part of (1+4/2)% and F the fractional
part. By the Binomial Theorem

z(z—-1) z(z—l)(z 2) 3
B 2+

I+FP=1+a0% + a¥+...

Now 1-4/2 is a negative proper fraction, therefore (1—-./2)* is a negative
proper fraction ; denote it by — F’: thus

-Fl=1- z@z-1), z(z-1)(z-2) 3
Fl=1-g23 4 E 2_ B oty

By addition 1+F-F'—2+2”(”'1)2+ ... Henoe F— F’ must be zero;
and J-2 is equal o a series of terms every one of which is divisible by
2z x 2, that is by 4x.

11. Suppose that n integers are multiplied together. In each integer
the last figure may be 0, or 1, or 2, ... or 9; so that there are 10® cases in
all. The favourable oases are those in which all the last figures are odd
numbers, one or more being 5. Now there are 5™ cases in which the last
figure is odd, and there are 4* cases among them in which no last figure
is 5; thus there are 5 — 4 cases in which all the last figures are odd num-

" "
bers, one or more of them being 5. Therefore the chance is Li 10:: + There-
wHl _ gt
fore when n+1 integers are mulﬁp).ied together the chance is ETO*:;—;

this will be found to be less than 10' , by bringing the fractions to a com.

mon denommator.

12. Suppose that the first purse contains @ sovereigns and m sh:]]mgs
and that the second purse contains b sovereigns and n shillings. If a l]).m: is
1 a
taken at random the chance of drawing out a sovereign is SazmTabn +n
if all the coins are put into one purse the chance of drawing out a sovereign
a+d
a+b+m+n

(@+d+m+n){a®+n)+b(a+m)}=2(a+d)(a+m)B+n).

Bring all the terms to one side and simplify, and this reduces to
g)bhn;};an) (@+m-b-n)=0; and thus.the first part of the Example is esta-
ed.

: these chances are equal if
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' Again, suppose that a+m is grester than b+n; the chance is in
favour of the purse taken at random if (bm-—an) (a+m-b n) is poslhvo
this requires that an should be less than bm, and therefote £ less than -
and thus the second part of the Example is established.

LV.
2. See Arts 807, 308,
8. Let z denote the radix; then 16640 =4x*+ 42*.

1\ 1. /1y, 1y
" (1-5) =1+2.§+3.(§) +4.(§) +...... Subtract 2 from both

. 1\? 1\3
sides ; thus 2=3(§) +4(§) +nenee

5. Let z denote the number of persons to be elected ; then 2z+1 de-
notes the number of candidates: put n for 22+1. There are n ways in

which an elector may vote for one person, nla-1) ways in which he may

2
vote for two persons, ”("—_I%M ways in which he may vote for three

persons, and 8o on. Thus 15=n+“"T_l)+w

+... tozterms.
If from the expansion of (1+ 1)2*t1 we subtract the first and the last terms the
remainder is twice the above series of z terms; thus 15=% (221 - 2); there-
fore 22#+1=32=25, Thus 2z+1="5.

6. Let = represent the number of shillings, and y the number of francs ;

then x+22—b-—495 therefore 26x+21y=26x495. One solution is =493,

y=0; the general solution is #=495-21¢, y=26¢. Thus including the zero
solution there are 24 solutions, and excludmg it there are 23.

14z+2° .
7. Add together the first two terms; thus we get Trga+a’ that is

2 5 '

piFTTFl Nov; annex the third tern: to this; thus we get
e — s 2

1_(1‘“)(1+2’) (1—1+z‘),thatm1 W- Proceed in this

2?1 h
A+ 0+ D)0+ o
p=2" and ¢g=2""1, If we multiply both numox;ator and denominator of the
. 1-2)7"
fraction by 1 -2 we get for the sum 1— (
by g T

way, and we obtain for the sum of » terms 1~




LV. MISCELLANEOUS EXAMPLES. 177

8. 1+4228— (294228 =1 = 2% (1 - ) = (1 - 2) (1 + & 2%)
L =1-2(l-Prz-2Y)=(1-2p(l+z+2* +z+2%) =1 -2 {(1+2)3+a%};
this is never negative,

9. Let a and b denote the two quantities; suppose » means are inserted

between them. The m® term of the A.r. is a+'ni_;—: (b—a). The m@
m-1

b ntl
term of the a.p. is a(;) + The former
1
latter =(an—m+%m-1ntl. these may be regarded respectively as the arith-.
metical mean and the geometrical mean of n+1 quantities of which n—m +2
are equal to @, and m—1 are egual to b; and therefore the former is the
greater by Art. 681. :

=(n—m+2)a+(m—l)b; the
! n+l

10. Let I denote the integral part of (2+4/3)% and F the fsactional part.
By the Binomial Theorem

I+F=2a+x2=—w3+i‘“2—'1) 2e-1, 34 ...
Now (2 -4/8)* i a proper fraction; denote-it by F': thus

F'=2=-w2z-w3+”°(’T“”2=—=. 8-

By addition I+ F+ P=2+1+2%8-Does 3. Hence P+ must bo
equal to unity; and I+1-2%+1 is equal to a series of terms every one of
which is divisible by 2« x 2 x 8, that is by 12z,

11. Let a denote any prime number. By Art. 709 the highest power of
a which is contained in B is I (:—:) +I (2;) + ... ; and the highest power of a,

s 1. o as s 'p P q q
which is contained in (|p)? |gis ¢ {I(‘—‘) +I(;,-) + } +I(E) +I<;§) +..
We have to shew that the former power of a is at least as high as the latter.
Suppose that a" is the highest power of a which is not greater than p. Then

there are r terms in I(g) +1 (:—;;) +...; and the product of g into the sum
of these r terms cannot be greater than the sum of the first » terms of
I(E) +I(l%)+... The (r+1)t term of the last serios is T (,,T,:Fl , and

r
this cannot be less than 7 (%); for I (%) =7 ((—%) , and ga” is not greater
than n, Similarly J ’Fnﬁ is not less than I(aqi) . And soon. Thus the
required result is established. :

T. K. N
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18. The observed event is the result of the experiment. The probability
of this event on the hypothesis that the theory is true is p, and on the hypo-
thesis that the theory is false is (1-p)g. Therefore after the observed event
the probability of the first hypothesis is p-+-{p+ (1 - p) g}.

14. Denote the bag with two sovereigns and a shilling by 4, and the bag
with a sovereign and a shilling by .B. The chance of drawing a sovereign

from A isg and from B is §: hence, when a sovereign has been drawn the

chance that it came from 4 is §+ g + 21)2 , that is ;; and the chance that it

came from B is %-:— z§+%§, that is % If the second drawing be made
from the same bag as before the chance is ; ‘that it now contains & sovereign

and a shilling, and ; that it now contains a shilling; therefore the chance of

drawing a sovereign is ; X 1 , that is ; If the second drawing be made
from the other bag the chance is ; that it contains a sovereign and a shilling,
and —g that it contains two sovereigns and a shilling ; therefore the chanee of

drawing a sovereign is ; X % +§ X g, that is ; . For the expectation see the
Algebra.

15. There are two hypotheses; that the white bag contains the sove-
reign and the four shilling pieces, or that it contains the two sovereigns and
the three shilling pieces. The observed event is the drawing of a sovereign
from the white bag, and a shilling from the red bag. The probability of this

event on the first hypothesis is %x 2, and on the second hypothesis is
gx g Hence after the observed eveni the probability of the hypotheses
are % and % respectively. The coins drawn being now put back wo have
four cases which will be sufficiently described by referring as before to the

white bag ; the following are the probabilities : % that it has now a sovereign

and four shilling pieces, % that it has now five shilling pieces, é% that it has

now two sovereigns and three shilling pieces, and % that it has now a sove-

reign and four shilling pieces. The probability of drawing a sovereign from

. . 3.1 3 8 . 27
the white bag is therefore §§><E+Q§x0+2—2-xg+§§ X that is 110
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Similarly the probability of drawmg & sovereign from the red bag is

3 3 89
B gt gtm*sta "th““’ i°

16. Out of n persons of the individual's age one will die every year:
thus ”—1, n- 2, ”;3, ... are the respective probabilities of his living

n n

’ n-1 n-2 n-38
1,2,8,.. years. Therefore VY Y
of the payments to be made respectively at the end of 1, 2, 3, ... years during
the life of the mdlndual. The sum of this series is found from Art. 473 by

1 1
puttmga_—— b=~ AR TR

are the present values

LVL.

1. Take the logarithm of the product; thus we have an infinite series of
which the ntt term is logu,; and we must examine whether this series is
convergent: if it is convergent the logarithm of the product is finite, and
so the prodact is finite. If the series of which the n*t term is logu, is
divergent and negative the logarithm of the product is negative and numeri-
cally indefinitely great; in this case the product is indefinitely small,

2. Denote the given expression by P; then

1
log P= zlogn+log——-1+log 2 +log oy R +log—

=z logn—log (1+2)-log (1+§> -log (1 +§) —..—log (1+;fl> .

n
Now logn= log(i e —-——)—log +log +log2+ +logn i}

and thus log P may be considered as a sum of n ferms, the first term
being - log (1+ z), and for all values of r greater than 1 the rt term being
mlogr’_l_1og(1+§) , that is —zlog 1-%? ~log (1+”;‘). Thus if z is &
negative integer we have in log P the term —log (02, so that log P is infinite.
But if z is not a negative integer every term in log P is finite, and for all
values of » which are numerically greater than « we can expand the 7th term

1 1 1 z 2 a3
go that it becomes a;( +2’_,+3rs ...)-(— 2r,+3,4, ) thahs

r
w*;—+terms involving %ﬁ, 1 — 4 ...« Thus the b term bears a finite ratio to
%. and so the series which forms log P is convergent : see Arts. 771 and 562.

N2
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8. We may consider u, as the product of n factors, the (r+ 1)t factor

(a4 (B41) g

I asn’ : denote this by v,,. Tht.an ‘

log vy, =log (1+g) +log (1+§) -log (l +:—f) ~log (1+}') . Suppose r so
large that ;, g, and ; are all proper fractions; then by expanding we have

—— 2 - -
lozvr+1=a+ﬁr7 1—“+p’2r,7, 1+... If a + B —y—1is positive log vy,

bears a finite ratio to é; and thus the series which forms logu, is divergent
and positive: therefore u, increases indefinitely with n.

4. Proceed as in Example 8. If a+B-y-1=0 we see that logz,,
bears & finite ratio to ;, therefore log u, is finite when n increases indefi-

nitely: therefore u, is finite when » inereases indefinitely.

5. Proceed as in Example 8. If a+B- v -1 is negative the series which
forms log u, is divergent and negative ; therefore logu, is negative and nu-
merically increases indefinitely with s: therefore u, is indefinitely small
when n increases indefinitely.

6. Here —Un — =Gainz’ ; thus by Art. 762 the series is convergent if =
is less than uﬁty and divergent if x is greater than unity; if z is unity
Art. 762 will not always decide. Put z=1, then

1) n(l-a)_

a+n a
14-

if a is negative the series is convergent by Art. 766, and if a is positive the
series is divergent by Art. 767.

n logn 108" ; this is indefinitely great when  is; for n"

7. umh(n)=
" I nﬂ
becomes unity since its logarithm, which is —;l-zlogn, vanishes by Art. 769.
Hence the series of which u,, is the n» term is divergent by Art. 771.

8. Here Un 2: ; ;: ?; 1 ; thus by Art, 762 the series is conver-
Uty

gent if x is less than unity, and dlvergent if # is greater than unity. If

on—1) (2n -2 627
1) (”(21._3';, )- E @n= 3;:,andtheseneﬂ

z=1 we have n (
is convergent by Art 766.
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2
. 9. Here u,, » n’ ; with the notation of
~ (- 1+ﬁ)(ﬂ B m—n+B(l-P) '
Art. 776 we ha.ve a—A4 -1=0, and so the series is divergent.
nP n? nPte )
10. "_n :
Here e 1)4 P = FHT ) npﬂ-1+ "with the
notation of Art 776 we have a—4 —-1=¢- p—1; the series is convergent if
¢~p -1 is positive, and divergent if ¢ — p—1 is negative or zero.

11. Suppose that from and after some fixed value of n the value of

n

n log-;'::-l is always greater than +, where « is positive and greater than

unity Then Iog u—u;"—- is greater than 1, and therefore when n is large
1

(1+ ) gee Art. 687. Therefore when

n is large enough —2 ig greater than 1+— and therefore, as in Art. 766,
the series of which the n term is u,, is convergent.

12.

positive and not grea.ter than 1 or is negative. In the former case logu—':‘_"—
1

is less than log by Art. 688; and therefore uu_ is less tha.n =i
‘w1

in the latter case —2- is less than unity. Thus in both cases il ig less
Upiy Untg

than '%1 . Hence by Arts. 765 and 562 the series of which the nth term is

u,, is divergent.

18. Here o u,,; (Z:lt-l)mc(a-l-:)’w"‘z' (1 +1 a ) (l+n:l- a,)—“;

nr+x

theref log -8 = ~logz~log ( 14+ —2— log(1
erefore Ogu,,+ ogz— og(+ ) nog(+ +a)

= -logz——%_ 4 @@  _ m £ nat
8w+ 2mz+z)? " nxta  2(nx+a)
But —M—=1-—a—- thus we have
nz+a nz+a’

a a | n? + }
neta nx+x ' 2 (nx+a) :

If x is greater than ¢~? then —~logz—1 is negative, and the series is diver-
gent by Example 12, If 2 is less than e~ then —logz— 1 is positive, and the
series is convergent by Example 11. If z=¢™! then ~logz-1=0; in this

,
n lo —"‘=n§-lo z-1+
g . g
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nlz? na (z—a) '. .
case we have nlog " A(M+a),+(m+a)(m+x) .; and by takmg n

large enough this approximates as closely as we please to the va.lue 3 : there-
fore the series is divergent by Example 12.
14, 'We have only to examine the case in which #=1; then

_(r+1) (nt+y) _ ( 1)(11‘{)

bor = G B (; )(l+ﬁ)

I. Suppose that vy —a-p is positive.
Then & positive quantity h can be found greater than unity, such that

when n is large enough shall be greater than 1+’—‘ For this will be

secured:f1+7+1 —mgreaterthan(1+h)(1+ﬂ %) that is if
y+l—a-B-his greaterthan’iﬂ'f)—tm haﬂ ; and this condition can

obviously be satisfied by taking n la.rgo enough. Now by Art. 686, a posi-
tive quantity p greater than unity can be found such ‘that when = is large
enough (Ll) is less than 1+’:. Henee when » is large enou g
n » Unty

n+1

»
greater than (T) . But, by Art. 562, the series of which the ' term is

P is convergent when p is positive and greater than umity; hence, by
Art. 764, the series of which the n*® ferm is u, is convergent.

IL Suppose that y—a-Bis zero.

Then —2 will be less than ——prowded 1+a+ﬁ+1 “+ﬁ —4— is less than

(1+1)(1+a+ﬁ g—/8) that is provided _@ +—— is posmve. Thus if a

and B are of the same sign u_,,;- is less than -—:i. But, by Art. 562, the
1

series of which the n't term is — is divergent ; hence by Art. 765 the series of

which the n term is u, is dlvergent If a and B are not of the same sign,
take m a fixed positive integer so large that m+aB is positive, Then

+m+1 1+ m+y
e

ing out will be seen to be less than ——:—1, and so the series of which the

nth term i %, is divergent. Hence the proposed series is divergent.
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III. Suppose that y—a-pg is negative.

Here —u':—:- is always less than it is for a series with the same values of
1
a aud 8 in which ¢~ a - 8 is zero; that is ul"— is always less than the corre-

sponding ratio for a series which has been 'shewn to be divergent in IL:
therefore, by Art. 765, the series of which the nth term is u, is divergent.

15. I. Suppose that a — A4 —1 is positive.

Then a positive quantity  can be found greater than unity, such that
when n is large enough Zn. ghall be greater than ”T"'h . For this will be

Upi
secured if 1+g+ b +—-§+ .. is greater than (1+h)(1+‘4 B $+ )
that is if a— 4 -k is greater than 4h+ ”B by Bht “,0 +...; and this con-

dition ean obviously be satisfied by taking n ls.rge enough. Then continuing
the investigation as in I. of the preceding solution, we see that the series of
which the nth term is u, is convergent.

II. Suppose that a — 4 —1 is zero.

Then 2 will be less than -——} prouded 1+2 + b -+ 3+ is less than

(1+1)(1+A+B+6—;+ ) that is provided A+B b+B+C— + e

is positive. Thus if A+ B-b is positive, the condition will obviously
be satisfied when n is large enough. If A+ B-b is not positive, take m
a fixed positive integer so ln.rge that A+B-b+m is positive. Then

u”""‘ will be less than ~1+~ pronded 1+—— + .. is less than

b
mrmpt
2 a b-ma_ c—2mb+mia
(1+ )il+n+m (ﬂ+m)’+ } thﬂtlﬂlf]_.{. + — + g

3
is less than (141)}144,2-md 0= 2”‘3*"“ , that is if
A+B-mA-(b- ma) is positive, that is if A+B-b+m is positive: and this
by supposition is the case. Then, continuing the investigation as in IL
of the preceding solution, we see that the proposed series is divergent.

IIT. Suppose that a— A4 —1 is negative,
Her

1
same values of b, ¢,... 4, B, C,... in which g~ A4 -1 is zero; that is -ﬁ—is,
always less than the corresponding ratio for a series which has been elwn

to be divergent in IL : therefore by Art. 765 the series of which the nth term
is u,, is djvergent.
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(a=A)nP+(B-B)n'+...

16. Here Py=n
° @+ Anf 4 Bn¥+ ...

I. Suppose a—A positive. If 8+1 is greater than a the series is con-

vergent, by Art. 766. If 8+1isless than a the series is divergent, by Art. 767.

. B+ 1=a the series is convergent if a — 4 is greater than 1, and divergent if
a—-A is less than 1; but if a~A4 =1 we use Art. 773; in this case we have

N O AR U P
2+ An*~ 1y Ba¥ 4 ... )

_and since « is less than 8 we have y+1 less than «, and therefore A (n) (Py—1)
31{111 be u; e as small as we please’{vy taking n large enough, and the series is
vergent.

A®) (Po—-1)=

II. Suppose a— 4 negative. The series is divergent by Art. 767.

(b~ B)nY+...

ﬁ-——- and we
n®+An" + BnY +...

III, Suppose a—d4 =0. Then P, becomes n

must continue the process as in Case I.

17. The second series is less than 1 of the first series, and therefore if
. the first series is convergent so also is the second.
If 2 be positive log (1+ z) is less than z; see Art. 687.

Thus logu°+
Y

log ¥ttt ¥s 5o 1ogg than —'2_

1 i3 less than 4 ,
%y

v+t vt
log'id-_uﬁ—u’-ﬂ‘_lis less than __.'.f’___.’
Yo+ Uy + Uy Yo+t +Uy
and g0 on; hence by addition log (uy + %, + %y +... +u,) —log u, is less than
hy % % Un

A N XTI
this shews that if the first series is divergent so also is the second.

18. I. Suppose that from and affer some fixed value of n the value of
A (n)(P,-1) is always positive and greater than 7, where y is positive

and greater than unity. Then P, is greater than 1+

: 1 ¥
P, ;-8 gre:fer than 1+A—('—lj +W—P(ﬂ)
4

et om tmarm:

e
Tm)’ therefore

; and therefore —2- is greater than
] Undr
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_ 1 . s n+1)\(n+1) )\’{n+l)
Lot @@ T s Am Nm S

A(n+1) is less than J\(n)§1+ z therefore A*(n+1) is less than

nA(n)}’

A(n)+ A gl + —} and is therefore less than A%(n) + —— L Thus —% is
(n) YO N Uil

less than (1+;) 21 +n)\ (n)}g +n)\ Y (n)% and therefore when = is

-7 -
nx(n)}l +n)\(n))\’(n) P pro
vided ¢ be greater than p. Hence when n is large enough v—- is less than
W
1 1 .
1 ot o e ’W’ provided r be greater than g.

Since v is greater than unity we may suppose that v is greater than », and
yet have p positive and greatet than unity. Since v is greater than r we
. But, by Art. 770, the series of which the
nth ter:; is v, is convergent when p is t‘Eomtwe and greater than unity; hence,
by Art. 764, the series of which the nth term is u, is convergent.

II. Suppose that from and after some fixed value of n the value of
A(n)(P,-1) is never positive and greater than unity., Then P;-1 is
1 1 -1

1
A(n)
than 1 Tt am) n)\(n) 'n)\(n))\’(n)

_ . then' T _PHIAGH]) Nat1)
Lot su=xr? B = S
is greater than A(n) {1+

large enough "”—'4‘_1- is less than: (1+;>{1+
w

positive and not greater than

or is negative. In both cases Yntd ig Jess

Now A(n+ 1)

NORETI0) by Art. 688; hence A*(n+1) is

greater than A!(n)+X\ {1 +7

1
nA(n) ~ nA(n)

1
o) m}, and therefore grester than

M)+ —— ., when n is large enough. Thus when » is large enough

;;—m sreaterﬁhm(“ )gl*',.;‘(,.) m(,.)u lnx(n}x’(n) T(ﬂ)’\’(")z

and therefore greater than 1+= +,,>‘(,.) nx(n)k’(n)

Hence when n 18 large enough %11 ig less than =, But, by Art. 770,

the series of which the ath term is v, is divergent; therefore, by Art. 765, the
series of which the nth term is u,,; 18 divergent.
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LVIIL

1. In Art. 795 put a=b, b=1; thus we find that the value of the ex-
pression is A/24.
-2, By Arts. 794 and 795 the expmssion=(~/n’+1)’— Jni—1)3, that is
n?41~(n?-1), that is 2.
8. This may be shewn by induction. Assume that p,=bg,;, and
Pp-1=0gn-g; Wo have
Pai1=0Pp+ bPn1=0Gp1 + b*In_s=D (agn—1 + Do) =Dgu.
Thus if the relation is true up to a certain value of » it is true for the next
value; and it can be shewn to be true when n=1, and when n=2: therefore
it is always true. 5 Bt \-1
X . 13 0 . _
4. Here p,, is the coefficient of #8~1 in the expansion of - ( 1 i~ w) '
b b2%? b3zt

by Art, 796, that is in the expansion of m+(1—az)’+(1——F)"+"';

then expand each of these terms by the Binomial Theorem, and pick out the
coefficient of 2"~ in each, Again g, is the coefficient of 2"~ in the expan-

. a+bz s s . 1
sion of T—az i that is in the expansion of m—;, 8o that
gp i8 the coefficient of «™ in the expansion of T’ that is in the

1 + ba? . bt
loagz (I-ax)?’ (1-ax)® "
formule for p, and ¢, will furnish a direct proof of the statement of
Example 3.

5. This may be shewn by induction. We have p,=n(pp—;+Pe-s)
gh=n (QH—I +qn-2) 3 therefore Pat@r=n (Pn—l +qn1+Pu-st n—3): Assume

at Pn-agtn-e=|n— 1, and Pa-1tIna= IL"; then Putga=n|n+ n= |”+ 1.
Thus if the relation is true up to & certain value of # it is true for the next
value; and it can be shewn to be true when n=1, and when n=2: therefore
it is always true.

expansion of

‘We may observe that these

6. Wo have p,=a,pp1+bpDp-g=0nt1—1)Py-1+b.0y_g; therefore
Pn—bn11Pn1=—~(Pp-1—0aPpg). Denote py—byi1ppy 1)y ,, thus y,=— Uy~
Henco we see that Ug, Ug, Uy, ... U, May be considered to form a Geometrical
Progression in which the common ratio is —1; therefore u,=ug(~1)"2=uy(-1).
Similarly we can shew that g, — bat19n—1 = (92— b331) (- D™

7. We have pn=anpn_1+bapns=0"pp 1 +{(n~1)+1} ppa;
therefore Pa—(0¥+1) pay= —{Pn-1—[(n—1)*+1] pus}.
Denote pp—(n*+1)pny by u,, thus uy=-u, ,. Hence we see that

s Ugy Uy, ... Uy May be considered to form a Geometrical Progression in
which 'the common ratio is — 1; therefore up=1y(~1)*I=u,(~1)™

8. In Art. 799 suppose v,=1, v;=1, v;=2, v,=38,... and let n increase
indefinitely. Then the series becomes equal to ¢~%, and the continued frac-
tion has the form stated.
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9. In Art. 797 put z= -1, u,=1, 4;=2, 4;=3, .., and let n increase in-
definitely. Then the series becomes equal to log (1+ 1), that is to log 2, and
the continued fraction has the form stated.

10. In Art. 801 put a=1, 8=0, y=1, and change the sign of z; thus
we deduce an infinite continued fraction of the first class for ;log(1+x);
every component has unity for denominator, the numerator of the first com-

ponent is 1, of the second is %x, and generally of the (2r)®is ———— G- ,:;) 3 and
. z

LVIII.

1. From the first and second equations by subtraction we get z—y=by—az;
therefore z(1+a)=y (1+b). Similarly from the second and third equations
¥(1+b)=2(1+¢); and from the third and fourth equations z (1+c)=u (1+d).
Thus z (1+a)= y(1+ bY)=z(1+c)=u(l+d)=k say. Substitute in the first

¢ 1 a
Tra= 175 TTre T Tva ™ ® 1= "17a
this is equivalent to the required result.

z_ y
2. a—y+ 23

equation; thus we get ——

=z+2, ¥:=z+y. Subtract the second equation from the
first; thus 2 - -'1=y —z; therefore @ = %"'—b—) Similarly by subtract-

b
ing the third equation from the second we get M =z_(l_:-_c)__

x(l+a) _y@a+8) _ z(1+c)
a b

Thus

=k say. Substitute in the first equation ; thus we
p 1 1 b
0 Priad v A v +
: 23
Again

. Clear of fractions and reduce; thus ab+be+ca+2abe=1.
Ka Ka
a(l-bo) (1+a)?(1-be) =132a+a"— bc— 2abc— a%e °
ﬂ

Ka
1-8¢c-2abe= ab+oa,sotlmt (1 bc)reducestomm,
k2

i — t
is to S Tatbrc—abe’ Similarly 3 (1 ca) c (1 Zab) reduce to the same
symmetrical expression.

but
that

8. _+-_5+y this may be regarded as a quadratic for finding y in

terms ot a: solve it in the ordinary wny, or use Art. 836, and we shall
obtain ¥ 3—; or g. Similarly we get —=- or —. If we take %:gand

%:g we get %’-:abc; therefore z=a; and therefore y=>0 and z=c¢, 1f wo

take %:E and%:i we also get z=a, y=>b, z=c: likewise if we fake



188 LVIII. MISCELLANEOUS EXAMPLES.

Y 0 qt ® —a, y=b, o= oY% gt ¥
=2 a.ndc—awegetz_a, y="0, z=c¢. Ifwetakeb aa.ndc aweget

a3=a?; therefore z=ka, y=kb, z=ke¢, where k is one of the cube roots of
unity; see Art. 360: the last result includes all the others since unity is
itself one of the cube roots of unity. Substitute in the last given equation;
thus ¥ (a?+b%+c?) = — 2 (ab+ bc +ca); this gives the required relation; if we
cube both sides it takes the form (a?+ b2+ ¢%)*= — 8 (ab+ bc + ca).
4, S8quare and add the given equations ; thus
.2 2 a2 g o
stptatsts +¢,+6 =at+b+ %
Multiply the given equatmns together thus
A x’ oty
atpta +5 tatatat 2=abe.
Hence, by subtraction, 4= a.’ +03+¢2— abc.
5. Multiply together; 2%%2(y +2) (z+2) (z+y) =a®h3c,
that is a®'c {a? (y +2) + 92 (2 + ) + 2% (2 + ) + 2y} =a®b3c?,
that is a??c? {a® + 8% + ¢ + 2abc} = a®bic3.
6 B@-2+8-y b (y+a:)
BBy y-

a"+b’—w’—y’=5M {e-gp-ar49p] =152y e +0);

therefore ad+83=a3+y3+ 15xy (z+y); also a®-3%=(x—y); therefore by
addition a' 2%+ 6y + 9oy = (x + 8y)3, similarly by subtraction b°=y (y+3a).

Henco a¥-+b¥=od (2+8y) +y3 (y+89)=(ad+43)s. Thus (e +od)r=s.

; see Art. 896; therefore

7. a5 — S =(x+y)® — 28— Y =bzy (&* + 9°) + 102 @ +9) ;
also a3 = b3=(z+ 9)® - 2® — y® =8ay (x+y) =3zya.
Thus as-cﬁ=“'3 B w10 (2 ”’)a ¢ —ba(IOa,‘+5b’)»
therefore 9a (a® - %) =5 (a® - b°) (22 +3°). .

8. By addition and subtraction

82 (E +9)=(’f+2 * and 82 (2_2)=(2_2)’;

14 g2 9
therefore 2 c+a r .2, df’.(o’ an\b E—g

Square and subtract; thus 4(° +a )*-4(”"“’) =4

9. 'Wo shall find that afi= ,+” e al

+Z +y,+s,+%+3, and this is
equal to y+1. ’
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: a-b a-b
- 10. From the first two equations we find z= - and y="3- sub-
stitute in the third equation.

11. Multiply the first equation by y, and the second by =z, and add;
thus a (2'+y?)=3y°+ 8«%, that is a=p®+ 3x%. Similarly B=23+8xy%;
therefore a+g8= (2z+y)3, a:ld (atB)F= (2+y)* Similarly (a- ﬁ)§= (x-y)%
Add; thus (a+B)% +(a—p)T=2 (@ +17) =2.

12. Multiply the three equations together, and extract the square root:

thus (x+y) (y+2) (2+ %) = = 8abexyz; therefore M%%Z)M: +8abe;
that is a—c+q+?—/+i +’L +’f+2==|=8abc; therefore
Yy % 2z y x 2z

407 -2 44a3-2+4b2-2+2==8abc: then divide by 4,

18. Suppose each of the given fractions equal to k; thus
2=k (@®+2%, 2y=k(a®+y?), 42=k(a*+2%);

multiply the first of these equations by 33— 2%, the second by 2? - ?, and the
third by 2?—¢?, and add ; it will be found that the sum on the right-hand
side vanishes; thus z (y2—2%) + 2y (22— 2?) + 4z (x? - %) =0.

14. By addition and subtraction and division by 2 we get 323+ y*=az,

8y?+ #%=by; multiply the former by y, and the latter by «; then by ad-
dition and subtraction (z+y)i=(a+b)ay, (¢-y)®=(b—a)zy; therefore

@+yP={(a+8) ), (z-y)'={(a-1b)c}3; subtract; thus
der=ct {(a+B)¥ - (@ -B)3}
a , b _c. —_—
15. dti’ y,—i’ z'_z ; substituting we get

Y b gy gy br oy
2“_z+y’2b m+z’2c’_y+x'

sguare, multiply respectively by a, b, ¢ and add ; thus
ab®2? | ba%?  bc%? + cb?x2?  ca%y?

4 52 o) = %Y ba* ;
4(aa+b.b+cc”)—z,+y,+m,+z, y,+z,+6abc,
and by multiplication,
: ,,_acty?  ab¥®  ba?  be%d | cb%? | ca’y? .
8a¥d'=—3 tEtat Tyt + 2ahe :
therefore 4 (aa”® +bb"+ cc’*) — 6abe=8a't/c’ —2dbc ;
therefore aa'+bb3 + cc’d =abe +2a'd'c

16. There are 11 letters, among which @, i, and n each occur twice.
Thus there are 8 distinct letters giving 8.7.6 permutations, that is, 336
permutations, There are 7x 3 permutations in which the letter a ocours
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twice ; for any one of the other 7 letters may occupy the first, or the second,
or the third place in the permutation. Similarly there are 7x3 permuta-
tions in which the letter ¢ occurs twice, and a8 many in which the letter n
occurs twice. Thus the whole number of permutations =336+ 63 =2899.

18. Let us suppose for clearness that the m — 1 walks are parallel to the
length of the garden, and the n—1 walks parallel to the dreadth of the garden.
The person in walking must pass between n pairs of beds in the direction of
the length of the garden, and between m pairs of beds in the direction of the
breadth ; and the m 4 n portions of which his path may thus be supposed to
consist may occur in any order. Thus the number of ways is equal to the
number of permutations of m+ n things taken all together, in which m are
of one kind, and n are of another kind.

aL. 2= (@ + 1~ 2m) (14 - 3ya) (P + 27 - 222),
=@+ +223) (P + 2+ 293) (B4 2+ 222);
hence we see that p8+¢%-2rf=

8zyz (e (4" +2) +y (& +2%) +2 (2 +4")} =Bayz (¢* - 22y2);
thus 162 — 8¢%wyz +p*+¢° - 2r8=0.

In the same manner we find that
16atyAzA — 818229228 4 pBgl + 113 — 2313=0.

From the quadratic in zyz we get a:yz:i(q‘:l: N2 =p%);

=i(r‘* NBT-p%);

theretore 44 U = (= NI

from the quadratic in z3y%? we get 2%y®

22. Bince X=az+ayz +a;, Y=bz+bz +b,, Z=cx+cZ,+0y,
we have X (bey — bie) + Y (cay —cya) + Z (aby — ayb)
=day (be, — by¢) + by (cay — ¢ya) + ¢5 (ab; — ¢ b); see Art. 207.
And since aX+bY +¢cZ=0, ;X +b,Y +¢,Z=0, we have

bo - b ca-ca ab—ap’ °%° Art, 885.

Substituting for ¥ and Z in the former result, we get
(801 = By0) (ag (b~ byc) + By (00 — €10) + 63 (aby )}
(bey = bie)! + (cay — €,6)* + (aby — @;0)°

Similarly the values of ¥ and Z are known; then by squaring and adding
we obtain the required result.

23, Suppose n=2; then we have to shew that e | + %—’ is less than ? + %.
] . s

or that a, (bl - I%) is less than a; (%- - bi : and this is obvious since a, is

less than a,’. Now let n have an; valixe; then when the fractions are
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arranged so as to give the least sum, in any pair of fractions the greater
denominator must come under the greater numerator by what has just been
shewn: hence the arrangement which produces the least sum must be that
which is given in the former part of the Example.

In the same way the arrangement which produces the greatest sum must
be that which is given in the latter part of the Example.

24, ()“" (1-”—“ *D, the logarithm of this

-t 2) {1504 5 () e (50 s

thus we may put the logarithm in the form

~2(-a)- g-%) (”“b,“)'- ...-(g-;%—l) %:%)"-

25. In the preceding Example suppose that the same quantity is added
to @ and to b; then the logarithm is numencally diminished, and as the

logarithm is negative, the fraction (b) -is‘increased.

MISCELLANEOUS EXAMPLES,

1, z-[2y+ {32~ 8z - (2+y)}] +22- (y+82)
=2-[2y+{32-82-2-y}]+22-y- 32
=z—[2y+32~4x-y]+2c-y-82
=2-2y-82+4dw+y+22-y-82=Tz~-2y- 6z

2. az‘—ba;’+c) a%8 + (2ac—b%) +c? (ax‘+bac’+c

%8 — abx8 + acxt
abaB + (ac— b9 aA 1A
aba8 —b%t 4 bex?
acx® —bex?+ 3
acx? —bex?+c?

8. Multiply the numerator by 7;

7x‘—4x’—21z+12) 8523 +1423-1052- 42 ( b
3543 — 202 ~ 1052+ 60

3423 ~102
Divide by 84; a%-3 )75 —42'-21x+12 ( Tx—4
743 —-21z
T4 +12
— 43 +12

" Thus «®—3 is the 6.0.M.
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4 82-a  2z+3a _ (82-a)(Tz+9a)+ (x+8a) (62+3a) &o.
: b6z+8a  Tz+9a (6% + 3a) (Tz+ 9a)
2a+z a-z (2a+2)* - (a— x)’=m

@~ 2a7+8az 12 (26+) (@—2)
5. Multiply by 15; 42+1-5 (b2z-1)=15(2-2); &o.
6. Multiply the second equation by 2 and add to the first; &e.
7. SupposethntBovertakeaA in 2 hours; thentoeszxgmiles; and

4 goes (z+2}) x— miles : therefore = 7= —( z+23)-

8. Buppose z the number of guineas; then x+48 is the number of half-
crowns; therefore 21z+g (z+48)=2000.

1 1

4 3 - = 2 -

9. at+ 24 a+g (a ta-3
at

%ta) 2%  -a+j

4
2aa +a?

1
2 -2 )—a?-a+:
2a%42a 2 @ a+4

--a’—a+‘!t

10. 3-2)Be-1)="2; 322~ 122+8=0; &,

1.  a-{2a—8b—[4a—b5b— 6 (Ta—8b—9¢—10d)]}
=a—{2a 85— [4a - 6b — 6¢c — Ta+8b +9¢ + 10d]}
=a— {2 — 85 —[3a + 8+ 8¢ + 10d]} =a — {3a — 85 + a — 88 — 8¢ — 104}
=a-{6a~-6b—3c~10d}=a-ba+6b+3c+10d= —4a+6b+3¢c+10a

=-44+3+9+2=10.
18, c’+5x+6) 2246248 (1
+5z+6
z+2) 23452+ 6 (z+3
34+ 2z
8z +6
8z+6

Thus 2+ 2 is the a.c.x,

14. 12234 3lax+20a?=(3z +44a) (42 +ba): thus (32 + 4a) (4z + ba) may be
taken for the common denominator.

15. Clear of fractions; (z—2)(x-8)+2(x-1)(»-8)=8(x~1)(-2); &ec.
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18. Add the equations and divide by 16; thus z—-y=5. Subtract the
first equation from the second and divide by 2; thus #+y=17. Then add
the two resulis; &o.

17. Let 2 denote the number of minutes after 9 o’clock. In z minutes
the long hand will move over & divisions of the watch face; and as the long
hand moves twelve times as fast as the short hand, the short hand will move

over % divisions in z minutes. At 9 o’clock the short hand is 45 divisions
in advance of the long hand; so that in the x minutes the long hand must
pass over 45 more divisions than the short hand: therefore ¢=%+45;
therefore 12x=2x+ 540.

18. Suppose that A alone could do the work in z days, and B alone in

y days; then 4 can do 3—;9 of the work in 80 days; therefore %0‘—‘2'
. s 10, 10 2
Similarly ?+7=-5-.
19, dx?— 2 (12y — 42) + 9y3 - 62 +2* | 22— (8y~2)
423 &

h—(By-z))—a;(12y—4z)+9y"-6yz+z’
: ~z(12y—42)+ 8y —2)?

20. 3(z—8)-(zx-1)(z—4)=(x—1)(x-3); &e.

21l. a-{8a-5b-[7a-9b-1lc— (18a—15b-17c-19d)]}
=a-{8a—~b5b—[Ta—9b - 11¢ - 13a+16b+ 17¢c + 19d]}
=a—{8a-5b—~[—6a= 6b+6c+19d)=a — {8a— 5b+ 6a— 65 - 6c— 19d}
=a-{9a-115-6¢ - 19d} =a — 9a + 11b + 6¢+ 19d=— 8a +11b+ 6¢c+ 194
=-8+22+1+2=17.

23. 'We shall find that 2+ 2 is the @.0.M. of 23—4 and 22+ 102+ 16; and
«+2 divides 22— Tz —18; so it is the a.c. M. of the three expressions.

28 -2+43 _ 1 o dat-1
43 +3x+2 " 2 +1’ 2z-1

26. Multiply by 60; 20 (z ~1)+ 38 (11lz—-8) -6 (32— 9)=130; &o.

26, Multiply the first equation by 12; Tz+y=11; &e.

27. Suppose that they meet « miles from Ely. The first person takes
2 hours; the second person walks in an hour gg miles, that is 83 miles: he

24, =2z+1.

i
therefore takes -0~ hours to walk 16— miles. Thus‘%:u;:”. that is
9z _8(16-2) ¢

40 10 °

T. K. . 0
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28. Suppose that there are « benches, and that y persons sit on each
bench : then the whole number of persons is a:y ; therefore zy=(z+10) (y-1),
and ay=(z-15) (y+2). Thus 10y-2z-10=0, and - 15y+ 2z -80=0.

29. ::—k‘+6c‘-—8a’+9z’—b:+4&x'—2z’+z—2

?4.-'—2z') —425 4+ 62t —8a3 + 928 - 4 + 4
— 4o+ 4t

28 -423+2 ) 2eh - 823+ 9 —dx + 4
2t ~ 423 4 2*

2P -4ad+22-2 ) -4 + 827 -4z + 4

—423+ 82— 4+ 4

45

1x2+8x4 2+12 14 2 as_ _
81. m 6 =§-—-7 829 —9—8—1,
,{/(16+9+2)= */27=8.
82 2%
83, ( “”) (10 100 "t
83. ob-116z+ 24) 24xA — 11528 (24
24t —2760:t+576
11528 + 2760z - 575
Divide by-115; o3 —24z+ 5) xt -1152424
z¢—-24234 bz
2428 - 120 + 24
Divide by 24; c’—5a:+1)z’ -242+5 ( z+b
B-52+

bz* - 252+ 6
bx? - 252+ 5

Thus «®-5z+1 is the a.c. m.
84, (+a) (14+2)+(1-2) (1-2) +1+a _8(1+a"
1-22 T1-at

85. 28— 0a?4 272~ 27 -8 (2" - 623+ 122~ 8) 4 3 (28 — B2 + 32 —1)-®=9-z;
that is —6=9-=2.

86. Multiply the first equation by 5, and the second by 8, and subtract ;
thus y=7; &o.

87. Suppose that he bought z sheep of each kind; then he spent 8z + 4x
pounds that is Tz ponnds Half his money is Zaf pounds; thus he can get

3 sheep at £3 each, a.nd sheep at £4 each. Therefore '_7;_‘.,. ?f-:?nwﬂ.

. __—._'_.._
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'88. As 20 women are to receive £60, each woman receives £3. Suppose
that a man receives £, and & child £y. Then 152+ 30y=177 ~ 60, z+y=6.

o ¢ 8 y P(x 1l y
89. 5‘;‘;’“%*@(;‘5"2:

v

= .y y . ¥
v —1+E+E
141 .7
l+2x+g
40. 2z(x+1)+(x-4) (42—-8)=9 (z-4) (x+1); &o.
bx7-1x8 85-8 _82
e gxb-Ix7 78— b -F=27-26=2,
Y(49+15)= ,,/64_4.
42. Each expression reduces to a (a® - 8az + 227).

43, z';l)::—z‘+a:’-x’+z—1kx’—z+l
-t a8 4+z-1
met 4z
, - -1
3 -1

Thus 23 -1 is the @.0.M.; and therefore 25 — 24 + 23 - 234+ —1 is the n.0. M.
22 +bz+ 6 w’+6c+5_(x+2)(z+3)_x(a:+1)(a:+5) (z+2)(z+1)
a3+ bz #+3z  x@+b) z(%+38) o
45. Clear of fractions ; thus
(2c~1) (32z—1) (6x—1)+4 (x+1) (3z-1) (62-1)+9 (x+1) 2z - 1) (6z-1)
.=86{z+1) (22-1) (3z~1);
this reduces to — 84z +412=- 144+ 36.

46, Multiply the second equation by 8, and add to the first; thus
58z — 29y —29=0; divide by 29 ; 2x—-y~1=0. Again, multiply the second
equation by 8, and add to the thn'd &e.

47. Let z denote the number of gallons; then the mixture is sold for
12 (x4 80) shillings: therefore 12 (x+80)=15x80(1+%% '
48. Suppose that 4 can do the work alone in « days, B in y days, and

1 1 1 1 1 1 1 ops
C in g days; then E+§=1_2' zte=1 §+;—2—0. By addition

44,

02
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2(1+1 3) L therefom1+l+1_l Thus 4, B and € together
Yy ¢ Y 10°
can do % of the work in one day, and therefore can complete the work in

10 days.

49. Assume for the square root /z++/y;
then as in Art. 801 we have <z+y=a—c, /(zy)=/(ab+dc—ac-0%);
therefore  (z-y)*=(a—c)?- 4 (ab+bec—ac—-b*)=(2b-a-c)?*; &o.
8 16-4x—8 13-4z . 13-4z 12-32

8. 4y 2="1% ~ 1z’ i "B-&
g 12-82_52-162-12+3z 40-13s
13 - 'k: 13 -4z T 18- 4@'
40-132 89-122 © o 89-12z
S 1o W= Goiss

therefore-13x® — 622 + 39 =0; therefore 2% - 4x+8=0.

51. When the expression is worked out the coefficient of z is
a+bt+ectatb-c—(b+c—a)+c+a-Db, that is 4a; similarly we can find the
coefficient of y, and the coefficient of 2.

52. (s—a+s-b°=(s—-a)*+(s-0)3+8(s—a)(s-D)(s—a+s-b);
and s~at+s-b=2s-a-b=c. )

53, at—22%y+ byt - 2wyt + 4yt ) 24— By + 6P - BB+ 50 ( 1

y )a:‘ 2%y + 5x%y? ~ 2zy’+4y‘(
- 2yt @Y~ wl+ g
Divide by -y; a%-az%+ay’ y’)x‘ 2x‘y+5z‘z: 2xyy“+4y‘

- X

- Dyt - o+ 4y
- oyt Py~ @+ o
: - sy +3¢
Divide by 3y*; w’+y’) z’—r‘y+xy’—y’ (a:-y
T
-y -y

Thus «2+%* is the e.c.m.

(z—a)3+ (x—0)*- (a—B)? _ 22°—2xa— 2xb+2ab 2(«: a) (z—d) =2
(z—a) (x-3) ST e x-b0  @-aE-b

56, 9x%—-6x+1+ 162%~16x+4=252%~302+9; &o.

56. Clear of fractions, and simplify; thus we get z—-y=6, z+y=-38.

b4.

57. Suppose that 4 could complete the work alone in days, B in y
days, and C in s days. Bince 4, B and C together can do & third of the
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workinsdays,g+§+§=%. Similarly 5+‘3’—;, d§=%. The Iass
equation finds z, then the second finds y, and then the first finds z.

58. Buppose that in going from A to B the person walks « miles up-hill,
y miles on a level, and 2z miles down-hill ; then on returning he walks z miles
up-hill, ¥ miles on a level, and x miles down-hill. Thus

z - 173 y , 2
st sg 350 =2 ~sg+3i+ =2
Also z+y+z2= 7§ Add together the first and second .equations; thus
8y _ _\18 8 _
(z+2) (3 7) =45, Substitute for z+2z; thus (———y 3t =43,
Clear of irtwtmns &o.

6t - 22 128

59. - 223 - (62 - 2))
6% - 3273 1225~ 625+ o i

o

125 195 + 32

—38 (622 - 82 - 8)
128 — 1225 + 324 — 1823 + 9% + 9

g- 1228+ 627 — 8728 + 8625 — 92# + 5423 — 2722 - 27 (%'—#-3

— 1228 + 627 — 8725 + 865 — 92h + 5443 — 2729 - 27
~1228 4 627 — o9
— 8628+ 3625 — 92 + 54 — U723 - 27
— 8628 + 3645 — 924 + 5428 — 2723 - 27

60. Clear of fractions; thus
(2 - a®) {m (23 - b%) + 2b (m? — 1)} = (2 — b%) {m (2° - a®) —zas (m? - 1)};

therefore (a* - a?) b= — (2* - b%)za; therefore =0 or b(x?- a%) = - a (8- b"):
the latter gives z*(a + b) =(a +b)ab.

{z———(z l)zix——(x 2)!{0;——(:;—1,)}
22-24+1 32-2x+4 4x-3z+4
2 - 3 ) 4

And (z+2)(z+3)(x+4)-(z+1)(z+4) (z+4)
=(z+4){(z+2)(x+3)-(2+1)(z+ 4)}=x+4) {x* + 5z + 6 — (z* + bz + H)}=2 (x + 4).
a2 5’._2 wtt+at-2%0 (#*-a') z a z'-at
etz @ Za 'a & a

(2 - a’)’[’ 2! -a? (@ -a)t =z _ (@¥-a

«*a? s | dad  podd | od

=24

=@ +1)(z+4)(x+4).

62.




198 . MISCELLANEOUS EXAMPLES,

63. Multiply the first expression by 7;
Ta? - 282y + 6y ) 8522 — 126a%y + TTxy? — 42y (53
352® — 1152% + 30zy?
T 1Ly + 4Tz - A%y
Divide by -y, multlply by 7, and continue the division;

7723 - 3292y + 20497 ( 11
7728 — 2532y + 664"
~ Tbaxy +228y°

Divide by - 76y; w—By) T — 23xy + 6y° (7::—2y
723 - 21y

- 2xy+6?
- 2zy+6y*

Thus z - 8y is the a.c.mM.
64. The fractions may be expressed with the common denommator
28 +2%+1, and then added together, Or we may proceed thus: add together

s (z?—z+1)2+ 22 (x—1)? .
the first and second fractions; this gives | , which

reduces o Zr= =1 then add this to the third fraction, and we obtain in
d+”’+a:]i 1
+
the same YOy Al
4(z-38)—(z-6)(z— 2)_ 22-16-2(z-1)(z-5)
65. CEDICES)] CEGIEED themfore

(z-5)(@—4) (- 23+ 122 - 24) = (z - 6) (& 8) (- 2* + 12— 26);
that is (2 — 92+ 20)(— 2% + 12z — 24y = (2* ~ Oz + 18) (- 2%+ 12z — 26),
therefore (2* - 92)( - 2+ 122) + 20 ( - 2* + 127) — 24 (o —9a) — 20 x 24

= (23— 92) (— 2* + 122) + 18 ( — 2+ 122) - 26 (a® — 92) — 18 X 26 ;
therefore 2 (-2 +122) + 2 (x* - 92) =20 x 24 - 18 x 26; &o.

66, Clear of fractions and simplify ; then the equations become
bx—ay=0, 2bz—ay=abd.
67. Let z denote the number of pounds he gave for the house; then the

% His loss owing to the

. s 262z b 26z 26z &
house standing empty is reckoned at 5 X 100" Then 1192 - 25 = 25 X100
is the gain ; and therefore this:%.

total outlay in pounds was z+ - 4:0 , that is 262

68. Suppose that at the first division « votes were given for the resolution
and y against it; then z—y:%y; and —10 - (y+10)=1.
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69. Transpose and square; 2—2 \/2a+a=z+a—-b-2\/b(@+a—b)+b;

therefore Jm~~/b(w+a b); square; za=>b(x+a—>b); therefore
z(a—b)=b(a—0b).

70, This equation can be solved in the ordinary way. Or we may write
it thus: (x-2) (z-38)= (2+717> (1+71,7) , and thus it is obvious that one

solution is given by z—-2= 2+ ! 7 that is 2=4,. And as the sum of the

roots is 5, the other root is 7? See Art. 336.

Wi(2+6-8)5}+ /{(3+5) (25 - 24)}+ V/{(6-2) (5-8)}
=N/6%+/8+/8=5+23+3=9,
72. Each expression =2 (y*+2%) + y (22 +47) + 2 (2* + %) +2u0yz.
73. Multiply the first expression by 4;

498 - 1522 — 38z + 65) 2023 — 7622+ 2202 - 1700 ( &
2023 — 7627 - 190z + 325

— 22+ 410z - 2025

Change the signs of the new divisor ;
a:’-410z+2025) 43— 1523- 388x+65 ( 4
. 423 — 1640:!;" + 8100z
162523 - 8138 + 65
Divide by 13 and continue the division;
12523~ 6262+ 125
12522 — 51250 + 253125
50624 — 253120
Divide by 50624; z- 5) 23 - 4102+ 2025 ( z-405
21— bz
405z + 2025
— 405z + 2025

Thus « -5 is the e¢.c.m.

74. Take for the common denominator (a—3)(b—c)(c—a), then the
numerator i8 (c—b)be(z—~a)®+(a—c)ca (x-b)?+ (b—a)ab(z—c)3, that is
23{(c~ b) be+ (@~ ) ca + (b — a) ab}, that-is 2% (a—b) 3 —¢c) (¢ ~a).

75. Square; (x—a)®+2ad+b'=(z-a)?+2b (x-a) +b%;
therefore 2ab=2b(z—a); therefore z=2a.

76. az+cy+be=h, cx+by+az=h, bx+ay+cz=h, where kb stands for

a3+ +c4—3abe. Subtract the second equation from the first, and the
third from the second; thus

(@—c)z+(c-dy+(d-a)z=0, (c-b)z+(d-a)y+(a~c)z=0.
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x y z

Henco =7 (a 9-0= B B-a)c-O)-(a-cf @-0)(B-a)- (-0
by Art. 885. It will be found that each of these three denominators

reduces to ab+bc+ca a’-b?-¢, so that z=y=2. Hence substituting in

"one of the given equations we have (@+b+c)z=ad+b%+c®—- Babc; divide by
a+b+c; therefore z=a?+b*+c*—bc—ca— ab.

77. Denote the length of the circuit by ¢ miles; then 4 walks 3a miles

in half an hour, that is at the rate of 6a miles in an hour; similarly B walks

at the rate of 9a miles in an hour. And at the end of half an hour we may

consider that 4 is 2 miles in advance of B. Suppose that B overtakes 4 in

« hours; then 9axz——+6axz, thus Sax-— therefore z_%

78. Buppose that a maokerel cost z pence on the first day, and y pence
on the second day; then 1s the number of dozens which could be bought

for a sovereign on the first d&y, a.nd — 15 the number of mackerel which

could be bought for a shilling on the second day. Therefore 7—2 x 24?: ,and

102+ 10y =26.
79. We know that (p+¢)®=p*+¢%+3pq (p+¢). TIhus we get

B=a+ AP+ B +a— JBTE+82 Y (a+ JaT+B) J(a- N+ D),

that is #®=2a+ 3z ~/(a?—a?-1%), that is z8=2a - 84D,

80. Transpose and cube; thus
o+ 822+ 162 — 1= (¢ + 3)3 =23+ 927 + 272+ 27 ; therefore 2+ 112+ 28=0,

81. This can be shewn by actual multiplication.

82. This can be shewn by actual development of the expression
X+ Y +22-YZ-ZX - XY.
83. Multiply the first expression by 8;
824 — 13a23 + 5a*2® - 8a’z + 8a* ) 562 — 80ax®+ 24a%2? - 324%z + 82a* (7
5624 — 91ax+ 35a%? — 21afz + 2lat \_
11aad - 11a%3 - 11a%+ 11a%
Divide by 11a; 2®-ax?-a%+a® 8«‘ 13a2®+ ba%?- 8a’z+34* ( 83-5a
- 8az®—- 8a%?+ 8alz
— bax®+13a%2® - 1163z + 3a*
— baxd+ ba’z+ ba’x-bat
8a%? — 16az + 8at
Divide by 8a3; a*—2az+a® )22~ ar’- az+ab &x+a
28 - 2023+ a’z
ax? — 2a’z + a®
ax? - 2a3z + a®

Thus 23 -2az+a? is the a6.c.M.
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84. The common denominator is the product of all the denominators;
and the example may be worked in the ordinary way. Or we may proceed

thus: L _ 1 _ % % % 4 4P 4P 8T
BT 2 I4e 1-2 1-2 142 1-# I-2 T+ 1-B’
87 8 _ 16218
1-28 " 14af 1-ol6°
85. Clear of fractions. Or we may proceed thus :
22+ 22+1 _2+1 1
29+ 2z+8 22 +22+3  2+1’
therefore (z+1) (22+1)=222+2z+8; &e.

86. Multiply the first equation by bc+ca+ab, and the second by
a+b+e¢, and subtract; thus (a?-bc)z+ (b*-ca)y+(c?-ab)z=0. Combine
this with the third given equation; thus by Art. 885,

z Yy s
®+c)h (c+ta)k (a+d)h’
where £ stands for a?+b*+¢?~bc~ca=ab. Thus we have simply
2 ¥ _ 2 _
b+c cta a+bd k say.
Substitute in the first given equation and we find that Ic=;.

1
2+ Py therefore

87. Suppose the amount of ordinary stock to be z pounds. Thus the

dividend paid to the shareholders in pounds is >~ 4+ .74 x 400000; this

100 * 100
therefore must be equal to :%6 (+ 400000).

88. Suppose that the man walks z miles an hour up-hill, ¥ miles an
hour on level ground, and 2 miles an hour down-hill. Then g +§ + :—5=3}.g,

g+5+g=4. And when he walks half way to B and back again he walks

5 miles up-hill, then 23 miles on level ground, then 2} miles again on level
ground, and finally 5 miles down-hill: thus g+§ +g=3}§. Subtract the

[y
first equation from the second; a-lc -}=-1%. Again, multiply the second

equation by 5, and the third by 4, and subtract; t_O +'§=4§; &o.

161_./1—93'60§§___ 3161— A/19360)3

1 3
8. {161+m} = {(161)’—19360 6661 )

= 3 fue1- N o o7 {11-4/A0} : seo Azt 301,
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90. a(z+b-0)+d(@+a—c)=2(z+a-c)(z+b~c); therefore
223+ % (a+b—4c)= — 2¢?+ (a +b) ¢; therefore

2a+d-do)  (a+d-de\_ . (a+dc (@+d-4def _(@+d).
= +( 1 )“"* 2 16 T

therefore z+ ‘ii:i”= *?_4_'*'5; &o.

9L 82— [by-{2—(3z-By)+2— @2y -2)}]
=8z - [by-{22-32+38y+2:-2z+2y+2}]
=8z [by - {x+b5y}] =8x - [by-z-byl=8z+2
=42=20.

92. These results may be established by working out the expressions.
Or thus: by Example 81 if &+q+r =0 we have p*+g'+r4=2¢**+2rp*+2p%*;
and thus of course each of them is equal to half the sum of the two, that is
o 3 (P*+g+ 4+ 20 +2rp + 2p%¢"), that s to 3 (p+¢*+r9% Then if

we suppose p=z-y, ¢=y-2 ¢=2z—2, We have p+q+r=0; and
P+i+ri= 2(z’+y’+z‘ yz—2x—zy): thus the results are established.

93. 2%+ (m-38) 2*—(2m3+38m) a;+6m’) 23+(5m—~3) 23+ (6m?-15m) z—18m? (1
B+ (m-3)2%-(2mi+ 3m)x+ 6m*
4ma*+(8m*-12m) z-24m?
Divide by 4m; z*+ (2m —8)z—6m a;5+ (m - 8) 2® — (2m* + 3m) x + 6m? &z—m
3+ (2m — 8) 2* — 6mx
— ma — (2m? — 8m) x + 6m3
— maz?— (2m2 — 8m) = + 6m?

Thus z?+ (2m — 8) 2 - 6m is the a.c.m. ; that is (x - 8) (x+2m).

. . ade-b)+b(a-c)+c(b-a),

94. The given fraction d (B +Pa-g+rd(b-a) ; the denominator
is known to be equal to (a—-4)(b—c)(c-a). . The numerator is equal to
(@=b)(b-c)(c-a) (a+b+ c): this may be shewn by actual work, or by the
method of Art. 808

95. Clear of fractions ; thus we get 4 (- 1)*=0.

96. Put u for the value of z—a, y-b, z—c¢; thus z=u+a, y=u+d,
g=u+c: substitute in the first equation, and we get

(u+a)®+(u+b)2+ (u+c)®=3 (u+a) (u+d) (utc);
thisreduoestoBu(a’+b’+c’—bc—oa ab)=38abc-a’ - -¢c%;

therefore u= ——(a+b+c)

97. Let z denote the number of sixpences, y the number of shillings,
and 2 the number of half-crowns. Then z+y+2=102, 2=2y=>_5a.
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98, Suppose that the distance from 4 to B is # miles, and that the dis-
tance from B to C is y miles. Then ;; + ¥ is the number of hours the per-
T

4
son takes to walk; and this is equal to xs—'?'/ And it is also equal to
y, z U4 2_afy4(x+y)ﬂxl4 44-,::14
agtiteo: W 7= 5 —ititee Wl gpsitg

therefore z=14; &e.

99. X34+7V3+28-3XYZ=(X+Y+2)(X*+Y*+22-YZ-2X-XY).
Now X+ Y+Z=(a+b+c)(x+y+2); hence by the aid of Example 82 the
required result follows.

101, (42 +2)4 - (2 + 4)4=(82 - 1)*— (x - 3)%.

Now (4z+2)* — (22 +4)4={(42 + 2)? + (22 + 4)3} {(dex +2)? - (2 + 4)%}
={(42+2)%+ 2z +4)%} {42 + 2+ 2z + 4} {4w+ 2 — 2 — 4}
={({x+2)*+(2z+4)%}12(x+1)(z-1).

Similarly (8z-1)*— (z-8)4={(38x-1)?+(x-3)3} 8 (x+1) (x-1).

Hence we have either (z+1)(x-1)=0, or

12{(4z+2)2+ (2 +4)*} =8 {(8x - 1)*+ (x - 8)%;
the latter reduces to z%+3z+1=0.

102. Let 2 denote the middle number; then (x—1)z(z+1)=15z; there-

fore 2*-1=15.
103. The second equation gives 2 (x+y)==zy; thus zy=18; substitute
9~ for y, &o.

104. We have given that z=pyz and y=g¢ (x+2), where p and ¢ are cer-
tain constant quantities : therefore 2=pgz(z+2). Now put =2 and z=2;
thus we obtain pg= % . Hence the relation between z and z is 4=z (2 +2).

If we put =9 we ghall find 2=3 or - 12.
105. 18(2 17x1) —gx_5__16

2 8 6= 2
R 1 ‘;_28 1\ .
106, 14t _gil—(—ﬁ) _?(1_2_6),
-5~1
1 14 14 928
e N="1 3"

1-( - 3 1+§
]2n 132 -2  iherefore 2n@n—1) _ 182,
" In-1|n+1 [_ n-2" m-I)(n+1) 35°
therefore 85n(2n~1)=66(n*—1); therefore 4n3-86n+66=0. The only
admissible root of this quadratio is 6.
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108, (3-1m=1m=1,

In
109. By Art. 528 the eral form of the coefficient is 1
y = cootelent o [y o e

where p+q+r+8+¢+...=n; and in the present case none of the quantities
P ¢ 7 ... 18 o be greater than unity, so that the coefficient is Lf_l

110. (1-08)% is to lie between 1000 and 10000, so that its logarithm must
lie between 8 and 4. Now

108 22,38
log (1:08)*=2 logm=zlog oo =% (21log 2 + 3 log 8 — 2) =z x 0334239,

Thus z may have any integral value not less than 7.%239 and not greater
than 7)2—33—1'23_9 . It will be found that z must lie between 90 and 119, both
inclusive.

111. Square;

ad+z-a)+b(x+a-0)+2{ad (b +z-a) (a:+a—b)}§=z(a+b—z);

therefore 2~ (a-bp=—2{ab(b+z~a) @+a-b)};
square; {2? - (a - D)3 =4ab {z* - (a - b)%};
therefore '~ (@6-b)3=0 or 22— (a—b)*=4ab;
therefore z*=(a-b)? or (a+b)%

112, §+§= a—’a—;p—’=(ilig)—’-—2; now a+pf= —%, aﬁ:%; see Art. 335:
thus 2+8-%_2 And 2xf=1 Hence the required equation is

B a ac B a

- (——2)z+1.—0.

118, The first equation gives z%+y*=pay; thus a*+39=20; therefore

2% +y* —22y=20-16; extract the square root ; &ec.
114, (z-2)(z-1)=(z—4) (z+3).

115. Let d be the common difference; then the terms are 18-—4d,
18-84d, ... 18+8d, 18+4d: therefore the sum =9 x 18=162.

116. The common ratio
1 L1 1442 _ (144/2)(8-24/2)

=§revE T ITv2 3+3vE- @12V @-2va) Vil
The sum to n terms

T 1 (e-lpol 1 1-(VB-1P 1-(2-1P

S13v2 Ve-1-1 “1+v2' 2-v3 - v "

117. First oonsider those cases in which the last sign is positive. In
these cases every negative sign has a positive sign after it. Thus we may
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consider that there are n inseparable pairs, each composed of a negative sign
followed by a positive sign; and p—n single positive signs besides. The

number of these cases is W by Art. 497. Next consider those cases in

. which the last sign is negative. In these cases every negative sign, except
the last, has a positive sign after it. Thus we may consider that there are
v~ 1 inseparable pairs, each composed of a negative sign followed by a posi-
_tive sign; and-p—n+1 gingle positive signs besides. The number of these

2
[p-1|p-n+1"

cases is Then the sum of the two numbers

(p+1) |p |lp+1

-l bl e
[Flo=r U p=n+l} (p-n+D)[n[p=n [n|p-n+1

118, Fxrst suppose » not greater than m; then the coefficient required
is that wlnch arises from the expansion of (nm-{-l# that is from
the expansion of (n—m+1)z (1 -x)~: the coefficient is therefore n—m+1. )
Next suppose r between m+1 and n+1, both inclusive; then besides
n-m+1 we have to find the coefficient which arises from the expansion of

1
, that is from the expansion of —2™*1(1'-x)~2; that is. - (r—m)
T @=ap (

by Art. 521: therefore the whole coefficient is #—m+1—(r—m), that is
n—r+1. Last suppose » greater than n+1; then besides the n—r+1 just
obtained, we have to find the coefficient which arises from the expansion of

g
1’ , that is from the expansion of &™*(1—z)~%; this is »-n-1 by

521. therefore the whole coefficient is —r+1+7-n—1, that is 0.

VP'+1) +n 1
V@i +1)+n /(n3+1)+n

1
is greater than —— ZnFl’ and :herefolre greater than D"
1 1

posed series is grentet than siatsztat 2 ; and is therefore divergent by
Art. 562. '

119. /(n*+1)—n={/(n*+1)~n} ; and this

Hence the pro-

1 X
120. - Log oo ~ 13 g 105 = ~ 18 x 0211808= ~ 2754609
= — 147245391 =log 5308214,
1
= — 14576214 =1log ‘3768894,
Then — { 5803214 — 3768894% =20 x 153482 = 3-06864.
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121. Transpose and square ; thus
4+be-22-2(4+b2-aN (24 82-4)} 4 22 4 8o - 4=82;
therefore ‘ (4+5a;—a:’)§ (ac’+3:v-4)b=0;
- therefore either 4+ 5z — 2*=0 or 2%+ 3z -4=0.
122. Let 8 denote one root and 28 the other; thus a8?+58+c¢=0, and

4a8%+2b8+¢=0 : therefore by subtraction 348+ 58 = 0; therefore S=— % .

Substitute this value for 8; thus E— - £+c=0; therefore 25*=9ac.
2ty .

123. 13 —z+y+5’ therefore (z+y)*+5 (x+y)=84; hence we obtain
z+y="7 or-12. Again l 1=%' therefore 2y=12; &o.

124, Let ®, y, s denote the three parts; then =':—‘1l="/—z=56—=; and

5
e+y+2z=111, Thusz_%z, y=%_2§z. Subs tltute,45—z+2z+z—-111 &o.

125. See Art.454. Both values of » must be positive integers. Thus the
sum and the difference of the roots must he both even integers, or both

 must be a positive integer ; and (2—a— 1) +%‘

odd integers. Therefore b=

must be a positive integer, and a perfect square; moreover the two integers
must both be even, or both be odd, and the square of the first integer greater
than the second integer.

.1 1 1
126. Wehavotoﬁndtheaumofntermsofthesenes6+a-1-_+;
1

-1
1 1-o®
the BUIM = mpeeee 1 = ia=n"

+oeed

mn(mn—1)...(mn—n+1)
n
ways. Then we have mn—n things left, and so we can give n things to the
(mn—n) mn—~n-1)...(mn—2n+1) ways. And so on. The
n .

product of all these numbers is the whole number of ways in which mn
things can be distributed among m persons.

(14

T==p— 2-(1-2)*(1-2)"2

=(l-2)8 {2»_ 2»—1(1-z)+'i"2ﬂ2-’(1-z)’-...}

127. Wae can give n things to the first person in

next person in
128.

=2 (-g) - (1ot 2O D gen gy
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Expand each term, and pick out the coefficient of z*tr1; thus by Art.. 521

we obtain ?&L):'i—'—i—ll—ﬂ"‘l (n+r)+'i(-l'52:B 2%-1; it will be found

that this reduces to 22 {(n+2r) (n+2r+2) +n}.
129, Asin Art. 529 we have

q+2r+8s=4, pi+q+r+s=8.
The coefficient is

-8)t L8 (-
2IE+I3(2$) +ls 22( s)'

that is 12 + 27 - 86, that is 8.

O | =

gCOI-Iq

]H WO

W] O =i

. 3

180. The n*t term of the series is l”. Now it is easily seen that
B=n(n-1)(n-2)+8n(n-1)+n; and therefore this term may be written
thus: 8 If we apply tlns transformation to every

[n-8 [n-2 "[a-1'
term for which n is not less than 8 we obtain

D FPTLUE 2
1+—§+1+3+1+5 E+E+E+ ...... N

that i SIS INE AR that is 5
18 z + +E+E+E+ ...... N 18 be.

131. The equation may be written thus:

N@=3)&=5)+ N @=3) (= +5) =/ (®—8) (k= — ).

Therefore either z—8=0, or \/(x - 5) +4/(x+5)=+/(42—-6). Square the last;
22+ 2v/(#% - 25) =42 —6 ; therefore z - 8=4/(z*-25). Bquare, &c.

182, Let a and 8 denote the roots; then a+p=3—:: if a and g have the
same gigns this sign is that of g, and if @ and B have different signs the

sign of the numerically greater of the two is the sign of ab. Similarly
§+Bl=%: and so the sign of % is the same as that of the numerically
greater of the two % and %, that is the same as that of the numerically

less of the two a and 8.

138, Put z-a=¢, y-b=u, 2-c=v; substitute for «, y, and z; thus we

get ¢4+ u+9=0, 2 +3 +5=0, f+ul 9426 +2ub+ 200=0. From the firet
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u

and second equations, by Art. 385, we have i—-1 =geap = ———k 8aY;

1 ll
cbaEba

substitate in the last equation; thus
@G-cp  (c-a) (a-b)’} ga(b—c) b(c-a) c(a-—b)f_
e R e A i
a?(b—c)+b* (c—a)+c* (a-b)
ad(b-c)+b(c—a)+c3(a-0)2"
134. Suppose that A takes z half-crowns, y shillings, and 'z sixpenoces ;
and that B takes ¢ half-crowns, u shillings, and v sixpences ; then
bot2y+a=bt+dutv; LCT 2t _ste g o
15 4 1
¢+y+2=60, t+u+v=60, z=t+2.
Thus ¢ +t=38k, y+u=2k, 2+v=Fk; therefore z+y+2+t+ut+v=6k; or 120=6k,
80 that ¥=20. Hence z+¢=60, n.nda;—t_.2 therefore =381, t=29; &o.

185. We have $=a+ @-1)b, %=a+(q—1)b. Hence, by subtraction,

therefore k=0, or k=- 2abe

;—;;=(P-q)b; therefore b=qu. Substitute the value of b; thus
loasfs H Thus the sum of nterms:%(fwl)g; and
this =2LL it n=py,
a+e¢ _E‘l a v_o. ¢
136. We have b=-7—, p= ary’ 7+¢_;+;,
Henoo (gy=@t gy @7 P o @@,
(a.+'y)’ * ay ac ay ac '
therefore (a+9" + Thus 8)*=acay.

@+

137. Take any 2 of the 8 consonants; put either at the beginning a.nd
the other at the end of the word; this gives 6 cases. The remaining 6
letters can undergo Lq permutatlons. Therefore the required number is 6 [9

188. We have (1+2)™=ay+a,2+ay2? +ay2®+...... ,
LA WS T TR
(1)) e 5 - B
thus ay?—a+a)—ag* +... is ;alxe term which does not contain @ in the
product of (142)™ and ( 1_}0) .

Now (L+z)™x (1_’1;)9»= (=+ 1):&_1):-= (w’;;]..)h.

The term which does not contain  is the coefficient of #™ in the expansion
-1)"|2n
of (x*~1)**; and this is 1)
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139. The ntt term is i'-‘ Now 3/n is less than 2; for (1+1)*=1+n+...,
go that 2 is greater than », and therefore 2 greater than /n. Thus every
term of the series is greater tlmn ; and the series is divergent by Art. 557.

140. We have from the given equation y=1log (1+x) ; therefore ev=1+2;
therefore z=¢¥-1= y+ ......
2* L
9

141, - 8e+7—/(@-82+7) +}=2oi : therefore \/(a,-_swz)-;:* 3
The root 4/ (x* - 82+ 7) =—4 does not strictly apply: take \/ (x*~3z+7)=5; &o.

142, Suppose that z men stand in the front rank of the solid square;
then z? is the whole number of men. In a hollow square 24 +x men stand
in the front rank; and as a hollow square is four deep the number of men in
it is (24+2)1— (24+2—8)%. Thus 2= 4{(24+2)'— (16 +2)}= 4(40+2z) 8.
Therefore 22— 642=1280. The only admissible root of this quadratic is 80,

143, 62%—xy-12y*=0, Put y=vz; thus (6—v-120%2*=0.. The solu-
tion 2=0 will not apply; take then 6 —v—12v*=0: this gives v=§ or -%.
Then substitute in the second equation successively y=% and y=- %.

144. Let v denote any number greater than 20, Then when the train
moves at the rate of v miles per hour instead of 20 miles per hour, the
increase of the receipts is p (v—20), and the increase of the expenses is
g (v—20)%, where p and ¢ are certain constant quantities: thus the profit is
p(v-20)~q(v-20)%  This profit also vanishes when v=40: thus
20p - 4009=0; therefore p=20g. Hence the profit is ¢ {20 (v—20) —(v—- 20)’},
that is g {60v—v*—-800}, that is ¢ {100-(v-80)*}. Hence the profit is
greatest when v=30.

145. Let M (18) stand for a multiple of 13, Then .
10=13-8, 100=M (13)-4, 1000=M (18)-1.
Henceo 104=10 x 103=M (13) +3,
105=10%x 103=H (18) + 4,
108=10%x 108=M (13)+1,
107=10 x108=M (18)-8,
and so on.
Thus Do + 103P’+ 106}’0 +.=M (13) +po -Ps +P¢ -
10p, +10'p, +10"p; + ... =M (18) - 8 (p, — p, + 2y~ ..},
10%pg+10°p; +108pg + ... = M (13) — 4 (p, ‘Ps +pg—...)
Hence finally the proposed number
=M (18)+py—p3+ Pg— ... —8 (Pr~Py+ Py =...) ~4 (g~ P5+ D5~ -..)
T. K. P
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146. Let s=a+ar+ard+ ... +ar*l,
¥=a-ar+ar~..+a(-r)"1;
m-1 (=n=1_ L4em o
then t=a_——r, ¢=a —-1 —am.smcesmodd,

theretore s =2"""~1) | and this is equal to the sum of  terms of the

geries a%+ a¥? + a4+ ...

147. Denote the straight lines by the numbers 1, 2, 3,..n. Make a
polygon of n sides in the following way: the intersection of 1 and 2, of
2 and 8,... of n—1 and n, of n and 1. Thus there is one and only one
segment on each straight line. And we see that we must take one segment
on each straight line, for otherwise there would be more than one segment
on some siraight line or straight lines. In this way we see that the
Example is equivalent to 12 of Chapter xxxiv. .

148, 4¥=33, grv=ar%, leil‘lzzzl’t,é.. tlius the exprossion is equal to 2
. . ¥ 1\~
raised to the power denoted by Z+§+-1-é+ﬁ+....thatmby i (1—5) »
that is by 1.
149. Asin Art, 529 we have
q+2r+8s+4t=4, p+q+r+stit=-38.

The coefficient is p ¢ r s
(=8)(-4),_ -4|/0]ojo|1
(—3)(-—1)+(-3)(-4)(-3)+—-—E Y =it 1o
+EDE8) gy CIR=A(=5)(-6) -6/ 042100
) |2 |4 "|-6l2|1]0]0
-7 4000

that is 8- 86 + 6 + 30 + 15, that is 18.

150. Let the bases bhe a, ar, ar%..ar*1; let the quantities be
A, Ay, A,,... A, ;; and let x be the common logarithm. Then
4dy=0a% A;=(ar)?, Ag=(ar?)®, Az=(ard)*,...
Thus the ratio of 4, to 4,, of 4, to 4,,... is equal to #%; go that = is the
logarithm of this ratio to the base r.

. 11 13 13 3

151. S-geritd @ity
13 1 12 3 '
therefore 2%+8 2z+1 B8z+l1 z-1'
therefore 2-20 _  82-16
Cz+3)22+1) (Bz+l)(z-1)°

thus either #=5 or 4 3z + 1) (z— 1)=3 (2 + 3) 2z +1); the latter reduces to
822+13=0.
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1562. The former part of the Example is contained in Art. 384. Now it
is obvious that the equation is satisfied when z=a, and when z=5, and
when z =c; hence the equation must be an identity. This of course can be
verified by simplifying the left-hand member.

e (@ +yNa? e =6(1— .
153. By division (z_,_——yw._ﬁ, put y=vz; thus 144%=6(1-+%0%

3. Then from the first given equation 2% (1+v%)=6v; &e.

1
hence v’=§ orz

154. Suppose that bell metal contains z per eent. of copper, and therefore
100 -« per cent. of tin. Suppose that the mass which 1s fused together
contains y per cent. of bronze, and therefore 100 — y per cent. of bell metal.

Then from considering the quantity of copper, zine, and tin, respectively
in the mass, we have
y 9 100 100-y = 88
100°i00 " ~100 100~ 100’
y 6 4
1007100 ~ 160’
y 8 + 100-y 100-z 73
100°100 ™ "100 '~ 100 100"
From two of these equations the third will follow ; for by adding the three

we obtain an identity. The second equation gives y—81i, and substituting
in the first equation we get ="75.

155. Let P dénote the sum of the products of the first n natural num-
bers taken two and two together. By Art, 225 we have

14+24+8+ ... +0)3=1342243%1 . +024+ 2P,
{n(n-{-l)l’_ n(n+1) (2n +1)
3 =
Henoe p="2(%111 "("*1)(2"“1) <2020 b +1) - ~2(@n+1)

12
(ﬂ-—l;n(n+1) (3n+2)
24

that is +2P.

156. Let the numbers of the firat set be denoted by a, ar, ar?, z; then
gince the last three are in m.r. we have Pl R —1; thus x=§‘§'.
Again, let the numbers of the second set be denoted by a, ar, ¥, z; then, as

l—; . We have then to shew that
@2-7)
that is, that (2 — ) is less than 1: this is evident

before, y= et and arz_y’, thus z=

a3
5=y is less than —— ( ),,
for 1-r@2-r)=(1~1)%

P2
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167. If there were no restriction the number of different arrangements
would be ll But we must exclude all the cases in which the blue and the

green come together. There are |6 such cases in which the blue is before
the green, and m in which the green s before the blue. Therefore the re-
quired number is |7_-2|£

158. Let 642 +7)™=n+a. Now (64/2+T7)(6/2-7)=50-49=1:
hence 54/2-7 is a positive proper fraction. Therefore (51/2— 7)™ is a posi-
tive fraction ; and it must be equal to a because (54/2+7)™ - (5 /2~ 7)™ is
obviously an integer. Hence a (n +a)=(5 /2= 7)™(5/2+7)" =(50-49)™=1.

1569. As-in Art. 529 we have

g+2r+3s+4t=4, ptgtrie+i= -g.

The coefficient is 5 p g r & ¢
8
-2)(-2 5
) 8\/ & 2)( 2) “3lolofo]1
- §o5 + (- 'ﬁ)(" '2) (—2)(—4)+§T—B’ 2
(3)(5)(7) -Tl1fol1]o
-3)\-3){-3) .
+ - (-2)%.3
2 =% -Tlo|2|o]o
(-9)(-3)(-3)(-3) ;
“2)\"2J\"2)\" 2
+ E (-2)4, -3 2|1]01!.0
11
thatis-%+30+1—g—5-2£+§—;§,thatiso.' -g|4|0|0]|0

‘We may easily verify this result. 1-2xz+8x?-4+...=(1+2)*; thus we
require the coefficient of 2¢ in {(1+z)"}‘!’l, that i8 in (1+42)3: it is obvious
that this coefficient is 0,

160, Let p denote the number of the population at the beginning of a

month; then at the end of that month the numberisp+£—o—%, that is

5p 4p . 2401
P+3500 = 3400° that is 2200 ** At the end of the s&lacond month t2h;) ;m:n-
e e .. 2401 240 s
ber of the population in like manner is 2400 * 24002 that is (—2—40-0 P.

Similarly at the end of the st month the number of the population is

;%)“p. Suppose that the population is doubled in #» months; {hen

(% ”p= 2p ; therefore (gi—% .=2. Take logarithms ; thus
n log 20l _1og 2, that is n (log 2401 ~log 2400)=log2,
that is n {log 74 —log (3 X 22 x 100)} =log 2 ;
log2 '3010300= 1666 nearly.

therefore  m= gy 1 p8 -3 logZ—3 — 0001807
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161. Here af+1=23(z¢+4x®+62*+42+1); therefore by transposition
A+83 41994 82 +1=0; divide by a*; thus x’+£—,+8(z+;) +1220;

" .
that is x+i) +8 (z+%) +10=0. By solving this quadratic we' obtain
z+5= ~414/6; hence x can be found.

162. Suppose that in the first race 4 ran at the rate of x miles an

hour, and B at the rate of y miles an hour. Then §—g=%, and

—— - ——=-=. Therefore 60 (y-z)==y, and 60 (x-y+4)=(y-2)(x+2);
subtract; thus 120 (z—y+2)= -2 (x—y+2); therefore z—y+2=0; &o.

163. Simplify the second equation; thus 2zy+4y=0; therefore either
y=0 or z= -2, BSubstitute y=0 in the first equstxon and we obtain

z= —18_1: substitute z= —2 in the first equation, and we obtain y_l?g.

zty+2
y+e+ltz+azt+a+y-1

164. By Art, 884 we obtain =2+y+2; that is

z+y+z . _ _1 .
@ty =#+y+2z Thus either £+y+2=0 or z+y+e=z. Taking the
former we get =0, y=0, 2=0. Taking the latter we get z_—(y+z+1),

y-—\z+a:), z=5 (w+y-1) these lead to z—% y= :‘l—i g=

GIH

165. Let M (101) stand for a multiple of 101, Then 10°=101-1,
103=2/ (101) - 10, 104=M(101)+1, 105=M (101)+10; and so on. Thus

Po+10P1+10'P5+1°3P:+ «=M (101) + py+ 10p; — py - 10py +p, +10p; ~
b+e

2 +b’
ac=0% And 2a=b+c=b+‘$; therefore (2a-) (a+b)=2ad; therefore

b3+ ba—2a2=0; therefore b=a or —2a. If b=a then also c=a; if b= ~2a
then c=4a.

166, We have a=~5—, c=—; therefore ¢(a+b)=(b+c¢)b; therefore

167. Take any two straight lines of the first set, and any straight line
out of the other two sets ; thus we get m(";— ) (n+p) triangles. In like

manner take any two straight lines of the second set, and any straight line
out of the other two sets ; and also take any two straight lines of the third
set, and any straight line out of the other two sets, And finally take one
straight line from each set ; this gives mnp triangles,




‘214 'MISCELLANEOUS EXAMPLES.

168, (1-x)%(1-x)*=(1-z)** Expand each side and pick out the
coefficient of g1, On the left-hand side we shall bave to iake the coeffi-
cient from the product ) "

{1+2z+3z’+ Dz 4. % gl—m+&:——2z’— }

hence the coefficient is easily seen to be the quantity denoted by a,. Thus
a, must be equal to the coefficient of ™! in the expansion of (1-2x)*"%.

ence a,=0 if r—1 is greater than n-2, and a.=(-1)**={-1)" if
#-1=n—9. Ifr-1isless than n—2 we have Ap=(- Q“"a,_,bym 508,

169. As in Art. 529 we have .
g+ 2r +4t=6, p+q+r+t=3-

The coefficient is r ¢ r ¢
7241 741 Loty
7 4 3°3°3 8°83°3 3
5+ 5(- D=9+ (- DR+ (- 8
58 —2— 2101
741 2) 8
3'3'3\ "3
+ 5 21 (-3 -g 0|30
74 1( 2)( 5) 5 N
sz (=2)(-1 -2l2l2]o
L3383 4s 5) g0 (_3) 3 -
£ 4|1l
155 (-3)(-5)(-5) ;
8'3'3\"3/)\"8)\"3 11 e
- 26 et
+ Ltf 3 6100
. 28 56 14 566 7.5.2¢ 7.28 40726
that is —g-——ﬂ—i—‘?-?——s'r—— 38 ,Mil- 38 .
170. Let  denote the reqmred logarithm; then (25)*=50, that is
§%=50; that is (10) -———. Take the logarithms to the base 10; therefore

2-log2 _ 1469897
T{T=Tog?) — 3 x 69897
171 z+z'=(d-1+2¥) (@3 +23). Thus we have either 2% +z-3=0,

or 1= f;’ (@8=1+2-3). The former gives a8 +1=0, so that z=(-1=(-1)}.

2z (log 10 —1og2) =log 100 —log 2 ; thus z= =1-21534.

The latter gives w§-1+z'i=1—:, g0 that w§—¥z§+1=0, whence we get

B=4or 1; therefore z=4% or (l)’=a=8 or .*%.

172 (a+8)t= b';(a—ﬁ)’—(¢+ﬁ)’ 4ap_"-’-£. Henes the required
a? @

equation is #'- (%, 4 (”—5 )
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178. 64 (x*—9y%) =(x+9y)?; therefore 145y*+ 182y - 632*=0. Put y=uvz;

-then 14502 4 18v - 63=0 ; this gives v=g or -g%. The second given equa-

tion may be written thus: (2*-z4)?- @'~z +y)=>508; from this quadratie
we obtailn 2? —z+ =23 or —22. Substitute successively in these equations

8z 21
y=% and y= 5%

174, Suppose that 4 could reap the field alone in # days, B in y days,
and C in z days. Then since the whole field is reaped by 4 working for

12 days, B for 12 days, and € for 6 days 1;%+%?+g=1. mo;‘:g. Since
A and O together reapé-i-% of the field in one day, they could reap the

whole field in ﬁ‘, days; similarly B and @ Yogether could reap the whole

Z ¥ ... Sz Ty
m,y+...7.8, thus"'_z Pl Suab-

stitute %‘ for y in the last equation, and simplify; thus we get 8z=5z. Then

substitute for y and 2 in the first equation. Hence we obtain x=30, y=45,

2=18; therefore ;:+ ; +§'= %, so that when they all work together they
1

9

175. By the method of Art. 443 we can shew that any number of ounces
may be weighed if we have two of each of the following weights: 1 oz., b oz.,
6%0z., 5% oz., 5403.,... If we do not require to go beyond 812 oz. we shall not
require any weight beyond the two of 53%0z.; for the least weight which
would require us to use a weight of 5¢ oz. is 5¢~2,5%-2.5%~2.5 -2 ounces,
that is 313 ounoes.

176. Let the numbers be a, ar, ar?, ard; then a{l 44 413)=15,
at(l+r+r+r9=85; that is a(l+r)(L+r%)=15, a®(L+r)(L+r9)=85.
A4n1+r%) 45,
144 17

field in -2 days: therefore
y+z

reap 3 of the field in one day, and therefore reap the whole field in 9 days.

Square the first equation and divide it by the second ; thus
therefore 17 (1+ 27+ 21 & 27% + 14) =45 (1 + 14); therefore
28 (1 +14) -84 (r+1%) ~84r1=0;

divide by r*, therefore 28 (ﬂ + rl,) _84 (r + }) -84=0;

]
therefore 28 r+%_) —84(r+-:-_)—90=0;

therefore r+1=§ or -g.
r 2 7

former gives r=2 or ;, and taking either of these we find that the numbers
arel, 2, 4,8

The latter gives impossible values for r; the
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177. Suppose that the p men go to their side of the table; on thig side
_there are n—p places left; these can be filled up by any of the 2n—p — ¢ men

2n—p-
who will sit on either side, and thus n—p men can be taken in %
: In-2|n-g
‘ways. The remaining men will go to the other side. And |n permutations
can be made of the men on each side. Thus the whole number of ways is

[p|n|2n-p-¢
In—p ln—q °
1 _ _8a-22
9a? + 6ax+ 423 27a® - 8a°"

‘s . 8a-2 828 \ 1
in the expansion of Siav (1 - g

Hence we require the coefficient of 57

178.
s .. 8a f 8 \T
: this coefficient is Tiad (27a') .
1
179. Suppose that (u,)™ is less than k; then u, is less than k*. Hence
from and after a oertain term the series is less than a Geometrical Progression

beginning with that term and having the common ratio &, Therefore if & be
less than unity the series is convergent.

. I\" n \™ 1\
180. (1+;‘) - 7»71) _(1_m) .

Io (1____1 R ;4_; }
8\*n71) S*rit e smept

1 1 1
=("+1)§m+2(n+1)'+3(n+1)=+'"}
1 1 1

- m+2(n+1)’+8(n+1)*+'"£
T 1 1

topr) T Smrp timript

in+1+ TP TS mrIp Tt
1 1 1

=1‘2(n+1) T3.8(mtlE B.A(@mtlp T

Hence we see that as n increases this logarithm continually increases ; and
»
therefore (1 +%) continually increases with n.

181, It is obvious thatz=1 is a root of this equation. And we may write
the equation thus; 92®-1=4x%(3z— 1), that is (32-1)(3z+1)=4x3 (3z-1),
80 that another root is given by 82~1=0. Hence if we bring all the terms
of the equation to one side we are sure that (z—1) (3z—1) will divide the
terms: see Art. 832, On trial we find that the equation may be written

thus : (2~ 1) (82~ 1) (20+1)?=0, 80 that the roots are 1, 3, and - 1.
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182. Suppose that on the first occasion the ages of 4, B, C are a, ar,
ar3, respectively ; and let z denote the number of pounds divided on each

oz pounds ; and on the

occasion. On the first mlon A gets aFarfad
. (a+5)= ..
second occasion he gets aTByars6+ariTE pounds ; -thus
a+b a _
{a(1+r+r')+15 “a@rrem 2=k
. ar+5 ar _
Similarly {a(l+r+r’)+15 asrim ==
And ar® 45=2(a+5); therefore a(r?-2)=>5. Divide the ﬁrst equation by
. +r+r9)-16 s M-
the SGCOIId thus m—7, that is by 2"'_'-].---'7 that is

(r-i(-fl(i‘;— n_ =7; hence ,_———-7. and therefore r=g . Therefore a=20. And
then we find 2=1045.

183. z+y-(m)i=61, oyt A +yd)=178; theretore (xhyb)r—";s)
adyd
subtract the first equation from this and we get 8 (xy)§=%—61. From
@] : ‘

this quadratic we obtain (xy)i=36 or —:Eg?. The latter gives impossible
values : take the former and combine it with the first given equation; hence
we get z=81, 16; y=16, 81.

184, z=cy+bez=cy+Db(bx+ay); therefore z(1-08%)=y (c+ab). i
y=az+cx=a (bz+ay)+cx; therefore y(1- a’) x (c+ab). Multiply cross-

wise ; thus z3(1 - 5%)=y? (1~ 4a%); therefore =15 Similarly we can

shew that each of these fractions also =ic’ . Also by multiplying two

former results we get zy (l—a’) (1—b’)=cy(c+ab)’ therefore (1-a%)(1-b%)=(c+abd)?;
therefore 1=a%+b%+¢*+

185. Let a denote the last digit of any number; then the cube of the
number is equal to a® together with some multiple of the radix; and thus
the cube ends with the same digit as a® ends with. Now suppose the radix
to be nine ; then 03, 3% and 68 end with the digit 0; 13, 43 and 73 end with
the digit 1; and 23, 5% and 8% end with the digit 8. Thus the last digit
must be 0 or 1 or 8.

186. By Art. 227, we see that

G+ct+d+ei= 8(b+c+d+e)(b’+o’+d’+¢’) 2 +3+d%+é)
6 (cde + bde + boe + bed) ;
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and a similar result holds for-the cube of any multinomial. Hence we have
@A L+r+r3+e3+ . P0=8a(l+r+r 43+, ) a1+ +4 4084 ..)
-2 (L+P 418410 +..) 4+ 6P,
where P stands for the required product. Thus

1 o
3 3
“(1 ) 8"1 ek e

a’ 2
therefore P=§§(1~r),+1_'3—(1_')(1_,3)}.
It 3P——a‘—— we must have 1 8 3 therefore 1+r=38(1-1);
T1-18 (l—r)” 1-n{l-9)’ ’
whence r—;

187. Buppose that u, denotes the number of gallons of wine in the
gecond vessel at the gnd of n operations ; then a—u, is the number of gal-
lons of wine in the first vessel. Take ¢ gallons from each ; the ¢ gallons

taken from the first contain %(a —u,) gallons of wine, and the ¢ gallons taken

from the second contain % u,, gallons of wine. Thus the number of gallons
of 'wine in the second vessel at the end of this operation will be
u,.+f—‘(a}—u“)-%u.; this we denote by w,, 80 that u,,, =c+ (1—% - %) Uy

We may write this result thus: u,,,,_l—ﬁb—: 1—2—%)(14,‘-%), or

a+bd
Uni1—q _P(“-—Q),Whempﬂtandﬂfor1—£—§andqfor-%. Thus we see
that u; —g, 4,~g, —'g form a Geometrical Progression of which the
common ratio is p. herefore Up—g=(%h —g) p™l=(c-q)p™?, for u;=c.
‘ —pab,
oot ¢y +b+( axp) P ismde- o= -R i s
therefore u,= m 1-2.
142 1 L2
188. i3 =m+——1+z+x"
thus A+ l-)t=1-g2+ 2 (14 2)7
142 14z

Expand both sides and pick out the coefficient of 2**t? on both sides. On
the left-hand side it 1s 0. On the right-hand side it is 1 from (1-)~1;

[ a3 5
while 1+¢(1+1+z l—q-_z_fl_-l-—x)—' m—.. , and each of these
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must be expanded and the ooefficient of 23w+t picked out: see Example 1. 18.
In the identity thus obtained multiply by (~1)* and transpose, and the
required result follows.

169, Here Lot " 2 _ _Z__  Th value of (1+1) when n is
u, (+1)* 141 n
n
indefinitely great is e: see Art. 562. Thus the series is convergent if z is
"
less than e by Art. 569. By Example 180 the value of (1+,1—‘) increases

with »; and thus = i3 nlways greater than unity for any assigned

e
1+ ;1-.
value of n however large; hence the series is divergent if z=e by Art. 560.
And a fortiori if x is greater than e the series is divergent.

190.

1 . 1 . .
1-—z—z’+x‘=(l+a:) ey Thus the logarithm of th:_expres-

gion = -2log(l-a)~log(l+z)=2 (n%’ +”-:-+...) - (z-§+§-...) .

Henoethecoeﬂioientofw"isgifnbeevenand;ifnbeodd.

191 142 +=2az(1-a%; dividebyx’:thus%,+2+m’=2a(£— );
L]
that is ( —;) +2a( —£)+4=0. By solving this quadratic we obtain
#-~=-a+4/(a"-4); hence z can be found.

192. If z=y=z the expression vanishes. If z=y the expression be-
comes 23 (z—2)%; similarly it is mnecessarily positive if y=z or if =2 If
x, y, ¢ are all different, suppose this to be their algebraical descending order
of magnitude so that #—y and y-s are positive. Thus 2®(x-y) (x—2) is
positive; and 2?(z—) (2~ y) is positive; for the factors 2 —y and z—z are both
negative : but y*(y~2)(y-=) is negative. Now either a* or 2* is greater than
y*; and z-z 18 greafer than x—y, and greater than y—2z; so that at least
one of the two 2% (z—-y) (x-2) and 2*(2—«) (z—y) is numerically greater than
¥Y(y-2)(y-=). us the whole expression is positive.

193. The equations may be written thus :
@ +1) g+ )=mizy, B@E+1)y=z(+1);
hence, by multiplication, n*(z?+1)3(y*+1)y=m32% (y°+1). The solution
y=0 is inapplicable ; y’+1’ =0 gives 1)mpossible values. Take n(z2+1)*=m’2?;

therefore z*+1= *%: hence we can find . And since (z?+1)(y*+1)=m%y

we get by substitution *’5 (y'+1)=my; therefore y*+1=mny: henoce
we can find y.
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194, Put z=k(1-dv), y=k(l+av), e=k(1+adv®), and substitute in
each equation. The first becomes k(a+b+c+aber®)=0. The second be-
comes k2 (1+abv?) (a+d+c+abev?)=0. Hence both equations are satisfied if
a+b+c+aber?=0.

195. The m* group begins with the {(m — 1) g+ 1}* term of the derived
Arithmetical Progression, that is with s -~ + 27-;-(,»-1)2,55; and so
the sum of the terms in the group is

9,26 b b 18+ o-nl s 7120 -n?
2 s hramonte -0 3, atis {120 (m 3,

that is a+ (m—1)b.

196. Let u, denote the n*h term; then u,.=% (up—y +%q4—y); therefore
U= Uy = — ; (-3 —%n—) This shews that the series u,—1u;, u;—u,,
", - ty,... i8 & Geometrical Progression with the common ratio —%. There-

n-g "—t

fore “u"‘h—1=(“s""1)('%) =(b-q) (-% ,- Thus u,—u, =5 - a,
9 n—

Uy~ uy=(b—a) —5), u,—ug=(b —a) —% ,...u,.—u,‘_1=(b_a)(_% 2

Hence, by addition, t,—#=(®-a) {1-{- (_ %) + (_ %)’1. ...... + ( - ;)H;

( 1\ 1 1
_ ~32) ~ _2(b-a)i _ 1»1}
=0-0) =" 1 -3) |
2
197. First suppose two things a and b. The permutations are ab and ba.
Hence we form and s their sum = 1+} _1_1
© a@+b) 5@+a)’ “\a"b)a+b"ab

Next suppose three things @, b, and e¢. Consider those permutations in
which ¢ stands last; they are abc and dac. Hence we form

and .___1___ . —1_
bd+a)(d+a+o)’ ab(a+b+c)
we get from the permutations in which a stands last, and

1
‘a(a+d) (a+tbrc)
theirsum is by the first case. Similarly

be(a+b+¢)

@@1iT9) from the penm;tatwnsl in which  stands last, Hence the whole

1 1 1 . .
sum:m(a +5 +°—;) =i Similarly having thus proved the

theorem for three things we can prove it for four: and so on.
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198. The expression on the left-hand side is easily seen to be the
N "
term which does not involve y in the expansion of (1+y)" (1 +§) : now this
z n
Y+
z\*_ { y‘ _ n(n—1) }
- = (l+x+y+:—l) —(1+Z)" 1+m —(1+Z)' i1+ns+ ——2—5’4' ey
x
y+=
where z stands for 1-4-—: ‘We have now to find the term which does not
contain y in the expansion of z, 2%, 23, .... We easily see that there is no
Bucha.termini,z‘ 25%.... In g% the ferm is 2”)., in ¢ the term is

T
EL[(_I—_" and so on,

n+2\M1l 042 1 on42
*“' where v,= ( ) “n+l (1 n+1) s

hence when nis taken large enough v, approaches as closely as we please to
the value e~1. Hence u, may be considered to be equal to (

Uy

i when n

is large ‘enough; and as e—}—l is less than unity the series becomes a Geo-

‘metrical Progression in which the common ratio is less than unity, and is
therefore convergent. :

200. By the method of Art. 549 the series is equal to the product of
|n+ 8 into the coefficient of 2™+ i m the expa.nsmn of

(=t far-)

this coefficient is the same as that of 2* in the expansion of

(1+I”_‘—2+”E;+i“|—é+...)'.

As in Art. 529, q+2r+38=8, pt+g+r+s=n.
Theooeﬂimentm p g r s
+n(n I)EE "(""1)(" 2)(]:) n-1{0]0]1
that i n(n-1) n(n—l)(n 9 . n-2( 1110
18 it 12 8 . n-3|8[0|0
Therefore the series=|n+8 {214+ "(';2 D +"(" 14)8(” 2)

201. By actual multiplication we obtain for the result of the first part of
the Example 1-z—a?+ 25+ 28+ 27— 28— 29— 2104 2184214 _ 215, Now if we
multiply out (1- z‘) 1-27) (1 a8)..., it 1s obvious that as far as z1? inclusive
the product will be 1 - 28— 27 — 28 — 29— 10— gll 13, Multiply this into the
former result, and we obtain as far as ' inclusive 1 -« —* +&5+a7 ~a'%,
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202. It is easy to shew by actual multiplication, or by the method of
Art. 808, that (a—b)‘+(b—c)'+(c -ap=-8(b-a)(c-b)(a-0);
hence @* -8B+ (- )3+ (¢* - a%)¥= — 8 (B* — a?) (* - B%) (a*-?).
Divide the latter by the former, and the required result follows.

203 We have o shew that K19 is not less than 50 where R=1+ o= .
Now log R19= 100 log R=100 log l%ff.mo (log 104 —2)=100 (log13 + log8 — 2)
=100 (log 18+ 810g3-2)=1-7038. Also log50=log 10 =2 - log8=1-69897.
Thus log R is greater than log 50; and therefors R'*® is greater than 50.

204. Let z denote the value of theoontmuedtmction 111 1
I+ p+ I+ pt+
ptz _ .
then x__r P+1+-"° therefore 2'+pz—p=0; therefore

z=;(—p+ Jp’+4p); therefore 22+p = n/pi+ 4p: this is the required resutt.

205. Let = denote the number of weights of 91bs., and y the number of
weights of 14 1bs.; then 9x +14y=2240. Ome solution is z=0, y=160; the
general solution i is z=14t, y=160-9¢; thus ¢ may have any value from 0 to
17 both inclusive. Therefore there are 18 solutions.

1 _ A  Bz+(C,
206. Assume T d-ap 1-% G-a therefore

1=A4 (1-2)*+(Bz+C) (1-2z). 8ince this is to be identically true we may give
any value to z; suppose then c—l thus 1—5, so that 4=4. Therefore
1-4(1-2)*=(Bz+C) (1 - 2), thnt is (2z- s)(1 -2)= (Bz+6’)(1 2);
therefore 22— 8=Bg+(C; therefore B=2, and C=-8. Thus
1 4 3-8 - "
i I T a-g  0-27+ %2819

2H$ce the coefficient of z* in the expansion is 4.2%+2n-38(n+1), that is
-n-38.

207. Divide both the proposed expressions by 1-z; we have then to
shew that -M—L:.Hf is less MM, or that nz®
is less than 1+z+ 2%+... 4+ 21 : and this is obvmus, for each of the n terms
onthenghthandsxdemgreaterthmz“

208. It is obvious that the expression né-—4n?+5n?~2n vanishes when
n=1; therefore n—1 is a factor of the expression, by Art. 832; and n is also
a factor. Divide the expression by n (n—1), and we obtain the other factor:
in this way we find that the expression =(n—2) (n-1)*s. Now one of the
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three factors n—2, n—-1, and n, is divisible by 3; if » be even both # and
#—2 are divisible by 3; and if n be odd (n—1)* is divisible by 4. Thus the
expression is divisible by 3 x 4, that is by 12,

209. The number of ways in which § counters can be drawn is the num-
)10
ber of the combinations of 10 things taken b at a time, that is Tﬁ The

number of ways in which the 3 marked counters can be drawn among the
5 drawn is the number of combinations of 7 things taken 2 at a time, that

7
is 215. Hence the chance of drawing the 8 marked counters is
_L_- 10 tha.tisskii i;hat;ial Hence the value of the expec-
EICAIEER 8.9.10° iz* ue of the

tation is 0} of_n shilling,

. _(,,_1)1—1_ 1 (,,_1)-_. 1 1\

210. The n® term="—" = — (20) "= — (1_;) . Now
n

‘(1—;—. can be brought as near to ¢! as wa please by taking = large

enough: see Art. 552. Thus the series bears a finite ratio to the divergent

series % + % + i+ ... ; and is therefore itself divergent.

211, Let a,, @y, ... 6, denote the n quantities. Then
2n
(@ + @+ ... +a)t= (ay05+ ayag+ ...+ agay + ...).

n-1 '
Pat for the square on the left-hand side its developed form, multiply by
n -1, and bring all the terms to the left-hand side : thus we get -

(01— ag)*+ (@ = a3)* + ... + (25— a3)* +...=0.
Therefore ay—-a,=0, a,—ag=0,... ag—ay=0,...

212, Put z for b—¢ and y for c—a; then 2+y=—(a-b). Hence the
first expression becomes 25 {(x + y)7 - o7 - ¥} {(x+y)®-2*—3%}, that is
25 (2 +zy + y3)2Txy (+Yy) X Bxy (x+y): see Example 1v. 45. The'second ex-
pression becomes 21{(z+y)5-a:‘-yy 3, that is 21{5 (z+y) @+ 2y +y°) ay}*.

218, Suppose that the expectation of life is  years. By Arf. 595 we
.

=150L= =140 2, 1 18123 z,
have 18124 =150 R_lehere R_1+100_m, ther:fore %" 150 =1-R~%;
90 5936 5000 30000
therefore R_z=1—m=15T00, therefore R’IW =T18-—72'.4 Thus
21 . 3-0000 __log3-1log1-1872 _ -4025974 .. .
@ log 55=10g 17y ¢ therefore &= jog T Toga—1— w02iisga’ s ¥

almost exactly 19.
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V5+1

214, 2—_11-*/5 -1 2

=1+ 75t
Hence p,=pp+Ppg. Thus p,=py+Dss DPe=P5+D¢s - Py =Pan—1+Pan-12}
therefore by addition DPsn=Ps+Ps+Ds+Pr+ ... +Pan1+

Similarly 2r=gr1+2r1; &o.

215, Let z denote the numerator, and y the denominator ;1 then
§o+11y=1081. Divide by 5; thus a:+2y+"’——1=206° therefore =1 must

be an integer, say =¢. Thus y=1+5¢, and a:—204 11¢. As the fmctlo

to be a proper fraction we must have 1+5¢ greater than 204-11¢;
requires ¢ to be greater than 12. Hence we find that ¢ may have any va.lue
between 13 and 18 both inclusive.

: thus every quotient is unity.

n
4 ) 4 @+1)(x+2)...(x+n+1)
1 it B ntl .
equal to e3itzsat .+ Zansl’ ‘where 4,, 4, ...444, are cerfain
constants. Clear of fractions; thus
[r=4,@+2)(@+8)...@+n+1)+ 4, (z+1)(x+8)...(2+n+1)
+A43(x+1) (z+2)(z+4) ... (z+n+1)+...

Now since this is an identity it is true for all values of z; put ~1 for z;
thus every term on the right-hand side vanishes, except that which involves
A,; and we get |l; 4, |n, so that 4,=1, Again in the identity put -2
for z; thus every term on the right-hand slde vanishes, except that which
involves 4y: and we get |n= ~44|n-1, g0 that A,= —n. Similarly

1,:’1—(—"{—1). And so on. The theorem msay also be demonstrated by

induction in the manner of Example 236.

216. By Art. 648 wé know that is identically

217. Put g for p, where m and n are positive integers, We have to

m R—m
shew that (a+b)"a ™ is less than M+Mb. Suppose that there are m quan-

n
tities each equal to a+b, and n—m quantities each equal to a; then their

arithmetical mean is "‘—“‘l‘i:(l"ﬂ that is 22X, 413 their goome-
m n—m

trical mean is {(a+b)"'a"‘"‘}" that is (a+2)"a * : the latter is less than
the former by Art. 68:

218, We have 3¢—1=81-1=80; therefore 3"+ —3"=80-3"; thus if the
digit in the tens’ place of 3" is even s0 also is the digit in the tens’ place of
8", But if n=1, or 3, or 8, or 4, the digit in the tens’ place of 8" is even;
therefore it is even for every value of . Any power of 9 is some power of 3;
and therefore the same statement is true for powers of 9. The statement is
also true for powers of 7; it may be established in the same way as for
powers of 8, observing that 7¢—1=2400.
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Again, v - §n=5% (5 -.1)=20.5%1; thus if the digit in the tens’ place
of 5™ is even, 80 also is the digit in the tens’ place of 5*+1. But if n=1, or 2,
the digit in the tens’ place of 5™ is even; therefore it is even for every value
of n. And 6"1-6"=6"(6-1)=30.6""1; and hence we may shew that the
digit in the tens’ place of 6™ is odd for every value of n.

219. There are three possible hypotheses, (1) that all the balls are black,
(2) that two of the balls are black, (3) that one ball is black. Hence,
assuming that before the observed event the three hypotheses were equally
probable, the probability of the first hypothesis after the abserved event is

) 8 1 .8
}v31+ﬁ+§7§, that is i

1 1
T 271/_;'":\/("’""1); thus
£=1/(4+1); by Art. 795 the continued fraction 2 71— T ...=y/(e-1):
since z=+/(y+1) it follows that y=+/(z*-1).

221. Clear of fractions and bring all the terms to one side; then it will
be found that the given relation may be written thus:

(@a+d-c(a-b+c)(-a+bd+c)=0.
Therefore one of the three factors must be zero. Suppose a+b-¢=0; then
B+ct-a' (a+d)p+b8'-a’ _a+bd+b-a

220, By Art. 794 the continued fraction y+

2%¢  2(a+d) -2
2 _ B3 2 3 _ 3 -
gimilarly ﬁ;?lﬂ; ang 22V a_o ”’2“((,““’)’:-1.

222. Suppose ¢ the value of each of the equal quantities; then
a?=a-t, yi=b3-t, R2=c'-t¢;

and substituting we get

NB =) (=t +/(F-9@- )+ /(@ - B -t)=t.
Transpose and square;

®* -9 (0*-9)+2 (- ) /'~ 1) (a® - 1) + (* - ) (a* - ¢)

=68-2t /(@ -t) (- ¢) +(a*-2) (0*-9).

Therefore 26" /(57— 0)(a - £) = a?? — b3c3 - a%c®+ 2¢%.
Bquare again; &o.

1-R™ 1-R™™ q_ .
223, By Art. 595 we havep::-R-j V=TS thereforel—’-.li-R“",

therefore (R-l)p+§=2, that is 7‘P+§=2-

T. K. Q
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(48 (048 e i

\/(b’a’+2ab)+ab_b+\/(b’a’+ﬁab)—ab__b+ b

%a - 2a \/(b’a’+2ab)+ab'
(B%a*+ 3ab) + ab /(8% + 2ab) —ab 2

3 2a+ 3 =2a+V(b’a’+2ab)+ab'

Thus it is obvious that the quotients are a, b, 2a, b, 24,...
225. By Art, 837 the proposed ezpression is equal to 3 (x - a.)(:c B), where
a and B are the roots of the equation 22— (21y+1)z—11y*+84y- B 0.
. 21y + 1 (28y - b) 3
These roots will be found to be —Z-—-—,that is 11y-1 and —§+ 3
Hence the proposed expression
=2(-1ly+1) (z-}% - g) =(z-1ly+1) (2z+y-8).

226. By Art. 658 the recurring series can be tmnsformedmtotwo
Geometrical Progressions, one arising from the expansion of a.i—z' and the

other from the expansion of ﬁi , Where 4 and B are constants, and « and 8

are the roots of the equation 1 —pz—gz*=0. Inorder that these Geometrical
Progreesmns may be both convergent x must be numerically less than
both « and B.

997, PASIHPGto ¥ PO o ok than (PR Rétat ) +p.¢,
for if we olea.rplo( fmctmnsp ‘and bring all the terms to the left ha.nd side we
obtain a series of positive quantities p, p, (@) - ay)*+ 294 (@) — ap)* + ...

dp-ﬁlﬂﬁ’}#‘m grea.terthmm-—a""——*‘a—“ for if we clear of
frachonsplmd bring fll the terms to the left- ha.nd side we obtain a series of

positive quantities (p, — p,) (a; - a5) + (P —Py) (a; — ay) + ... Hence the required
result follows.

228. We may suppose that a=6p+a, d=5¢+8, c-5r+'y, where p, ¢, r
are integers, and a, 8, y represent 0 or =1 or =2, Thus

(6p+@)* + (59 +B)* = Br+ )"
Therefore 4*— 8% — a? is either 0 or divisible by 5. Now a3, 8% 9 must be 0
or 1 or4; and on trial we shall find it impossible to have *~ p?— a? equal

to 0 or dxvmble by 5 unless at least one of the three a, 8, 4 i8 0. Thus one
of the three a, b, ¢ is (hvnuble by 5.

229, Suppose, for example, that the number is to have 4 digits; then the
number is equally likely to be any one of the numbers which lie between 9999
and 1000 both inclusive. Now beginning with 9999 and descending to 1000
we see immaediately that one number out of every nine is divisible by 9.
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230. This can be verified for the cases n=1 and »=2, and can be shewn’
to be universally true by induction For

2yt =(z+y) @y — ey @+
let z=3+4/5, and y=38 ~/5; then 2™+ y™ is the integer next greater than z™:
see Art. 526. Now z+y is divisible by 2, and zy=4: thus if z"“+z"‘1 is
divisible by 2%, and z*~% +y"~2? by 2"~%, then " + 4" is divisible by 2",

281, Let«?+ ax+ 8 denote the common quadratic factor; and suppose that
B4 pad+ gz +r=(@"+azx+p)(z+7), and 2+ p'at+¢gz+ =@ +taz+p) (z+7)
Then equating the coefficients in these identities we get

p=aty, g=ay+B, r=y;
p'=a+v, ¢=av+B, Y=0v.
Hence p-p'=v-7, ¢-¢=aly-7) r-r'=(y-7);
pr-pr=af(vy-7), ¢r-g’=g@-7)
Thus the proposed expressions are equal, for ea.ch of them is equal to 8.

232, It follows from the results in the preceding solution that
- g . PP 1o,
2 Er=gbr=n EEr=tpy=v;
-9 _ r—v_
P g
233, Since the present value of an annuity of £100 on the life of a
person aged 21 is £2150, the present value of the annuity for the child would
be £2—}tf—? if the child were certain o reach the age of 21 years. But as only

6 children out of 10 reach the age of 21 years the present value is

6 2150 3 2150 100
£ x 20, Now R=1l+ 5« thus log 22 =log 43x—2—-) - 2110g1:03

= 2+ log43 — log 2 — 21 log 1-03 =3:0628 =log 1156. Therefore the present
value=£I66 x 1165 = £693,

234, l\/(a’—%)=a—l+ \/(a’-g)-(a-l)

2n-1)a-n
V(n?a? - na)+na-n’
\/(n’a’-na)+na—n_1+-\/(n’a’—na,)-a(n-,l)__l+ a .
@r-1)a—n (2n-1)a-n T V(P -na)+a(n-1)"
-\/(ma’..na)+u(n-—1)=2(”_1) J'_\/(n’ai._na) -a(n-1)
a a

=ag-1+

@2n-1)a-n
=2(r-1) +\/(n’a§—m)+na-—a'

By proceeding in this way we shall find that the first five quotients are
a-1,1,2(n-1), 1,2 (a—1); of which all, except the first, recur.

Q2
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285. Let x denote the digit in the tens’ place, and y the digit in the
units’ place; then the number is 10z+y: hence 10y+z=% (10z+y)-1;

2
therefore 19y -82+2=0. Divide by 8; thus 2y-z+sy; =0; therefore

!—’l;'—n must be an integer, say =s: thus 8y+2=8s. Divide by 8; thus
y= 2s+2(’ b, ; therefore Tlmuntbem integer, say =¢: thus s=3¢+1.

Therefore y= 83+2, and z=19t+5. Since z and y must each be less than
10, the only admissible solution is =5, and y=2.

236. This may be shewn by induction. It is obviously true when n=1,
whatever be the value of z provided neither z+ 1 nor #+ 2 vanishes, Assume
then that it is true for a certain value of # provided no denominator vanishes.
Change « into z+ 1, assuming also that +n+2 does not vanish. Thus

1 n + n(n-1) o1
z+l (@+1)(z+2) @+1)(@+2)(x+3) " z+n+l’
and 1 n + n(n-1) _ - 1
2+2 (@+2)(z+8) @+2)(z+8)(z+4) " z+n+2°
Subtract the second result from the first: thus
1 2n . Sn(n-1) _ 1 1
EID @D @t @+ @18 T @rl). @+d) T zintl zini2

Again, subtract this from the first result: thus
1 n+l (n+1)n 1
e+l @t )@+9) T @ D)@+2)(@+8) " z+n+3"
This is what we should get by changing n into n+1 in the first result :

thus if the theorem is true for a specific value of » it is true for the rext
value. Hence as it is true when n=1, it is universally true.

The theorem may also be demonstrated in the manner of Example 216;
88 we may assume that the expression on the left-hand side is identically
4, 4y Appy
equal to z—_*_—i +2at .t Zinsl where 4,, 4,... 4,4, are constants.

D
287. We have to shew that z"—1 is greater than n(z-1)z ? ; divide
14"t +1

by z-1; then we have to shew that —_— is greater than

n-1
2 3. The left-hand member is the arithmetical mean of a set of n quan-
tities, and the right-hand member is the geometrical mean of the same : the
former is the greater by Art. 681,

238, All these statements can be verified by trial for low powers and
shewn {o be.universally true by induction.

For 43-4=60; thus 4" - 4"=60.4""1; therefore the digit in the fens’
placg of 4"t2 is even or odd according as that in the tens’ place of 4* is even
or odd.




’

MISCELLANEOUS EXAMPLES. 229

Also 25-2=30; thus 2%+ -2%=30,2*-1; therefore the digit in the tens’
place of 2** ig even or odd according as that in the tens’ place of 2" is even
or odd. We suppose that n is not less than 4.

And 86-8=32760; thus 8%+ —8"=32760.8%-1; therefore the digit in the
tens’ place of 8% ig even or odd according as that in the tens’ place of 8" is
even or odd.

989. The chanoe that the digit taken is 2 is ; and if the digit is 2 the

chanoeis%thatthe digit in the tens’ place of the powefisodd: thus there is
1
18 : _
and to 8. And by Example 218 there is a chance % relative to 6. By

Example 218 the chance is zero relative to 8, 6, 7, or 9. Thus on the who
1 1 1 5 :

o chance of — relative to 2. Similarly there is a chance of % relative to 4

. 1 .
thechancelm wtigt ﬁ+§,thatm i6°
__ 22%48n+2  w, _ (n+4)(2n3+3n+2)
240. Here ""‘(n+1)(n+2)(n+3)’ Uy (+DE@H)+3(@n+1)+2}
n‘+En’+7n+4
n+4)(2n3+3n+2) 2nP411n2+14n48 2
= 3 = 3 0 = .
(m+1)2n*+Tn+T)  2n3+4+927+14n+7 n”+gn’+7n+;

Thus with the notation of Art. 776 we have a— 4 ~1=0; and the series
is divergent.

Or we may proceed thus: By the method of Art. 647 we have '

2n+8n4+2 1 (_1__ 8 +1_1)
m+)(n+2)(n+8) 2 \n+1 n+2' n+8

and by transforming every term we find that the proposed series

1 1,11 1
=~ﬁ+2(-+~+— +...+'—.+...),

4 56
and is therefore divergent by Art. 562.

241, Here a,=£( +b), and b= 2a,b, ; therefore agb,=ab, ; thus the
2 .+ 0y 3 + Oy al

theorem is true when n=2. We shall now shew by induction thaf it is uni-
versally true. Assume that for any value of n we have ab,=a;b,: now

a,,n=%(al+b,), and b, = 26, ay . therefore

b +a,’
ab
Gpiy b, I CRIALL (a1+ Zn )bla‘= b.
1 9%+ b +a, T Lol

This shews that if the theorem is true for a specific value of .« it is true for
the next value, Hence as it is true when n=2, it is universally true,
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242, Add the first and the second .equations; thus z*+y*—-a®-3*= hg
therefore z — y=+/(a?+5%): sumilarly y — z=++/(*+ ¢*), and z-z=++/(c*+ a?).
Therefore, by addition, we see that the equations are inconsistent unless
=q/(a?+ b")s:\/(b’+c*)d=\/(c' +a%)=0. If this relation does hold the three
given equations are equivalent to fwo, and are therefore insufficient to find
the values of the three unknown quantities.

~ 243. Let P denote the original capital; then the person spends every
year 2Pr, when '=i%3: and we have to determine n 8o that P may be the
present worl;h of an annuity of 2Pr continued for = years. Thus

P-?Pr ; therefore 1 - R"'—} therefore R*=2, that is (1+7)*=2;

104 . log2
therefore n log 7or=log2; therefore *=Tog13+log8-2

= «/(«'+%+-f)=a+¢<i+;;;2>-«

=18 nearly.

=0+ J0a%+ 120+ 6)+ 3"
Put N for 9a*+12a + 6.
./N+sa ~/ ~(a+9)_, 2+l
4a+2 4a+2 le+a+2'
‘_,./_N_+a~;-2_2 NN-3a PR

%a+1 2a+1 JN+3a"
JN+3a=a+J1V-3a=a+ 2_a_+1 ,

6 6 NN +38a
Jﬁ+3a ~/‘-(aw) gy _t0+2
Sarl 2a+1 NN+a+2'
NN+a+2_ 1+ NN -3a
da+2 4a+2 /N+3a'
NN+8a_ JN-sa_ da+2

3 =2a+ 3 —2a+J17+3a’

the quotients will now recur.

245. Suppose that the farmer bought z sheep and y bullocks; then
1:;+5y=25; therefore 8z+10y=50. Divide by 8; thus x+3y+‘y—_324=16;
therefore y;—zmust be an integer, say =¢: thus y=2+8t, and x=10-10¢
Either =10, and y=2; or =0, and y=5.

\246. If each term on the left-hand side is expanded the whole coefficient

. 1) n—r m-r)(n—r-1)
of o will be foundtobeLl_l—-gm m(m_1)+m(m_1)(m_2)7...;and
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; . - |n 1.
the coefficient of #" on the right-hand side is (- 1) — prymrtrguprys We

have to shew that these are equal. Put n—#r=s; thus we have to shew tha}
ol s 8(s—1) T . o
m +m(m—1) mm-Om=3 " " "m-s’ This may be shewn by indue.
tion. It is obviously true when s=1, whatever be the value of m provided
neither m nor m -1 vanishes. Assume then that'it is true for a certain
value of s providled no denominator vanishes. Change m into m -1
assuming also that m —s—1 does not vanish. Thus
1 + 8 + 8(s—-1) 1
m mm-1)  m@m-1)(m-2) m—s’
1 8 s(s-1) 1
At ) m-2 T m-Hm-2)@m-3) " "m-s-1
Subtract the first result from the second: thus
1 + 28 + 3s(s—1) + 1 1e¢
m(m—1) " m(m-1)(m-2)

+..=

mm-1) (m—2)(m—8) ' " m-s—1 m-s'
add this to the first result; thus
-1 8+l (s+1)s 1

™ +m(m—1) mm-1)(m=2) " m-s-1"

- This is what we should get by changing s into s+ 1 in the first result: thus

if the theorem is true for a specific value of s it is true for the next value.
Hence as it is trne when s=1, it is universally true.

247. Transfer all the terms to the left-hand side; then omitting those
which cancel we have a series in which each term is of the form
(aP - bP) (a?- 9): these terms are positive, for both factors are positive, or
both negative.

248. By Farmat’s Theorem N®-1=14kn where k is some integer; raise
both sides to the power n™1; then on the left-hand side we have N™; and
on the right-hand side we have by expansion 1-+pn', where p is some
integer.

249. There are six hypotheses with respect to the notes to be regarded
as equally probable before the observed event. (1) Three of £5. (2) Two
of £5, one of £20. (3) Two of £5, one of £10. (4) One of £5, two of £10,
(56) Onme of £5, two of £20. (6) One of £5, one of £10, one of £20. The

. . 2 2
probability of the observed event on these hypotheses is respectively 1, 3’3

-;—, % Henoe after the observed event the probabilities are respectively
i’ %, 1_26' Tld’ %, 1—10- The value of the next draw in pounds is

therefore 3 x % ’8x3x5+2x30+2x20,+2E+45+35}, that s, 2%’, that
2 .

is §5 , that is 8.

1
8'
3
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250. 140+ 8-124+ 4
4 4416428 - 128 - 832
-12 -12-48- 84 +384+2496
1+4+ 7-82-208-448

A8 1244 o . 448 - 24960
P-imi1a 0 +Hia+T-8%7- 208 Py )

251. The first equation may be written : % (y-1)+2 (y-1)-4(y-1)=0.
Thus either y—1=0 or z'y+x-4=0. Take y=1 and substitute in the
second equation ; thus we find z=1. Then take z%y+2-4=0; the second
equation is z%%+x(y—-38y%)+1=0: substituting for 2% from the former
equation we have (4 - )33+ (y— 8y%)+1=0; therefore 4y’(14—z)+zy+1=0;

-z
therefore 4y3(1 a:)+z—0, therefore "’.—a;(z—l) . And y= et therefore

(;”)’ 1 . therefore (4—2)*(z-1)=43; therefore 16 — 24z + 923 =0;

Thus

3 =x(z—1);

therefore z=§: and then y=3-

252. We have a,-a=a,-a, ay—-a;=a,-a+d, a,—a,:al-a+2t:
Qp =Gy =a, — G+ (r—1)d; therefore, by addition, a,—a:r(al—a)-i-i(r;—) d.
And as a,,,; is the same as b we get b—a=(n+1) (al—a)+(”L;)Ld.; therefore
azl-a=b;"l ~ 2 d: this determines a,~a, and then qy, ay, ... become known.

n+l 2
b-a nd : (b—a  nd) . .
‘We thas find that “1““‘“7;1‘1‘?’ mdth&ta‘—b—zm+? ; we will
suppose b greater than ¢ : then in order that a,, ay, ...a, may lie lietween a
: -a nd
n+1_—2—'

must both be positive, 8o that d must lie between - 20—
nin+l)

and b we must have a, greater than a, and a, less than b; thus

and E-_a +ﬁ_d
nt+l " 2
2(-a)
a(n+l)”

253. The value of r is here 8% . Buppose that the terminable annuity

is £4 per annum; then 100=,§_+$(1-R"°); therefore 12=‘;(1—R"");

3 1 8 91
therefore A=12x@x1—_—1—e—_ﬁ. Now R=1+r=1+%=8—§; therefo‘re

log B~%= ~ 80 log 1o~ = — 80 (log 13 + log7 - log 11~ 8 log 2) = — 43680

8 1

=-1456320=1og -3668. Thus 4 =12 X5 X 1_'—36“:-645 nearly.
254. When /(a®+1) is c}tlmverted into a continued fraction every quo-
tient after the first is 2a; thus p,=2ap,_,+pu_s) §n=20gs_;+qn—y- The
series (1) of Art. 614 becomes 0,71, a, ;,.l..; Ed tﬁe uer'i‘eul (2)“—1:eoomes
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1,1,1,...: therefore by that Article (a*+1) q.-.ap,.+p,,_1, Pu=Qy+qpn.

Fromthe first of these four equations p, ;= —2a£1 change n into n+1,

and substitute in the third equation: thus (a,+1) q,,:’—,l'ﬂ%l- +Pp-1s
therefore 2 (a?+ 1) g, = P4y + Pn—y. Again, from the second equation
q,H=q"_q"—"; change % into n+1 and substitute in the fourth equation:

Int1 = In—

thus p,= —Qfl +dy-1; therefore 2p,=gnsy + n-1-

255. Suppose that the boy bought z apples, y pears, and 2z peaches ; then

z+y+2=12, and g+y+2z=12. By subtraction %—z:O: substitute for g

in either equation ; thus %ﬁ +y=12. Hence g must be an integer; éay =t;
therefore z=5¢, y=12—-9¢, and z=4¢ If ¢=0 we get 2=0, y=12, £=0; if
t=1 we get = 5,y 3, z=4.

a+ be 4 B

256. Assume =g + — therefore
(l—w)il—g) B : ‘

a+be=4 (1—%) +B(1-cx). Since this is to be identically true we may

- give any value to z, suppose then z=%: thus a+2=4 (1—%), so that
A=_c(w+b). Aga.i.n suppose that z=c: thus a+bc=B(1-¢%), so that
1-¢
_a+be a+bc L _claetd) 1 |
B—l_—c" =4C e Pl gt and there-
- 1—-) “1.£

a+ bc 1 _¢(ac+d)
fore the coefficient of 2® in the expansion is —— ITda I-a c®
257. Consider the n numbers 12, 2, 89, ... n%; their arithmetical mean

2 3 2 2
is Lﬁ.j%tﬂ' that is (7'_-"1_)%21{-_1)' their geometrical mean is

1 2
{13, 22, 3%...n%", that is {|n}"; the former is the greater by Art. 681. Again
consider the n numbers 13, 23, 33, ... #8; and proceed as before.

258. By Fermat's Theorem N®~1=1+ kn where k is some integer; raise
both sides to the power n: thus N?®=(1+kn)"=1+pn® where p is some
integer. Therefore (N™+1) (N™—-1)=pn®. Now N™+1 and N™-1 cannot
both be divisible by n; for if they could, their difference, which is 2, would
be divisible by n : and this is impossible except n=2. Thus when % is not
equal to 2, we see that N™+ 1 or N™ -1 must be divisible by n*. Moreover if
n=2 then N must be an odd number, so that N™+1 and N™ -1 are both
even; and therefore one of them must be divisible by 4, that is by 22,
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259. It is an even chance whether the number taken is odd or even ; in
the former case the digit in the units’ place of the square is odd, and in the
latter case it is even.

Again, 0%, 12, 22, 83, 5%, T8, 8 and 9? may all be considered to have an
even digit in the tens’ place; and 4% and 62 have an odd digit. Also, N and
k being any integer, N® and (N + 10k)? have both an even digit or both an
odd digit in the tens’ place ; so that it is sufficient to consider the cases
03 19, 2%,...9%, Hence we see that 12(—) or % is the chance that the digit in
the tens’ place of the square is odd.

Similarly with respect to the digit in the next place it will be sufficient to
consider the cases 03, 12, 23, ...(99)?: moreover since (50 + a)? — (50 — a)?=200a
the results for the numbers between 51 and 99, both inclusive, are respec-
tively the same as those for the numbers from 49 to 1, both inclusive. On
trial it will be found that there are 59 cases in which the digit is even,

41 '

and 41 cases in which the digit is odd. Hence we see that 100 is the chance
that the digit in the hundreds’ place of the square is odd.

260. BSuppose that the expression =1+A4,2+A42+ A +..., where
A,, 4,, A4,,... do not contain z. Change z into cx; then we can infer that

122 (14 Aot A0+ 4?23 +.) =14+ Ayp+ A g+ ... Cloar of fraotions;

then equate the coefficients of z": thus 4,c"+ 4, c"'=4,.~ 4, ;¢c; therefore
1

A, (c+)=A,(1-¢; so that 4,=SEH) 4 Thig will determine

1-¢" ~1
in succession every coefficient: thus 4, denotes 1; therefore Al=f(}4c1);

c(l+e), _SA+1)(1+0),
A, 1—a 4,= aA-oa-a ° and so on,

261, at a8+ 4= (o +6Y) - a¥B={(a+ B)? — 2a8) - a'B"
b 2\? fc\? B¢ 4b% 8
=\@" a) - (;) ETFta
262. Let a be the first term, and b the common difference of the cor-
responding Arithmetical Progression; then $=a+(m-1) b, %:uq—(n—l)b;

hence we get u=b=;‘1;. Let = denote the & term of the H.p., then

1 r mn
;=a+(r—1)b='-n—'—‘, therefore z=—.

268, Let u, denofe the nth term; then w,=a/u,_u,4; therefore

1
log u,= 3 (log %y, +logu,_,). Let logu,=v,; thus v,= 3 (¥n—1+94-g). Hence,

-1
a8 in Examplo 196, wo find thet o,=v, + 3 (13-%,) -(-3) i and 0
when % is large enough we have v, differing as little as we please from
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v,+§ (vg—v,), that is from 2—"—;'—"1: thus when # is very large we may put

_2logb+loga
=— '
264. Suppose that on dividing d by a we have a quotient p» and a
remainder »; then b=p¢_z+r. Therefore gis greater than ;i—l; assume
e_ 1 o d_a(p+tl)-d_ a-r _a-r
E—m'l‘ B‘,, then —= —bw—m)—TqT where a1 Btﬂjlds for
p+1. In the same manner we can put %, in the form El—-!- % where
b”’=bg, q,, and a” is less than a—r. Proceeding in this way1 We obtain the
required form. If 5=7 and a=>5 we have ¢, =2, g,=38, ¢;=4, ¢,="T.

265." Suppose that z coins of the first kind and y of the second are taken,

then %’; + g%—g"”)aoe; therefore 90z + 74y=12000; therefore 45z-+87y=6000,
Divide by 87; thus z+y+2(4§7_3)=162; therefore 4”—3;3 must be an

integer, say =#; thus 4¢=3+87s. Divide by 4; thus z=9s +'%3; therefore

logu, =log (b%)}, 8o that u,=(b'a)}.

‘1'—3 must be an integer, say =¢; thus s=4t-3. Therefore 2=287¢~-27 and
y=195 - 45¢. The solutions are obtained by putting t=1, 2, 8, or 4; so that
we have x2=10, y=150; x=47, y=105; xz=84, y=60; z=121, y=15.
The first solution gives the largest number of coins, and the smallest value
in money; the last solution gives the smallest number of coins, and the

largest value in money.
266. Wehave py,=2ap, ;+Pn-g n=200n—+0s-9; thus
Pu_ Prog_ 20 (Pa-19n-a=Pu-sfn-d)
© 9 9n-g n In-2

so that the factor 2a occurs in the numerator, This is trne whether » is
even or odd; there is however a difference between these two cases. We
have ¢,=1; hence the relation g,=2ag,_,+9,—g shews in succession that
Gs» 95 975 - 8T6 not divisible by 2a: on the other hand g, =24, and the same
relation shews in succession that g,, gg, 9, ... are divisibfe by 2a. Moreover
Pn—1 In-g— Pa—3 Gn-1 18 numerically equal to unity; so that when the fraction
is reduced to its lowest terms if z is even the numerator is 1, but if » is odd
the numerator is 2a.

-1
267. Let n be the number of terms: we have to shew tbat a_(l-;L) is

X .
greater 1 a(1+r+r’+...+f"‘), or that n(l++™1) is greater than

n
2(1+r+r*+...+m1). Now the right-band member may be arranged into
% pairs of the form ™! 4"~ where m takes in succession all the integral

‘values from 1 to n inclusive. And 1+#"1 is greater than ¢m—14ym;
for 1491 (™14 4"") =(1 - ¢™1) (1 - ™), and the two factors are both
positive or both negative. . .
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268. It was shewn in Example 228 that one of the three a, b, ¢ is
divisible by 5; and in a similar manner we can shew that either a or b must
be divisible by 8. Now it is impossible that a and & can both be odd; for
then a®+ % would be divisible by 2 but not by 4, whereas ¢? is divisible by 4
if ¢ is even, and is not divisible by 2 if ¢ is odd. Hence either a and b are
both even, or one of the two is even and the other odd. If a and b are even
then ¢ is even, and abc is divisible by 8, If a is odd and 4 even, then ¢ is
odd; let a=2p+1 and ¢=2g+1; then

b=(2g+1)*- (2p+1)*=4g (g +1)-4p(p+1);
thus 5? is divisible by 8, therefore b must be divisible by 4. Thus in this
case abe is divisible by 4, Therefore in both cases abe is divisible by 5 x 3 x 4.

If a is a primne number greater than 3 it cannot be divisible by 3 or by 4; so

that b must be divisible by both 8 and by 4, and therefore divisible by 3 x 4.

269. The chance of drawing two specified numbersis ——— (n Py : hence the

expectation in ghillings is Py 2 )xP where P denotes the product of the

first » natural numbers taken two and two together. Hence by Example 155
2 (@-Dantl)@Entd)

the value of the expectation in shillings is (=T X o4
(n +1)(3n+2)
that is Y—m—.

270. Let p, denote the probability that the individual will die durmg the
7 year; let g, denote the probability that he will be alive at the end of the
7% year. BSuppose £z the payment to be made immediately and repeated.
Then the present value of £P to be received at the death of the individual is
P (& +q 2+ Rﬁa"' ) ; and the present value of all the payments is
z(l +% Iq{"+ RJ+ ): these two present values then must be equal.
Moreover we have p.=g, ,-g,, observing that g, is equivalent to 1, and

0, 0. B 1. 4_ P_ P4
A_R R’+R3 Thusx(1+A)._P(R % A),sothp,t =3 ia:®

271, Let each of the fractions=%; then klogz==z(y+:2z-2), and
k logy=y (2+2—y) ; multiply the former’ by y, and the latter by «, and add ;

thus ylogz+2 logy—zi therefore y*a¥= Similarly 2%2* and y*%¥
may each be shewn equu.l to the same.

272. Transpose the first equation and square ; thus

(@3 +a?) (12 +0%) = (2 + %) (* +a?) - 2 (@ + B)2 /(=7 + B9) (_1/’+aii+(a+b 45
therefore (2% - 3?) (a?-b?) — 2 (@ +b)? J (23 +6%) (32 + a?) + (a+ b)t=0.
But 2?-y*=(z+y) (&~y)=(a+D) (r~y); therefore dividing by (a+b)? and
transposing we get (x—y) (a-b)+ (a+5)*=2 A/ (@ + %) ¥3+ a?). The left-hand
member of the last equation =@&-y)(a-bd)+(+y)(a+d)=2 (:w+ yb)
therefore xa+yb=+/(x*+b%)(y?+a?); square thus 2zyab=z%3+a%?; there
fore (xy~ab)3=0; therefore 2y=ab. Combine this vnth aty= a+bd.
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278. Let «? denote one of the squa.re numbers, and y the corresponding
quotient; then 2?=7y+4; therefore y.- 7 =E+=-2) . Thus either
x+2 or z—2 must be divisible by 7, so that we must have x="T7¢+2, where ¢
is an integer; and y="Tt2:4¢.

274. We have p,=2ap,_;+Py-g. Thus p,+p+pa+... is a recurring
series ; and its sum by the method ot Art. 656 is 2 Pt (Pa—2ap))z Hence p,,

1-2az-27 *
is the coefficient of 2! in the expansxon of this expression. Moreover
1—;"—”, Now by Art. 337
we have 1 —2az—2*=— (x—a) (x - 8) where a gnd g are the roots of the equa-
tion z’ 2ax-1=0, 80 that a+8=~2a. Hence the expression becomes

s-3 (et 11 1 1 a
e R A LR H

since a8=-1. Hence the coefficient of z™1, or p,, is — 5 (ﬁ"'-p- a®) (-1)*,

that is 1 g {(=a)*+ (-}, that is 1 g{@+ NBETL+ (a- NaTF I,

P1=6, py=2a%+1; hence the expression becomes

Similarly g, is the coefficient of ##-1 in the expansion of M‘)x ’

—2ax —a?
thatlsofl——l that is of — (_ )(x 5’ thatxsofpla(xla x_-l-_ﬁ)'
that is of fa (1_'_’% 1+ : 8o that we have ¢,= - 1; 18— a)
p{( A - (-a)}= 2\/@, ){(a+J«TT)-—(u—Ja*_')~;
975, Assume ot 2= 4 Bzt0 o

T+37(1-10)  1-102 T 14327
1+7z-2?=A4 (1+43x)*+ (Bz+ C) (1 - 10).
Since thls is to be identically true we may give any value to x; suppose

7 1 9
then a;._— thus 1+]0—WO—100A 8o that 4=1. Therefore

147z -2 = (1+32)*=(Bz+ C) (1 - 10z),
that is 2 (1-10z)=(Bx+ C) (1-10z); therefore :c Bz + C; therefore B=1
_ 1+ 722 -1 -8
and C=0. Thus T+ 321 102 = 1< ozt (1+5 ),—(1 10z) 1+ (14+32)
Hence the coefficient of 2» in the expansion is 10%+n (~ 8)*~1,

276. Assume that 18=4p+g, 80=18p+4g; hence we obtain p=4,

2 : and these values verify 856=80p+18¢q. Assume that 8=38p+2¢ +r,
%3 8p +3¢+2r, 80=13p+8g+ 3r, hence we obtain p=0, ¢=38, r=2: and
these values verify 55=30p + 13¢ + 8.
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277. L If m=1 the inequality becomes an equality. II. If m=2 we
have to shew that (n—1) (a*+b*+c*+...+43) is greater than 2(ab+ac+...+bc+...):
this coincides with Example r1. 20. III. If m=8 we have to shew that
(n-1)(n-2) (ad + b+ c3+... + k) is greater than 2.3.(abc+abd +... +bed +...).
The right-hand member =2 (a4 +bB+c¢C+...) where 4 denotes the pro-
duct of all the letters except a, taken two together; B demotes the product
of all the letters except b, taken two together; and so on. For instance, the
term abc will occur in a4, in 4B, and in ¢C; so that it will occur 3 times on
the whole. Now by II. we know that 24 is less than (n—2) times the sum
of the squares of all the letters except a? so that if we denote the sum of
the squares of all the letters by =, we have 24 less than Z,—a?: similarly
2B is less than 2, - b? 2C is less timn 2, -¢3% and 80 on. &‘hm the right-
hand member is less than (n—2) {a (2, - a*) + b(Z, - b%) +¢ (24— %) + ...}, that
is the right-hand member is less than (n - 2) {Z,2, — Z;}, where Z, stands for
a+b+e+...+k and S fora®+ b3+ +...+4% And Z,Z, is less than nZ,
by Example 247; therefore finally the right-hand member is less than
(n—Hl} (n—-2)Zs. IV. Suppose m=4. This case is established by the aid

f ITI. and Example 247, in the same way as ILL. was established by the aid
of IT. and Example 247. And so on.

278. By Fermat’s Theorem a*1—1 is a multiple of n. Now either a or
a™1 -1 must be an even number, and so be a multiple of 2; hence since n
is not equal to 2 we have a(a™! - 1) a multiple of 2n, that is a™ - a is & mul-
tiple of 2n. Therefore a™ and a must eng with the same digit when ex-
pressed in the scale whose radix is 2a.

279. There are four hypotheses with respect to the coins to be regarded
a8 equally probable before the observed event. (1) b shillings. (2) 4 shil-
lings and 1 sovereign. (3) 8 shillings and 2 sovereigns. (4) 2 shillings and
8 sovereigns. The probability of the observed event on these hypotheses is

respectively 1, 10’ % , i::_) . Hence after the observed event the probabili-
10 6 38 1

ties of the hypotheses are respectively 3° 30° 20° 30° Now on the first

hypothesis there are 3 shillings left in the bag, and so the value of a draw
is 2 shillings. On the second hypothesis there are 2 shillings and 1 sove-

reign left in the bag, and the valne ofadmwisﬁ—-"%ﬁ-lshimngs, that is

44 . . :
3 shillings, On the third hypothesis there are 1 shilling and 2 sovereigns

left in the bag, and the value of a draw is Q"L';”iﬂ ghillings, that is
8?? shillings. On the last hypothesis there are 8 sovereigns left in the

bag, and the value of a draw is 40 shillings. Hence the whole value of
. - . 10 6 44 3 82 1 .
another draw in shillings is 2—0x2+%x?+%x—3—+mx40, f.hnt is

15 ihat is 11}

1 .
o ilo+44+41+2o}, that is =0
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280. As in Example 246 we can shew that

n(n-1) n—
At mid) 1 +2)*3-...

_ 1 n_2"2 +n(n-1) «? +
“m4n" min-1 1.2 (m+n-2) " "

Change the sign of z, and subtract ; thus we obtain the required result.

__ﬂ_+1) (1+ z)ﬂ—l +

1 u
;(l'l'z) —m(m

T T on_n_ .
281. Let Do o i 4 then 2?- 2z-8=y(22*+22+1); therefore

a3(2y-1)+22(y+1)+y+8=0; by solving this quadratic we obtain
O 2 \ N R 1 Y
= -1
that z may be real,

¢ hence y must lie between 1 and - 4 in order

282, Square the first equation; thus z4y=a-2 (x_,,)i ; square again;
thus 22 +y*=a% - 4a (a:y)i +2zy. Transpose the second equation and square ;
thus o%+y9=54~ 22,(2@.1,)}-; 2xy. Hence, by using the former result -we have

. 3_p3 .
8~ 4 (ay)¥ + 22y = 81— 2b ()4 + 92y ; therefore (q)4=4—:_2bL\/2.
the first equation, and subtract four times the last; thus (x‘ll - yl)’
_, 4@-b) 20-aby2
=0"4a-2v2  2a-bv32 °
we can find o and yi, and thence z and y.

Square

Since z} +y‘ and a::i—yi are thus known

\

283. Wo have 1_;; =¢1', f;’:-_-a%l; and 80 on: thus we shall find that if
n is even p,=bp,_ +;;._,, ana that if n is odd p,=ap, ;+P,-s. Suppose
n even; then p,=dp, ) + Py 3; Pit1=0Pp+Pu-1> Pats=bPnt1 +Py; thus from

the first of these equations p,_, =‘—"‘——in'!‘—*; therefore py,, =ap, +Lr—Pa- :l—!. ,

therefore p,,.=abp, +p,—Py—g+2y; that is p,..=(ad+2)p,-p,s. And
we shall ﬁnmn &?s relation also holds when ';:‘is odd. ‘Thus we See that
P1+px+p®+... i8 & recurring series; and its sum :l'y the method of
Art. 656 is PLHPRF (Ps= Py (b +2)} 2" +{p, —py(abt 2)}

" 1-(ab+2)a?+at
the coefficient of #®~1 in the expansion of this expression. Moreover
»n=1, p.=b, py=ab+l, p,=ab*+2b; hence the expression becomes

1+bx—a?
1-(@b+2)zT+a4"

Similarly we proceed with respect to g,, observing that ¢,=a, g,=ab+1,
gs=a% +2a, g,=a’*+8ab+ 1.

Hence p, is
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14be—o 14bz-2t )
284, 1-(ab+2)at +24= (xj_k) @ - ”) i assume that this
=222+ SE2, then Libo-st=(Urt B)@P-4)+ (Co+ D) (- N.

As this is to be 1dentically frue we may equate the coefficients of the
various powers of z; thus

0=4+C, -1=B+D, b=~A4u-0\, 1=~Bu—-D);

_ b _1-a _ b 1-p -
therefore A_A_—n’ B—-):—“, C’_—m, D= - "
Thas 1+bz-2 - 1 bx+1—)\_ba:+1-p¥

1-(ab+2)a*+2* A-p !l o= 2 -p

1 Abx+A(1-u) pbzt+p(l-2) . _
A p T 1=t } since Ap=1,

Hence the coefficient ot le:)x_sz (A*-x"); and the coefficient of a?*

= i” Antl (1-—;4)-—/4.'”‘1(1—)‘)E = )\'_i; 3\""‘—14“*"—)\'%14"}. The former
coefficient =p,,, and the latter =p,, ., by Example 283.
In like manner we find tha.t
a+(ab+1)z-a? a)x+0\ 1))\:1: _apt(u— 1);.::
1- (a.b+2)z’+z‘ 1-pa?

Hence the coefficient of x’*—":)\—_“ (A" — un); and the coefficient of x*»-1

= )\—iu A =1) i (- 1)} . The former coefficient =g, ,, and the latter
=gy by Example 283,
285. Let z denote the digit in the tens’ place of the second number, and

y the digit in the units’ place; then the second number is 10z 4 y. The first

number =zy and also =2(10z+ y)—100. Therefore ay=2(10z+y)-100;
_ _100-2y

thus « (20 — y) =100 — 2y, therefore z= 0=y =24 Wy Therefore 20 -y

must be a divisor of 60; and neither £ nor y can be greater than 9; hence

we shall obtain as the only admissible solutions 20 - y=12, so that y=8 and -

@=7; or 20-y=15, so that y=5 and z=6. Thus the numbers are 56
and 78 or 30 and 65,

286. Let z, denote the probability that a person of the given age will be
alive at the end of r years; then z,™ is the probability that the m persons of
the given age will be alive at the end of r years: therefore if B be the
annual payment 4,=B (?{ + zl;’ ‘;’23 . Now 1-z, is the pro-
bability that a person of the given age will be dead at the end of r years;
therefore (1—«,)* is the probability that the n persons will all be dead at the
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end of r years ; and therefore 1 - (1 —z,)» is the probability that they will not
all be dead. Hence the value of the annuity to continue as long as there is
& survivor out of the n persons is :

B {1—%-”1)' +1"(]£"_.x!)~‘+’;(]£;-ﬂ‘-+...¥ .

Expand the binomi:zls; thus( we ge{)a set of'terms of which the general
s n(n-1)...n-r+l) (5" o 2"

form is -(_1)'3—'—“:—. iR’"’R‘ + +$ , and from what

has been shewn above this is — (- 1)*%111—’,4,.

287. If 2, g, 2 are all equal the expression vanishes; if two of them are
equal the expression is obviously positive ; if they are all unequal let y be
that which is algebraically intermediate between the other two. Let
b =(a+c)®~ 2\, 8o that N is necessarily positive. Substitute for * and the
expression becomes {a(y—x)+c¢(y—2)}*~\(y—z)(y—2): this is positive since
y~—2 and y -z are of different signs.

288. Every number is of one of the forms 5a, 5n<xl, 6n:2. Now
the square of 5m is 25n3; the square of 6n+1 is of the form 5p+1; the
square of 6nx2 is of the form 5g+4, that is of the form 5(%4-1)—1.
Hence every square number is of one of the forms 6m, bm+ 1, bm-1.

Now n®—n=n(n*-1)=n(n-1) (n+1) (n?+1). The product (n-1)n (n+1)
is divisible by B If neither n — 1, nor a, nor n+1 is divisible by 5, then
n is of the form 5m+2 or bm —2; and then n®+1 is divisible by 6. If n
be odd then n—1, n+1, and n?+ 1 are all oven; and eithern~1orn+1lis
.divisible by 4: thus (n—1)(n +1) (n?+1) is divisible by 2x4x 2, that is by
*16. Hence n (n—1) (n+1) (n*+1) is divisible by 16 x 3 x 5, that is by 240.

289. There are n hypotheses which are to be regarded as equally proba-
ble before the observed event; namely that all the balls are black, that all
but one are black, that all but two are black, and so on. The probability of
the observed event on these hypotheses is respectively

L) (5 )

Hence after the observed event the probabilities of the hypotheses are re-

t] -1)3 —9)2 L]
gpectively %, e Sl) , (—"—52)—, ‘l—g-, where 8 stands for

W4 (1= 10+ (n= 24 4 18, that s for 2O DORHD,

The probability that a third draw will give a black ball is
2 —1)3 - —9)2 - 2
%x1+("81) x"—"—l+(1'—s—2)- an2+ ....... +%S,-x;b, that is
1 {n(n 3n+3

1 . T
a5+ -8 m-2p e+ 3], thatis 2o 20 )z,thahsmr

T. K. R
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290. Put z=3 , thus we get % Now, by Art. 542,

3
(log .rg’n +

yr=1+(ogy)n+ 0y 4 Q0B

et

1t is obvious that by taking n large enough y* can be made greater than any
assigned multiple of #P. In fact if r be greater than p the single term

(log ':/.)'"r can be made greater than any assigned multiple of n?. Thus g
is in;aﬁnitely small when =z is indefinitely large.

291. We have 2= 12:' b therefore 1+2*=2+3; therefore 1—@’—@’ (1-2)=0.
Dividing by 1 -2 we get 1+z—2*=0; and by solving this quadratic we have
a=2Y 5.  Agin p= 1-2+—; therefore 1+y3=2y; therefore
1-y-y(1-4%=0. Dividing by 1-y we get 1-y(1+y)=0; and solving
this quadratic we have y= ——1: V6 .
take the upper sign for both # and y or the lower sign for both. Hence
-y _33\/5 y Y= -1*\/5, z=1-§=2545-, =3$2f\/5 : thus these four terms
are in Arithmetical Progression, the common difference being 1. The sum
of the four terms is +2+/5; and it will be found that % + 3 also= x=2/5.

292. Proceed as in Art. 473.
Let 8=1%+3%34+ 5%+ ...+ (2n - 1)r"; then
sr= 1394 333 + ... + (2n - 8)3™+ (2n - 1)%H;
therefore by subtraction
s(l-r)=r+8r{r+2:7+3r3+ ...+ (n - 1)1} - (2n - 1)}tl;

Then, by Example xxxr. 18 we have s (1 -17)
r—(n—1)m + 13 (1L-—2)

1-r (1-7)?
and it will be found that this reduces to

(‘1?13! [r(1+ Br+1%) - {(@n-1) (1—r)+2}’r"+‘—41"+'].

r=

Since z+y is not to be zero we must

=r+sr{ }_(2,,_1),'~+l; ’

2 2 .
293, Here uul+—1= g:—f:ll) r=(1+—2-;g_—12 r; this can be brought as
near to = a8 we please by taking n large enough: thus if r is less than unity

the series is convergent by Art. 559. Now when n is made indefinitely great
12 ig indefinitely small; and so is {(2n—1) (r—1)+2}*r*t, as we see by
Example 290. Hence the sum of the series continued to infinity is
r(l+6r+12)

a-r
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204, II /7 is converted into & continued fraction the quotients are
2,1,1,1,4,1, 1, 1,4,...; the first two convergents preceding those formed with
the quotient 4 are 3 and %. Thus =8, and y=38 is one solution; and
=127, and y=48 is another.

295. Since the first quotient is 5 we have N=25 +x, where « is either
1 or 2; for gince the second quotient is 5 we have «/V less than 5+1 , and

1 o -
therefore N'less than 27+4-—. Thus /235 +z=5+ /2B +2-5=5+——u—.
¢ % v JBra+b

Then ——-“25:“”'5=5+ & proper fraction, by supposition. If we put for =

in succession 1 and 2, we find that the greatest integer in N/25:z+5‘is

respectively 10 and 5: thus z=2 is the only admissible value, and N=27.

o® + 2a3
x

296. We have to shew that if z is positive is greater than

L4207, now it will be found that 2422 _gg_ (ol (e20) gpigh 54
necessarily positive : this establishes th: theorem. *

297, Buppose the steamer to move at the rate of v miles per hour : then
the voyage lasts @ hours. The number of tons of coal consumed in an
hour is Av®, where 4 is some constant; but when v=15 the amount is 15

- 1 v
tons : therefore 4 (156)3=1-5, so that 4 =3950" Hence 3350 tons of coal are
consumed per hour; and the cost of these in shillings is 21—;5"% Therefore

the wholo cost for the voyage s o (17 16) shillings, that is

9250+
16 (M&:” . By Examplo 296 the least cost is when t3=1000, that is
when v=10, and it is 4800 shillings.

298, Since the number is odd and has an even digit in the tens’ place it °
will be of the form 20p + ¢, where p is some integer, and ¢ stands for 1, 3, 5,
7,0r 9. If this be raised to the power « the result consists of g+ a multi-
ple of 20. Thus the digit in the tens’ place will be even provided the digit
in the tens' place of ¢» is even; and this is known to be the case: see
Ezxample 218.

299, The sum of the coefficients of the even powers of z in the expansion
of (z+2%+2%)* gives the number of cases in which the sum of the numbers
drawn is even; and a similar result is true for the odd powers of z. Now
(@+23+ 2P)4= (x+ 2%)* + 4a? (2 + 2°)® + 6t (z + 2°) + 42%(2 + 2%) +28. Hence the
sum of the even coefficients is (1+1)4+6 (1+1)3+1, that is 41; and the sum
of the odd coefficients is 4 (1 +1)3+ 4 (1+1), that is 40,
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800. This may be demonstrated by induction. We can easily verify
that it holds when n=1, or when n=2. Lot P2 denote the value of the con-
tinued fraction when n components are usoz:' Then, by Art. 781, we have

2
Pu Pp-1
Putr ”--é_-"l We shall now shew that we may always take
Ini1 ot g 7 ys_
n+l w1 ‘H_ .
ga=n+1 and p, =(n+1) 8,, where S, denotes —— 1 1 + 7 1 ...+(-1)

1.273.878.4 " Tamtl)’
For assume that these relations hold up to p, and g, inclusive; then

29, +n {S, (=111

Pany _ 25,415, n(n+1) (-1) -

Qo 241 ) =t G Ry
Hence we may take p,+l=(u+2)s,,.. and g, =n+2; so that the rela-
tions which hold up to p, an 3 also wﬁen n is ohanged into n + 1.
Thus they hold umversally

_1-Mn 1
S8=l->~(5-% ) i-\i-s + e

=-143 11-1+1-1+ 2
thus when =z is infinite we have $=3 log 2-1.

THE END.
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